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ON THE BEXTACTIO POINTS OF A QUAETIC. 
By A. B. Basset, M.A., F.R.S. 

1. A POINT where a conic has a contact of the fifth 
-^ order with a curve is called by Guy ley a sextactid^ 
point ; and he has shown that the number of such points is 
3/t (4/1 — 9)- 248- '11k. It IS also obvious that the number 
of sextactic points of a curve is the same as that of its 
reciprocal; a result which may also be obtained from 
Piucker's equations by showing that Cayley's formula is 
equivalent to 3m (4wi — 9) — 24t — 27«. Hence in the case of 
anautotoinic, trinodal and tricuspidal quartics the number of 
sextactic points is respectively equal to 84, 12, and 3 ; that is 
to say three times the number of the double tangents. These 
numbera suggest the probability of a connection between the 
sextactic points and the double tangents, and it is easy to 
show that in many cases such a connection exists. 

A large number of quartics are capable of being projected 
into hemisymmetrical curves. In this case let the axis, of x 
be the axis of symmetry, and let the origin be one of the 
four points in which this axis cuts the curve. Then the conic 
y*^Ax*'{' Bx obviously touches the quartic at the origin and 
intersects it at three pairs of points which are symmetrically 
situated with respect to the axis of x] and since the conic 
contains two independent constants these may be determined 
so that two pairs of points coincide with the origin, which is 
therefore a sextactic point. Hence the four points where the 
axis of X cuts the quartic are sextactic points. 

Now the tangents at these four points are parallel to the 
axis of y, and therefore interaect at a point on the line at 

• CcUfcted Mathematical Papers, Vol. T., pp. 221 and 615; Vol. vi.^ 
p. 191 to 293. 
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2 Mr, Bassttt^ On the sextactic jjoints of a quarlic. 

infinity; also tlie <}'n(irtic, if anautotomic, has four double 
tangents parallel io tlili axis, wliicli consequently intersect at 
the same point on the line at infinity. We thus obtain the 
following theorem : — 

Jfan anautotomic quartic is capable of being irrojpcted into a 
heniisymmetrical curve four of the double tanrfonta must intersect 
at a pointy and the points of contact of the four ordinary 
tangents which can be drawn from this 2^otnt tnust be 
coUinear. Also the four last mentioned points are sextactic 
points. 

When a quartic is capable of beini^ projected into a 
symmetrical curve, four more sextactic points he on the axis 
of y, and their positions on the unprojected curve can be 
determined in the same manner. 

When the quartic is autotomic, the sextactic points in the 
foregoing cases must be determined by considering what 
becomes of the double tangents in consequence of the existence 
of double points. 

All binodal quartics with two biflccnodes can be pro- 
jected into Cassinians, which are symmetrical curves, Hence 
in the case of quartics of this species, two of the double 
tangents roust intersect at a point P on the line joining the 
two biflecnodes, whilst two more must intersect at a point Q 
on the same line; and the points of contact of the four 
ordinary tangents which can be drawn from P and Q 
respectively are eight of the sextactic points. 

Four more can be determined as folio wj». Let -45, ^(7 
be the tangents at the biflecnode A of a uninodal quartic, 
and let BC be the harmonic polar of A. Then the equation 
of the quartic is 

The equation w^ = is that of the four tangents which can 
be drawn from A ; and if A bo projected to infinity in such 
a manner that AB and AC are perpendicular to BG^ the 
quartic assumes the form 

y\ + r, = 0, 

where v^ is a polynomial in x alone. The projected curve is 
accordingly hemisymmetrical, and consequently the points of 
contact of the four tangents from the biflecnode are sextactic 
points. If the quartic has another double point, the harmonic 
polar must pass through it, and two of the tangents from A 
coalesce into the line joining the two nodes. Hence in the 
case of a quartic with two biflecnodes, four more sextactio 
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Mr, Bassett^ On the sextactic points of a quartic. 3 

points are the points of contact of the tangents drawn from 
the two biflecnodes*. 

All bicuspidal quartics can be projected into Cartesians, 
which are iiemisymmetrical curves ; and four of the sextactic 
points are the points of contact of the four ordinary tangents 
which can be drawn from the point where the double tangent 
intersects the line joining the cusps. 

I shall now completely determine the sextatic points when 
(1) the quartic has three biflecnodes, (2) when it is nodo- 
bicuspidal, (3) when it is tricuspidal. 

2. In the first case, project the quartic into a lemniscate^ 
and we obtain the theorem : — The six points o/ intersection of 
the four double tangents lie in vairs upon the sides of the 
triangle formed by joining the bifiecnodes. From each of these 
six points two ordinary tangents can be drawn to the quartic^ 
and their twelve points of contact are the twelve sextactic points 

Let ABG be the triangle of reference; -4Z>, Al)' the 
iiitera d and external bisectors of A ; also let the equation of 
the quartic be 

/3V + 7V+a'/3' = (1). 

The four double tangents are 

a + /3 + 7 = (2), 

a-^«7-0 (3), 

a + i8-7 = (4>, 

a-^ + 7 = (&). 

Equations (2) and (3) show that two of the double tangents 
intersect at D\ and (4) and (5) show that two more intersect 
at D. The remaining four intersections can be determiaed ia 
a similar manner. The polar cubic of D is 

(a' + /37)()3 + 7) = 0. 

* In conDectioQ with flecnodes and biflecnodes, the following two lingnlarities 
may be mentioned. The eqaation of a uninodal qaartic haxing a flecnode At A is 
a*U|0| + au^Uj + u^ = 0, and the carve it of the tenth class. Now it is poasible for 
the two tangents at the flecnode to coincide, in which case o, = fi|, and the eqaation 
becomes d^u^* + au^u^ + 1*^ = 0. By fonning the polar cubic of Bj which may be 
an^ arbitrary point, it can be shown that the cubic Intersects the quartic at four 
comcident points at A and at eight ordinary points. Benoe the last curre is of 
the eighth class and is therefore a binodal quartic having a special kind of tacnode^ 
Buch that the tacnodal point ia a point of inflexion on one branch. 

In the same wa^ it can be shown that if the tangents at a biflecnode coincide, 
the curve is also oi the eighth class, having another special kind of tacnode in which 

' t sin| 

b2 
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the tacnodal point is a point of inflexion on both branches. These singularities 
might be called taeflecnodu and tochijleenodu respectively, 



4 Mr, Bassett^ On the sextactic points of a quartic. 

The conic a* + /87 = passes through the four points of 
contact of the double tangents which intereect at Z>, whilst 
the line /8 + 7 = intersects the quartic at F^ Q\ which are 
the points of contact of the two ordinary tangents which can 
be drawn from D, The coordinates of P', Q' are 

..aV2 = ^ = -7} ^'^- 

In the same way it can be shown that the points of contact 
P, Q of the two tangents which can be drawn from D' lie on 
AD' The remaining eight points can be determined in a 
similar manner. 

From these results it can be shown that s 

(i) A conic can be described which passes through the six 
sextactic points which lie on the three external bisectors oj the 
triangle ABC^ 

(ii) Three other conies can he described which respectively 
pass through the six sextactic points which lie on any two internal 
bisectors and the external bisector of the remaining angle. 

It is not, however, possible to describe a conic which 
passes through the six sextactic points which lie on the three 
mternal bisectors; hence a cubic cannot be drawn through 
more thaq eleven arbitrarily chosen sextactic points. 

3. Every quartic with three biflecnodes can be projected 
into the curve a*(x*-Hy) = ^V, which is the reciprocal polar 
of a four-cusped hypocycloid. Hence this curve also possesses 
twelve sextactic points, which are the points where the six 
lines joining the four imaginary nodes intersect the curve. 
This construction holds good in the case of all sextic curves 
which can be projected into a four-rcusped hypocycloid. 

The reciprocal polar of a two-cusped epicycloid is a 
quartic curve having one biflecnode and two ordinary nodes* ; 
also since the epicycloid has two triple points of the thirdf 
kind at the circular points, the reciprocal curve has two points 
of undulation, and can therefore be projected into the inverse 
with respect to its centre of an ellipse whose major axis is 

♦ Cubic and Qttartic Cwv€m. p. 210, equation (15). 

t In m^ book on Citbic ana Quartic Curves^ I have enumerated /bur different 
kinds of triple points ; but ae the analytical treatment of curTes having a triple 
point compoBed uf three ordinary nodes is independent of their character, I think 
It better on further consideration tx> divide triple points into thi^e species according 
a« they are compoeed (i) of three nodes ; (ii) two nodes and a cusp ; (iii) t^fo qusps 
and a nude. 
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V2 times its minor axis. Four of the sextactic points can bd 
determikied by the previous methods and the remaining eight 
by the parametric method* 

4. By projecting a tricuspidal quartic into a three-cusped 
bypocycloid, it follows that the three sextactic points are i\i6 
points where the cuspidal tangents cut the curve; and thd 
same result follows by reciprocating a nodal cubic. 

By projecting a nodobicuspidal quartic into a lima^on, it 
follows that two of the sextactic points are the vei*tices of the 
limaQon ; that is to say they are the points of contact of the 
two ordinary tangents which can be drawn from the point 
where the double tsingent intersects the line joining the 
cusps. The remaining four points may be determined as 
follows* Let the equation of the curve be 

(i87 + 7a + a^)'=w»V/3r * (7), 

then the coordinates of any point on the curve may be 
expressed in terms of a parameter 6 by means of the equations 

a = -5*, i8=i^-jn^+l, 7 = ^(^-m^ + l).. .(8). 

The parameters of the node ^ are given by 0' — mO 4-1=0, 
whilst ^==0 and = co are the parameters of the cusps 
£ and G. The sextactic poin^ corresponding to the vertices 
of the lima^on lie on the line ff-y^aO^ and theif 
parameters are B = ±l, 

Let the equation of any sextactic conic be 

Xd''-f/iyS" + F7* + X'/87 + /i7a + va8 = (9). 

Substituting the values of a, /8, 7 from (8) in (9) we get 

+ {v+(^*+2)\'+\ + /i-/A'-.v'l^-(2V-f 2/i-v')we" 

+ {V+(^* + 2)/[i-v'}^-2wjAi5-f/* = (10> 

Let be the parameter of any sextactic point ; j(^y Xt ^^^ 
parameters of the two remaining points where the' sextactio 
conic cuts the quartic. Then 

6* + Xi + X.= 2^'i (11), 

6 11*. 

T + - + - = 2m (12), 

* Xi Xi ^ ^ 
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6 Mr. Basaett, On the sextactic points of a quartic. 
<3=y + ^(- + -) + — ='»'+2 + (X'-0/m (14), 

'S'= ?. + ir f- + -U -^ = 2»i + (2\' - O m//»..(16), 

♦•x.X.= m/v (17), 

whence 

R-mP-^m' = \'mlv, 

8-mQ + m*=\'mlfif 
accordingly by (17) 

B- tnP+m' = (S-mQ + m*) il>'xas (18). 

By means of (II) and (12) the values of P, 'Q, R, 8 may 
be written 

P=12»j^-21^'+X,y„ 

12OT 21' _1_ 
^ 30m 70 6 



also by (11) and (12) 

_ in-'S(f> 

Substituting these vafues in (18) we obtain 
{twi^^ - 6</)» - 70^' + b\m4>^ - 12m^(f> + w'} (w^ - 3) 
= (^_ 6^-70^' + 51;?t0*- 12wV + mV}(^(w-3^)..(19). 

The form of (19) shows that if <^ = a is a root, = a"* is 
another root ; also that it is divisible by <^'- 1, which gives the 
parameters of the two sextactic points already determined. 
l)ividing out by ^* — 1, and writing 

y = m{<l> + <l>") (20), 
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(19) after some reduction becomes 

3/-(»^* + 35)/+6(m• + 24)y+w*-16»^•-192 = 0..(21). 

Tills is a sextic equation for determining <f>j whereas the 
required equation ought to be a quartic equation for <f>. Now- 
each stationary tangent taken twice satisfies the analytical 
condition of a sextactic conic, and the parameters of the two 
points of inflexion are given by the equation 

m^ - 3wi (<^ + (f>~^) + 8 = 0, 

or 3y-w'— 8=0, 

and it will be found that the left hand side of (21) is 
divisible by this factor, leaving 

y' - 9y + 24 - w* = (22), 

which determines the remaining four sextactic points. 

When m s= 2, the quartic becomes tricuspidal and si 1 
is a double root of (22), whilst the remaining two roots are 
^ = J, ^ =a 2. In this case three of the sextactic points 
coincide with the double point A which becomes a cusp, 
whilst the other three roots — 1, ^, and 2 are the parameters of 
the points where the cuspidal tangents intersect the curve. 
Accordingly when m does not diBFer much from 2, there are 
two sextcatic points in the neighbourhood of the node A^ and 
two more in the neighbourhood of the points where the 
cuspidal tangents at B and C respectively intersect the curve. 
The positions of the remaining two points <^==±1 have already 
been determined. 

In the general case of any quartic with three double 
points it would be possible by means of the parametric 
method to obtain the duodecimic equation which determines 
the parameters of the twelve sextactic points; and it is 
probable that this equation would lead to various theorems 
connected with conies and other curfes passing through these 
points or through points connected with them, but I shall not 
puraue the subject further at present. 

5. By properly determining the position of a, every 
quartic can be expressed in the form 

/S/S' = a'M> (23), 

where 8^ S are conies and a, w straight lines; from which tf 
follows that : — If a straight line cut a quartic in P, Q, R and 8 ; 
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and if a conic can he descriled osculating the quartic at 
P and Q, another conic can be diawn oscuLtiffff (he quartic at 
R and S. Also the four remaining points of intersection of 
the conies and the quartic lie on a straight line. It' a is a 
tangent, one of the conies must be a sextactic conic, from 
which it follows that: — A conic can he drawn which osculates 
a quartic at the points where the tangent at a se.vtactic point 
intersects the curve. If one of the conies breaks up into a 
pair of straight lines, two of the points will be points of 
inflexion unless they coincide, in which case the coincident 
point is a double point. In the latter case the direction of a 
is determined by the following construction: — 

If through the node A a line be drawn which parses through 
a point of inilerion of the polar cubic of A and cuts the quartic 
in G and C, then a conic can he described which osculates the 
quartic at G and G\ 

Let J5Cbe the tangent of the quartic at C; and choose 
-^ B 80 that it is the harmonic conjugate of AG and the nodal 
tangents ; then the equation of the quartic may be written 

a {ml3' 4 /17') + a (P/8' + Q0'y + IW + Sy") 

. + 0' (A/3* + fJi/3y + yy') « (24). 

Let \ = >, H- X,, P= P, 4 P„ then (24) becomes 
/3' [P,oi + \I3 + iiy) + \B' + v/3 V + a7* [no. + iZ/S + 8y) 

■f aS' {ma + P,fl + Qy) = (25), 

from which it follows that 

II = jwa 4- -B/J + 57 = .(26) 

is the tangent at the remaining point G where GA cuts the 
quartic. • 

Since \, and P, are arbitrary, we may take \^vmjny 
P, = flm/« ; hence, provided Qlm = Sjn = k (say), (25) 
becomes 

(9wyS* + ny") [vff' 4 au) 4 n/S^w = 0, 

which shows that the conic y0^ 4- au = osculates the quartic 
at G and C. 

Now the polar cubic of A is 

(wi/i' 4 ny') {2noi -h E^ -b kny) 4- P.w/S" =(>, 
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Mr. Bassetty On the ^extactic points of a qkarttc, 9 

which shows that the point 2a + A7 = 0, ^8 = is a point of 
inflexion. This is therefore the interpretation of the relation 
Qjm = Sjn ; and since a nodal cubic possesses three points 
of inflexion, three osculating conies can be drawn whose 
chords of contact pass through tlie node. 

When the quartic has a cusp at A^ we may take 7 = as 
the cuspidal tangent ; and if this line be projected to intinity 
the quartic may be written in the form fi' + )8*m; = 0, where 
the line at infinity is the cuspidal tangent and 8 is the 
satellite conic with respect to the line /3. If A is a biflec- 
node, any chord through A is the chord of contact of doubly 
osculating conic. 



6. In certain cases it is possible to express a quartic iil 
the form 8S ^^ a*, in which case we have similar theorems 
with respect to conies which have a contact of the third order 
with a quartic at two points. If the line a is a tangent, the 
point of contact is an ociactic point, and it is easy to determine 
the constants so that an anautotomic quartic shoula have such 
a point ; but when the quartic is autotomic this cannot always 
be done* If one of the conies break up into a pair of 
straight lines, the line a must pass through a pair of points of 
undulation or a biflecnode« la the latter case we can show 
that :— 

Through a hifiecnode four straight lines can he drawn such 
that a conic can be described havtyig a contact of the third 
order at the points where the line intersects the quartic. 

Let AB^ AG h^ the tangents at the biflecnode A ; and 
let BG be the harmonic polar, then the equation of the 
quartic is 

• a"^7 = u^ 

= (w/3 + nyY + /37t;^ 

whence /87 (a' — v^ = {m^ + «7)*, 

showing that the conic a!^=tv^ has a contact of the third orJei* 
with the quartic at the points where mQ 4- ^7 = cuts it. If 
P, Q be the coefficients of ^*, 7* in u^, we must have 
m^jn* = rj Q, which is a quartic equation for determining 
ml?if two of whose roots must be imaginary. 
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HIGH PRIMES, ;?=4cr+l, 6t!r+ 1, AND FACTORISATIONS. 

By Lt.-Col. Allan Cunningham, R.E., Fellow of King^s Coll., London. 

Srhe ftuthor is indebted to Mr. H. J. Woodall,.A.R.C.So., for reading the proof 
is Paper, and for an interestiug generalisation of the Theorems of Art. 1].] 

1. High Primea. THE large Factor Tables (Burck- 

•'- hardt's, Glaisher's, Dase's) sIiomt 
all primes <9 million. Primes >9 million require special, 
and usually pretty laborious, methods of detection: they may 
therefore fairly be styled High Primes. 

2. Ptimea p =t (y^-k- 1), J (y'+ 1), (y*±!/+ 1)* The three 
Tables (I., II., III.) following show the whole of the High 
Primes .(> 9 million) of the above three forms under certain 
limits^ as follows : — 

67 primes,;? ^ J (y* + 1)> [y odd], < 12J million, 
169 primes, p « (y* 4- 1), [y fwn], < 25 million, 
143 primes, p «*= (y* ± y + 1), < 16 million. 

3. Mode of detection^ They were all detected as primes In 
the course of factorisation of numbers (N) of the two forms 

J/«yM,audi^=»(y»Tl)H^(y:Fi) (1), 

as follows. 

4. Factorisation of N=(y^+l). The whole of the 
numbers (N) of form ^=(yv.f 1) were factorised up to the 
limit N:!^9 million (given by y =*3000) by aid of the large 
Factor-Tables. 

Suppose that a certain prime (p^) was thus found to be a 
factor of some one of these numbers, say of N^ = y/ + 1. 
Then, if-^as is usual — *^r^Pr^ 
y»-> (pr - t/r) are the two roots, (each < p,^), of yr* +1 = 0, (mod. pi^). .(2). 

In this way a Table of solutions of the congruences 

y;" + 1 = 0, (mod. p^) ; (y/ + 1) s 0, (mod. p^) ; ..., &c. 

was formed for a great many primes (p„ p,, ..,, &c.). 

Each such congruence, say that of p^, gives a factor (p^) 
of all numbers of the general form ^,.= T/ + 1, where Y^ has 

♦ If ifr>Pr, then a multiple of pr may be subtracted, jielding a new root 

{t/r - mpr) <Pr* 
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Lt.-CoL Cunningham^ High primes and factorisations, 1 1 

the general form (jmp^T-y^ ; thus enabling more numbers (A^) 
to be factorised, and thereby giving rise to new congrueiice- 
Bolutions of above type. This process was continued up to 
the limit Ar= (5000'' + I ), giving therewith the solutions of 
the congruences ^+1 =0 (mod./?) for all primes, of foi'm 
p = (4isr + 1), up to* p > 10,000, and also (incidentally) for 
many higher primes. 

5. High primes /? — JCy*+ Oi ^^^ (^'+0' ^^ ^''^ °^^ 
be clear that all the numbers (JVor ^iV) above dealt with, for 
which no factor < tJN could be found, must necessarily be 
prime. Thus were found the 57 High Primes p = J (^ + 1), 
\y odd]^ and the 169 High Primes /> = (y* + 1), [y even\ of the 

Tables I., 11. below. 

6. Resxduactty^ of 2 to above. The above primes are all 
of form /7 = 4ar + 1, and may be expressed as a sum of squares 
as 

i. y «wn,=2i7; p=> l» + y*=l' + (2i?)* (3a), 

li. yoJJ, =4i;q=l;p-i(i+3^') = ('^)V(^y 

-(2i7 + l)'+(2i7)« (3J). 

The criteria that 2 should be a 2lc, 4ic, Sic Residae may 
now be brieflj expressed ; (using co, t to denote an odd or even 
number respectively) : 

(2/p), = - 1, if ij = «; (2//?),=! + 1, and ('i/p).-- 1, if i? = 2« 

(4a), 

(2//,), = + 1, and (2//,),=-!, if , = 4«; (2/p), = + 1, if i, = 8» 

(4i> 

7. Properties o/N=i/' + i/+ 1. Here, writing y'=y+ 1, 

jyr=y +y +l=(y»-l)^(y _1) (5a) 

=y"-y+i = (y"+0-G'' + i) (5t) 

■= (1 + iy)' + 3 (|y)', if y is ei>en, y' oc^J (6a) 

= (I -iy')'+ 3 (iyT, if y is odd, y even (6J). 

♦ ReuBchle gives a rimilar Table showing the hast root of y'+ 1 =0, (mod. p), 
up top ^ 1000 only, at p. 441 of Tnftln compiler Primznhlen, Berlin, 1875. 
t A term introduced by the writer to denote " residual character." 
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12 Lt.-CoL Cunningham, High primes and factorisations. 

Thus any number -^, expressed in any one of tlie four 
forms (5a, b) is at once expressible in each of them, and also 
in one of the forms {^a^ i)i 

8. Factorisation of N^y*-^y-\' 1; The process used was 
quite similar to that of Art. 4. The whole of the numbers 
{N) of form N^{y* ^-y 4- 1) were factorised up to the limit 
NJ^^ million, (given by y — 3000), by aid of the large Factor- 
Tables. 

Supposing that a certain prime (p^ was thus found to be 
a factor of some one of these numbers, say of N^^y^-\-y^ + 1 1 
then, if — as is usual-^*^^ <p^ ; and writing y/ = y^ + 1, 

yr? (Pr-yj) a**® *l^e two roots, (each <p^\ of y/ +y^ + 1 = 0, 

(mod.pj (7a), 

y/» (Pr^l/r) a^^ ^^® *wo roots, (each <p^), of y;*-y/+ 1 sO, 

(mod.;>,) (7b). 

Tn this way a Table of solution of congruences of the above 
type was formed for a great many primes (/?,, j9,, &c.). With 
their aid the process was continued, as explained in Art. 4, 
up to the limit -^=(4000*4 4000+ 1), givmg therewith the 
roots of the congi*uences of above type for all primes of form 
p=sQv-\- I up to p :j> 8000, and with some omissions up to 
p 4> 10,000, and also (incidentally) for many higher primes. 
The solutions of the few cases missing under 10,000 were 
supplied by special means (which need not be detailed here), 
80 that the congruence-solution Table has been completed up 
to pt > 10,000. 

9. High Primes, p=y' + y + 1. It will now be clear that 
all the numbers (N) dealt with as in Art. 8, for which no 
factor < V-^ could be found must necessarily be prime. Thus 
Were found the 143 High Primes, p=(j/* -^y-h I) of Table Hi. 
at the end. 

10. Ejctended factorisations. The two congruence-solution} 
Tables above-mentioned being complete for all primes of forms 

* If yr > Pr, a new root (yr — f»Pr) <Pr may be found by subtracting a multiple 
Of pr. __ 

t Reuschle gives a similar Table showing the roots (<4p)of y'±y+l=:0, 
(mod. ;;), up to p ^ 1000 only at p. 1 of his work above quoted. 

X tt is hoped to publish these congruence-solution Tables, together with msny 
Other similar ones compiled by the present author, and now far advanced, on some 
future occa£$ion« 
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p = 4Br+ 1, 6Br+ I 4> 1 0,000, suffice for the complete factorl- 
Bation of all numbers {N) of forms 

J*^-(y*+l), (y' + y + l), O/^'-y+O^ 100 million, 

and for many higher ones of these forms, and therefore also 
for the detection of alt^ (lesser) primes therein contained) ; 
e,g, all primes of form 

11. High factai^iaable forms. Let y be the lesser root of 
any of the above congruences ; then (writing y' =y + 1) 

F=^-y, 2?+ y also satisfy y*+ 1 =0, (mod.^) «.(8a), 

r=(l>-y)» {p+y) also satisfy Y''^ F+l =0, (mod.;?)...(85). 

Now, let N^ denote a number of one of the forms above 
discussed, and formed from the base y.* It will be showa 
that— 

1. When iV^=y*+l»p, 

then • N^y-^K'^^-^^'K.-K'K^ (9«). 

ii. WheniiV^ = Jfy+l)=/>, 
then N^,^\N,N^^, ^..-^i^A^ W 

iii. When -Ny = y + y + 1 =;?, 
tl.cn N^^ = N^-K-^, N^, = N^.N^, (10a). 

iv. When IN^ = ^ f^ + y + 1) =p, 

then ^;.,-=i^;.iV^., ^,„ = i^,-^. (105). 

The proof is as follows : — 

Case t. When -iV^ = y" + 1 =^, 
-^,,.= (i^ + 3^)'+ !=/=«= 2py + ?==P-(? + 2y+l) 

«;?.(y'+lT2y + l)=;?.{(yTl)*+l}=iV;.iV^. ...(9a), 

Case iV. When JiV'y = i (y* + 1 ) = ;?, 
-?^,,„= (P + y)'+ 1 =P' ^^ 2^y + 2;? =p. (;? T 2y + 2) 

♦ These primet could be discorered without the actaal factoriwition of the 
nnmbers N^ and therefore with much less labor than before ; this work is being 
undertaken, and is now far advanced. 
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14 Lt.-Col. Cunninghum, High pi-itnea and factorisations. 
Case Hi. When N=y*+y-\- 1 =y' -3^'+ 1 =p, [y'=3/+ 1], 

=;).(y'+y+l-2y)=p.((y-l)'+(y-l)+l}=iV;.iV^,...(10a), 

=p.(y*+y+l+2y+2)-p.[(y+l)V(3/+l)+ll-iV,.iV,,, ...(10a). • 

OaMiu. WhenJ2V=J(y'+y+l)=Jfy"-y'+l)=p, [>'=y+l], 
■'W=(P-y')'+(p-y') + l=?'-2/'y' + 4/>=p(i»-2y' + 4) 

.^.(y^±|±i..,^2)=p.5:::if±l 

■^,^=(;'+y)'+ (p+y) + J =/+2i'y+4i)=p (p+2y + 4) 

-y >^'"'^»^"^' =w..v. m- 

Thus the Theorems 1— iv above are all proved. The 
numbers N^ hereby factorisable, are very large, being of the 
order y, since N^^ -ftT^.,, iST.,, are of the order y*; and they are 
completely factorisable when the latter numbers can be 
factorised. 



11a. Examples, The factorisation-tables aboTe-mentioned as eompUttt 
to the limits — 

$f = 60O0 for JV=«y« + l ; y = 4000 for JV=y» + y + l 

give the immediate (complete) factorisation of all numbers Nj, of the type* 

above treated, where^ Y=pj^ y, or p-y\ and Ny, JiVy, or JiVi,=p, up to the 
above limits of y. Some of the most interesting examples occur when th* 
smaller factor iVyTi, J^vti* 1-^m is also jvrim^; (see Tables I., II., III.). 

£x, o/i. y = 4886 gives Np^p ; y- 1 = 4886 gives J-Vy.,=y, 
/.JVV» = 23868lll»+l«2p> = 2. 11931613. 23S72997. 
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Lt.^Col. Cunningham^ High primes and factorisations. 15 

Again y=4904 gives A'„=/>; y + 1 ="4905 gives J^^+i -p\ 

.•.iV>^=24064121« + l = 2yp = 2. 12029513.24049217. 

JSi. of ii, y s= 48 1 1 gives }3y =p ; y - 2 = 4 809 gives iXj, , =/>', 
.*. 2^p »= I16680o0«+ 1 =p'p^\ 1 563241 .11672861. 

Ex. of Hi, y a 3996 gives h\=p\ y- 1 = 3995 gives ^\_^=p', 
.•.^pjf = (l'5968016»- 1)4- (16988016- !)=//>= 16964021. 15972013. 

12. Higher factorimhh forms. Interesting results leading 
to still higher factorisable numbers are obtained by multiplying 
together the pairs of resAilts in the formulae i, ii, iii, iv re- 
spectively of Art. 1 1. 

Cases u and it. N^ = t/-\-l. Take N = iV^.^.i^T ^^, 

therefore N= l(p-y)' + 1*) .{(p+y)*+ T} 

• =(/-/+ ir+C^yy (11), 

and, by Art. 11, 

i. IfiVj,=y»+l=p, [yeven], 
N= (y* + y' + 2)'+ (2y)«=iV^,.A;.iy;.^'^. (Ha). 

ii. inN^ = h{y'+l)=p, [yodd], 
N = T^.f/-2y'+5)'+(2y)«=Tl,.iV^...iV^.iV^.iV^ (lift). 

12a. Example of i, Tntereating examples ocour when i^Vy.,, iV^, ^y^^i 
are all prime, e. g. y s4300 ; see Tables I., II, 

N=i(43a0* + 4300» + 2)« + 8600'=a4. 9240701. 18490001«. 9249301. 

Example of ii, (y odd). Here ^i\y.2, ^Xy, h^^v*^ cannot all be prime. 
But interesting examples occur when k^^v-a h^va <ure both primef e.g. 
y =3 4903 ; see Table I., 

N=tV(*903*-.2.4903«+5)* + 8906«=i12009901.(5.2403941)M2029513. 

13. Bin-Aurifeuillians, These are numbers* N of form 
below, algebraically resolvable into two factors Z, M. 

N = a* + 4y* = Z.itf (12), 

where i = «' — 2xy + 2y' = (a; — y )* + y*, 

and * if=aj* + 2a;y + 2y» = (x + y)* + y* (12a). 

* These numbers are treated of at some length in the author's paper ^ On 
Aurifeuillians/' la Proe, Lond. Math, Soc^ Vol. xxix. 
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Writing * = 1 gives the simpler form 

N=l + 4y* = iJ/ (13), 

J|f=l4-2y + 2/=/+(y+ !)• (13a). 

Examples. The numbers N of this latter form are all (completely) 
factorisable by the large Factor-Tables up to the limit 

N = l + 4.?121* = (2120»+212l«)(212I«+2122t) 
= 8993041.(25.13.27699); 

and are further all (completely) factorisable by aid of the Congruence-Table 
mentioned in Art. 4 up to the limit 

N = l + 4.707l* = (7070«+7071*)(707l'+7072») 

= (61 , 1639081) (25 . 4000489) ; 

dncl, in many cases to much higher limits, as e.^^ 

N«*l+4.10»« = (1-,2.10*+2.10'»;(1 + 2.10<+2.10») 

=?(13. 41. 457, 821) (509.351529); 
N = *1 + 4.1.0«»«?(1-2.10» + 2.10'»)(H-2.10» + 2.10") 

= (63 . 5953 .63389) (17 . 29 . 1129 . 35933>. 

13a. Again, writing N =y*-f 1, as before^ 

N=y+4.l'=Ky-l)'+n.{(y+ir+l')=iV,_,.iV;,, ...(14). 

Thus the factorisation-table of iV^^, mentioned in Art. 4 as 
complete to y = &0()0, gives the immediate (complete) factori- 
sation of all such numbers N to same limit of y. 

Ex, Interesting cases occur when J^^nu JV^iare both primes, or doubles 
of primes, e. g, 

(1) Take ys4755 (and see Table II.), 

N = 4956* + 4=(4964»+l«) (49562+ !*)=»= 24542117.24561937;. 

(2) Take y»4810 (and see Table I.), 
J.N=J(4810*-f4)«i(4809»+l).J(481l«+l)=5ll563241ilU7286I;. 

the same result as obtained otherwi&e in Art. lla. 



* The factorisation of numbers of this kind (inyolving powers of 10^ is greatlj 
facilitated by the help of a Table of Kesidues of powers of 10; ths author has 
compiled such a Table showing the Residue of 10* (mod. ;>) from x= 1 lo 12, fox 
all prime, and powers of prime, moduli ;;|> 10000. 
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14. Trtn-Aurifeuillians. These are numbers* N of form 
below, algebraically resolvable into two factors i, My 

N = (a;' + 3y)-r(a;* + 3y*)=iB*-3xV+9y* = i;.il/ (15), 

where ii^ar'-S-cy + 3y', if = aj"+3xy + 3y* (15a). 

Writing a; = 1 giVes the simple form 

lf = (l + 3V')-^(l-f3y') = l-3y' + 9y* = i.if. (16), 

where ii = l-3y + 3y', lf=l-f 2y + 3/ (16a). 

EtdmpUi, The numben N of the latter form are aU (completelj) 
factorisable bj the large Factor-Tables up to tHe limit 

N =(1 + 8<.1781*) -f (l + 8.i:r3l*) 

= (1*8.1731 + 3.1781«)(1 + 8.1781 + 8.1781«)=(7. 73.17681) (19 »478883); 

and are fiirther dU (completely) factorisable with the aid of the Congruence" 
Table mentioned in Art. 8 up to the limit 

N = (l4-8U773^)-f(l+3.6773«) 

=(1 - 8.6773 + 3.6773*)(H-8.6778 + 8.6773*)=(789 . 1 3627l)(7 . 19 i 761 879) | 

andi in many oases, to Very mueh higher limits, as e, g. 

Nt=(l+3».10M)-r(l+8.10«) = (l-8.l0*+3.10»)(l + 8.10* + 8.10«) 

= (61 . 1648 . 8187) (SOOOSOOOl^)* 

14a. Again, writing -^?'y=y' + y + 1, as before^ 

N = (y* + 3')-r(y«+3) = (y*-3y* + 9) (1?) 

= (y*-3y + 3)(y' + 3y + 3) (17a) 

= {(y-0"-(y-i) + i}Uy+i)*+(y+i) + il ...(i7i) 

= {fy-2)'+(y-2)+l).|(y+l)'+(y+l)+ll=iVr^..iVr^,.^ 

Examples, The factorisation-table of iVy, mentioned in Art. 8 as com* 
pUte to y*4000, gives the immediate (complete) factorisation of all such 
numbers N to same limit of y. 

* These numbers are treated of at some length in tbe author's paper ''On 
Anrifeaiiiiana," in Proc. Lond. Math, Soc.f Vol. xxix. 

t The factorisation of numbers of this kind (involving powers of 10) is much 
fadlitated by a Table of Besidoes of powers of 10, as explained iii the fuotnote oi- 
(Art. 18). 

X This number is shown by the congruence-table to contain no divisor < 10000 } 
but, being > 10000^, it beyond the poweis of the congruencctable to i-esolvo. 

VOL, XXXY. C 
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18 Lt.'CoL Cunningham^ Bigh primes and factorisattons. 

B», Interesting cases occur when iVy_,, JV^^, are both prime, e. g. 
Take y=3988, and see Table III., 

N = (8988« + 3»)^(3988« + 3) = lo892183. 15916111. 

Take y = 3996, and see Table III., 

N = (3996* + 3«) V (3996« + 3) = 16964021 . 159S8003. 

16. Arithmetical Work, The whole of the factorisation described in 
Arts. 4, 8 was done for the author, and under his superintendence, bj one 
Assistant (Miss B. B. Haselden) ; every factorisation was tested by cMting 
out the nines. Every number which had escaped factorisation by this 
Assistant was then examined throughout the whole range of the Congruence- 
tables, so as to find its factors (if any), by tioo other Assistants, working 
independently (Miss B. E. Haselden and Miss A. Woodward). Thus no 
number was accepted as a Eigh Prime until three independent computers 
had failed to find factors. 



16. Addendum to Art. 11. The theorems (i— iv) of 
Art. 11 may be generalised* as follows; for facility of com- 
parison the same reference numbers are attached to the 
generalisations as to the originals. 

i. If^;=y• + o=;,; then^;^.,= ^,.^'^, Oa'). 

tl.en A;,^ = i.iyr.iV;,, (960. 

Hi. I(N^ = t/' + a'j + a' = y"-ay' + a'=:p, {y' = tf + a]; 
then N^^ = N^.N^, ; iV,,, = N^.N^^, (10a'). 

J V. If ^ . A> i fy'+ ay + a') = ^ . (y"-fly'+aO =p, [y'=y +a] ; 

then -^Vv = ^-^.-V^-6. ^^,= li-^.-K (lO^O. 

The proof of these theorems is quite similar to that of the 
originals (Art. 11); and they merge into the originals by 
"Writing a= 1, 6 = 1. 



* This generHlisation is due to Mr, H, J, Woodall, A.B.C.SC. 
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57 Sigh Primes^ 2^ = i (y* + 1 ) * Table L 



p 


y 


P 


y 


P 


y 


P 


y 


9. 




10. 




11, 




12. 




095 "3 


4265 


030721 


44?9 
4485 


002741 


4691 


009901 


4901 


197761 


4289 


057613 


087341 
I 3448 I 


4709 


029513 


4905 


340701 


4299 


102513 


4495 


47*9 


206741 


4941 


249301 


4301 


174561 


45" 


14392 I 


4721 


246301 


4949 


309613 


43»5 


264981 


4531 


324041 


4759 


325613 


4965 


439513 


4345 


401361 


4561 


381221 


4771 


395221 


4979 


456901 


4349 


511113 


4585 


496013 


4795 


495001 


4999 


465601 


435 » 


529461 
62144 1 


4589 


515201 


4799 






500441 
509161 


4359 


4609 


524801 


4801 






4361 


649113 


4615 


563241 


4809 






552821 


4371 


741613 


4635 


572861 


48U 






570313 
834613 


4375 


760161 


4639 


6403 <3 


4825 






4435 


8 1 5901 


4651 


80494' 


4859 






852361 


4439 


862461 


4661 


834 "3 


4865 






879013 


4445 


899781 


4669 


"''JJ2I 


4871 






94 1 34 1 


4459 


993361 


4689 


902321 


4579 






968113 


4465 






93>6i3 


4885 







1 69 High Primes^ p = y* + h Table I h 



p 


y 


P 


y 


P 


y 


p 


y 


9. 


10. 


11. 




12, 




096257 


3016 


074277 


3»74 


062277 


3326 


068677 


3474 


156677 


3026 


137857 


3»84 


"5557 


3334 


1 1040 1 


3480 


2781 1 7 3046 


214417 


3*96 


155601 


3340 


180101 


3490 


326917 3054 


265617 


3204 


222501 


3350 


278017 


3504 


449477 


3074 


329797 


3214 


262737 


3356^ 


362257 


35«^ 


572837 


3094 


368401 


3220 


289601 


3360 


390401 


3520 


647237 


3106 


497601 


3240 


383877 


3374 


460901 


3530 


672101 


3110 


530517 


3246 


492101 


3390 


489'57 


3534 
3536 


821957 


3134 


666757 


3254 


806097 


3436 


503297 


834497 


3136 


3266 


874917 


3446 






859601 


3»40 


719077 


3274 










960337 


3156 


758401 


3280 










985601 


3160 


824101 
916417 
929037 
982597 


3290 
3304 
3306 
3314 
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20 Lt.-Col. Cunningham, High primes and factorisations. 



High Primes J ^ =y + 1 . Table II. {continued) . 



p 


y 


p 


y 


P 


y 


p 


y 


13. 
»33377 
278737 
322501 
395601 
468901 

&l 

912901 

942757 


3624 
3644 
3650 
3660 
3670 
3686 
3716 
3730 
3734 


032517 
092517 
107537 
167697 
243077 
258177 

3»8657 
364 10 I 

394437 
440001 

485637 
638277 
8225c I 
976901 


3746 
3754 
3756 
3764 
3774 
3776 
3784 
3790 

3794 
3800 
3806 
3826 
3850 
3870 

4250 
4260 
4206 

4294 
4300 

i^^o 
4336 
4340 

4700 

4704 
4716 
4726 
4734 
473*' 

47S4 
4:80 

47S4 
4786 
4794 


16. 
085457 
132101 

163237 
210001 
288101 
397777 
570917 
729157 
872257 
952037 


3884 
3890 
3894 
3900 
3910 
3924 
3946 
3966 
3984 
3994 

4364 
4366 

4370 
4374 
4384 
4404 
4410 
4414 
4444 
445^ 


»6. 

048037 
192577 
208677 

273157 
370117 
451137 
564901 
646401 
695397 
924997 
974401 


4006 
4024 
4026 

4034 
4046 
4056 
4070 
4080 
4086 
4114 
4120 


17. 

OC7377 
106497 
I 39601 
1893 1 7 
2557*7 
272337 
388901 
422277 

438977 
472401 

505857 
690437 
859077 


4124 
4136 
4140 
4146 
4154 
4156 
4170 

4174 
4176 
4180 
4184 
4206 
4226 

4590 
4600 
4604 
4606 

& 

4644 
4650 
4666 


18, 
0^)2501 
147601 
198757 
438437 
49000 r 
576101 
748901 
800897 
835601 


19. 
044497 
061957 
096901 
131877 
219457 
395217 
448101 

483397 
749'37 
855937 


20. 

016677 
124197 
214017 
286017 
340101 
466577 
520901 

557157 
611601 

738917 

848357 


4474 
4486 
4496 

4504 
4510 
4524 
4530 
4534 
4540 

4554 
4566 


21. 

068 lOI 
160001 
1968 1 7 

288997 
307457 
566737 
622501 

771557 


22, 
090001 
127617 
240657 
335077 
410757 
429697 
600517 
848401 
886657 
905797 
982437 


23, 
001617 

367557 
522501 

775377 
872997 

951237 


4796 

4834 

4850 
4876 
4886 
4894 


24. 
049217 
108101 
206401 
364097 
443137 
542117 
561937 
90010I 


4904 
4910 
4920 
4936 
4944 
4954 
4956 

4990 
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143 High Primes^ p = (y'- 1) -^{y ^l). Table III. 



p 


y 


P 


y 


P 


y 


P 


y 


h 




10. 




12, 


u. 




•69133 


30T1 


696171 


5270 


I975S7 


3492 


021281 


374? 
3762 


123421 


3020 


768243 


3281 


260503 


3501 


036263 


I4760I 


3024 


814233 


3288 


32361 1 


35'0 


156407 


»«>5757 


3027 


866913 


3296 


358741 


35'5 


224213 


3771 


18W31 
238561 


3030 


873507 


3297 


49269* 


3534 


. 33"Oii 


3785- 


3039 


906507 


3302 


535 '4< 


3540 


398231 


3794 


250723 


3041 


98591 I 


33M 


549307 


3542 


451403 


3801 


293353 


3048 






556393 


3543 


6574'3 


3828 


305551 


3050 


11. 




598951 


3549 


703391 


» 


323863 


3053 


.0922111 
143583 


3330 


634471 


3554 


718733 


42 183 1 


3069 


3338 


684283 


3557 


741761 


3839 


569743 


3093 


152261 


3339 


3561 


764807 


3842 


606901 


3099 


192371 


3345 
3380 


698533 


3563 


772493 


3843. 


619303 


3101 


427781 


769903 


3573 


795563 


3846 


656557 


3>07 


434543 


3381 


79»353 


3576 


864881 


3855- 


7001 11 


3114 
3128 


529421 


3395 
3398 


870157 


3587 


'996257 


3872 


787513 


549803 


920431 


3594 






831361 


3135 


597431 


3405 


985213 


3603 


15, 




«43907 


3137 


61 1057 


3407 






050521 


3879' 


881593 
887881 


3143 


679307 


34<7 


18. 




066043 


3881 


3»44 


692981 


34'9 


006843 


3606 


089341 


3884 


944563 


3'S3 


720353 


3423 


021273 


3608 


097111 


3885. 






816407 


3437 


042933 


361 1 


120433 


3888 


M. 




823283 


3438 


151503 


3626 


143773 


3891 


052071 


3170 


857693 


3443 


23^68] 


3629 


206101 


3899 


077451 


3174 


864581 


3444 


3638 


252931 


390s 


211221 


3195 


899051 


3449 


«; 


3639 


3233" 


3914 


224007 


3»97 


961223 


3458 


3645 


354643 


3918 


24J20I 
268821 


3200 


968141 


3459 


355371 


3654 


370321 


3920 


3204 






479913 


^^V 


425257 


3927 


320157 


3212 


i2. 




597657 


3687 


519661 


3939 


326583 


3213 


002761 


3464 


634557 


3692 


638071 


3954* 


378063 


3221 


044371 


3470 


775233 


37" 


725191 


3965 


46199I 


3234 


065203 
10692 I 


3473 


790083 


37'3 


804601 


3975 


513807 


3242 


3479 


842121 


3720 


892183 


3986. 


572253 


3251 


127807 


3482 


931557 
968907 


3732 


916111 


3989 


S9177I 


3254 


1487 II 


3485 


3737 


964021 


399S 


598281 


3255 


190573 


3491 


998823 


3741 


972013 
988003 


3996 
3998 
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DESEAECHES IN THE THEORY OF DIVEHGENT 
SERIES AND DIVERGENT INTEGRALS. 

By G. H, HarpTi Trinity College, Cambridge, 

Tntroduciion. 

• § 1, CINCE the appearance of M. BorePs original 
^^ memoirs on Divergent Series, few branches of 
analysis have aroused more interest among mathematicians. 
The applications of divergent series to the theory of functions 
of a complex variable, and especially to the problems of 
analytic continuation and the asymptotic expansion, have 
given rise to extensive researches ; I need only refer to the 
writings of ^I. Borel himself, of ilM. Servant and LeRoy, 
and of Mr, Barnes. The * arithmetic ' theory of divergent 
series, as it was originally presented by M. Borel, has received 
less attention. 

In ibe iii'st few sections of this paper I discuss a few of 
the questions which arise in the early part of the theory ; this 
part of the naper may be regarded .is supplementary to 
Chap. III. of M, Borel's Lgona sur les SSries Divergentea^ and 
to my paper ' On differentiation and integration of Divergent 
Series.'* I discuss in turn (i) the relation of convergence and 
absolute summability, (ii) the removal of terms from, or 
addition of terms to, a divergent series, (iii) the ^condition of 
consistency ' for definitions other than M. Borel's original 
definition, (iv) the relation of ^ generalised limits ' and * mean 
values,' and (v) the multiplication of divergent series. In 
the latter sections I suggest the outlines of a similar theory 
of divergent integrals, 

Part I. 

SOME POINTS IN THE THEOBT OF DIVERGENT SERIES. 

General Preliminaries. 

§2. In the first paragraph of the paper refeiTed to, I 
indicated very briefly a general princi])le which may often 
guide us in our choice of a convention as to the value to be 
attributed to an otherwise meaningless expression. It is that 

* Qambi-idtfe Philosophical Trantaeti<mSf zix., p. 29f. 
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tohen a number of limit operations^ performed in a definite order 
on a function of several variables^ lead to a d^efinite result^ but 
do not do so when performed in another definite order^ we are 
to agree that the expression which is the result of the formal 
carrying out of the second sequence of operations MEANS the 
result of the first sequence. 

I pointed out that Borel's definition of the sum of a 
divergent series was an application of this principle ; and the 
same is true of the definitions given by jML. LeRoj* and 
Mr. Barnes.t It is at first sight a. little difficult to imagine 
how we can gain any advantage by writing X when we 
mean Y. Kesults, however, prove conclusively that we can* 
And if we consider an example, it is easy to see how. 

Few analytical processes occur more frequently than that 
of the evaluation of a definite integral by expansion of the 
subject of integration, and integration term by term. Our 
work in this case depends on an equation of the form 

(1) Jj2uJ(a)c7a = iJ\,(a)rfa. 
Now, if 2w^ (a) and 2 j u^ (a) da are convergent^ 
2 M. (a) = e^dx 2 — , u^ (a) 

aitd 2 u^(a)e?a= e^dx^ —. I u^(a)da. 

Thus the simple transformation (1) which may be repre- 
sented symbolically by 

r s=sr 

J (I) J(i) 

may be replaced by a more elaborate permutation of limit 
operations, viz. 



(2) r r 2=r r 2=r sf 

''J(l)J(2) J(2)J(l) J(2) J( 



(1)^ 



the first and last expressions being equivalent to the two 
members of (1). 

* Annates de la FacuUe (Us Sciences de Touhusc, 1900, pp. 317-431, 
t PhU. Traits, (A.), 199, Pp. 411-500. 
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Now (2) may be true when neither or only one side of (1) 
is determinate. In this case, if we adopt Borel's definition of 
the sum of a divergent series, and the notation of my former 
paper,* (2) may be written in the form 

(3) f fif=rr \ 2.i»8r , 

J(l) U(2)J(1) J Ju) 

In practice we omit the intermediate step, so that the trans- 
formation is formally the same as that expressed by (1) ; and 
80 our work gains immensely in quickness and compactness, 
to say nothing of the probability that but for the formal 
resemblance of (1) and (3^ we should never have thought of 
the transformation (2}. Ihus in this, and in a greater degree 
in more complicated cases, divergent series provide us with a 
suggestive and easily manipulated shorthand representation of 
elaborate and often very difficult analytical processes. 

They do not, however, exempt us from the labour of 
examining the legitimacy of these processes. Fortunately 
this is not very difficult in most of the cases which ordinarily 
occur. In the theory of divergent power series in particular, 
we are not troubled seriously by cases of exception. In the 
* arithmetic ' theory, the part of the theory which is concerned 
with the application of divergent series to the theory of 
functions of real variables, the fundamental difficulties of the 
Bul^ect are naturally more prominent, f 

§ 3. I shall now consider one or two of the questions which 
arise in the beginning of the theory. 

Convergence and Absolute Summability. 

In my former paper I proved that what I called the * Condition 
of consistency ' was satisfied by M. Borel's definition ; that is 
to say that 

CO 40 

• " • " 

whenever the latter series is convergent. That this is so was 
stated by M. Borel in his first memoir, Fondement^ de la 
tkiorie des siries divergentes summahles^X and again in his 
Memoire sur les siries divergentes^ ; but I am unable to find 

* I use S instead of the symbol used there. 

t See e.g.^ §§ 19—26 of my paper refen-ed to abore. 

: J. <fo i/a<A., 1896, pp. 103-122. 

f Antwlet de VEcole Normal Supdrieure, 1899, pp. 1-181. 
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any proof in any of his writings. In his Legons sur h3 series 
divergentes, M. Borel raakes the further assertion that all 
convergent series are ' evidently ' absolutely summable ; that 
is, that if 

is convergent, and 
all the integrals 



u{x)^2^^u^, 



r 



d^ 



dx (\^0) 



are convergent. This, it seems to roe, is untrae ; unless the 
analysis which follows is inaccurate, there are convergent 
series which are not absolutely suinmable.* 
Consider the series 

O-l+O+O+J+O+O+O+O 

-i + + + + + + + J+..., 

in which 

if n is a square^ and = otherwise. The series is evidently 
convergent. 

I shall prove that if 

% t I 

\e-'u{x)\>^ 

throughout a certain infinite series of intervals. I may 
remark that this example was suggested to me by an investi- 
gation of M. Borel'sf concerning the series 

1 +« + «*+»•+..., 

and that I a^opt a very convenient notation used by him 
elsewhere.} I denote by iT a constant entering into an 

* I gire this inrestagation more because it shows how we can determine the 
manner of growth of a very interesting type of function, than because the questioa 
of the trnth or falsitj of M. BorePs statement is particularlj important. 

t^. deJ/a/A., 18i*6,p.447. 

; Comptes JUnduty 11 Mai 1896. 



«(*)=si^^^, 



Digitized by CjOOQIC 
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equality or inequality, not necessarily the same in all inei- 
qualities, but always lying between, say, 0*00001 and 10000. 
Also when I say that one quantity is approxiaiately another, 
I mean that their ratio difiers from unity by less than a, a 
very small positive quantity fixed throughout the investi- 
gation. 

We can choose I so that 

fM = ;2i*+i^i«^(27r}(I+p), 

for all values of t>/. When this has been done we may 
evidently neglect the terms of u [x] up to t = /, as for 
sufficiently large values of x^ 







e- 




is less than 


any power 


ofl. 

X 


Let 




1 x^ 








v»=x+/> 



and suppose <y*<|. Then It can be shown that | w (a;) ( 
is of the same order of greatness as its X^^ term. 

In the first place, neglecting factors which are approxi-^ 
mately unity, 



"<+! 



as 



/ 1\2»' 2i«logfl+l\ 

(i+j) =. ^ •' 



'-n^r 
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Hence if t^ JC- 1, 

»*« * 

Hence 

2 (-)' V, = H-f [{v^ - »^_i) + (»j_2 - »^J +...± Vj^^ 
has the sign of ('^)-^| and is numerically greater tban 

lft = Z, 



= 6*-^ 



approximately, ».c. > c> 2. 

If « > Z it is evident tbat the ratio of t)^ to Pj^, is greater 
still. Hence 

is Dumerically less tban \v^ 

Hence | S (— ) 

y+i 

Now v^ is approximately 



Hence |S H*t;J>Jr^ 



(60.) 



iX« 



and so 



K f f \^^ 



A X X 



It follows that we can find a number M^ sucb that 

K 



\e'-u[x)\> 



X 
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throughout the intervals 

^\ (»w + i)" (w > M). 

But sf"^*^'^=22r^l" 

is evidently divergent. Hence 

J*e-|u(a:)|d:c 

is not convergent. 

It is evident that we can apply the preceding analysis to 



a whole class of functions 
for which 






•=» * (0 

The behaviour of u (a?) for large values of x is dominated 
by that of its greatest term, and its modulus is generally 
comparable with 

K 

Taking, e.ff.^ ^ (0^*^ (a* > ^)) t^e series 

0-1+0 + + ^+0 + + + 0-1+,.. 

is not absolutely summable unless J(a* + 1)>1 or^>t, in. 
which case the series is absolutely convergent. 

It is easy to see that an absolutely convergent series must 
be absolutely summable ; for 

l«WI<2V!l"«l' 
and I u^ I is convergent, so that 






is so. And as 
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18 absolatelj convergent, the same is true of 

dx^ 



j 

Jo 



I d^ 



dx^ 
For a similar reason, if 2u^ is convergent, the integrals 

are convergent, even when 

I e"* I tt (or) I dx 
IS not. 

Removal of terms from^ and addition of terms to^ d divergent 

series. 

§ 4. M„ BorePs alternative definition of the sam « of a 
divergent series u^ + w, + w, +... is 

6 = lim. 6^2— -f 

where ^^ = ^^ + ,^^ +. , .+ t/^. 

He proves that if the limit on the right is determinate 

..d 



'-"•=1 ^"Vx^W^^ 



= Mj + tt, +..., 

according to the integral definition. 
It does not follow that 

« = j^j, + M, + w, +..• =s I e"*w {x) da* 

We are thus led to Qonsider the relation of the series 

(1) s =sWj, + e^j + M, +...; 

(2) «' = z^, + w, + M,-f-..., 

and as M. Borel's discussion* of this question does not seem 
to me altogether satisfactory, I shall treat it in some detail, 

♦ Lt^^ont^ pp. lOO-lOa 
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M. BorelV analysis is affected by the erroneous assumption 
tbat if 



/■ 

•'0 



c"* I u {a) I da 

is convergent, c"* u (:t) has necessarily the limit for ar =s 06 • 
And it seems to me tbat tbe nolion of absolute summability, 
on wbicb M. Borel lays considerable stress, does not^ here at 
any rate, give us any real assistance* 

I assume tbat u{.v) is an integral function. Then the 
sums of the series (1) and (2) are defined as 

respectively. Since 

I e'*u{x)da=^--U'^u{x)\ +J e"*w'(.r)rfi?, 

it follows that if 

Urn. e"*M(j) =0, 



«=■<» 



the summability of either (1) or (2) involves that of the other, 
and the relation 

(8) 8^U^ + 8\ 

Again, if both are suramable, e**M(j) has a limit for 
^*=3QC , which can only be asero; so that (3) must be true. 

But it can be shown that if (2] is summable, (1) must be 
so. The converse is not true ; if, tor instance 

L»»i=on!p±o pi J 

L« F=OP ! J 

= 6 sme , 

8u,= sine'dx 



/: 



sinv 1 
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wbile j e"* -7- [e siu e*j dx 

is divergent. 

I shall now prove that the summability of (1) follows from 
that of (2). In the first place I may remark that it is easj 
to give a valid form to M. l^orel's proof of his proposition, 
that the absolute summability of (1) follows from that of (2). 
For, as M. Borel shows,* it is enough to prove this on the 
assumption that u (.r), u (:r) are positive. 

This being so, we can choose X so that 



/: 



e~'u [x)dx <(r, 

X 



however small be <r, for all values of ^' > X A fortiori 

e-^'{^ u'{x)dx<a, 

i.e. fr^'[u{X')^u[X)\<tr. 

But, X being fixed, we can choose X^ > X so that 
e-^'u[X)<a 
for all values of X' > Xj. Hence 

ir^'u{X')<2iT {X'>X,). 



Therefore 



lim. e''u [x) = 0, 



and the desired conclusion follows. 

It is, however, almost equally easy \o prore the more 
general theorem. For suppose that (2J is summable, and (l) 
not. Let 

e'* u[x)=^ip [x]^ 

Then e"*u' (x) = « (.r) + ^' W. 

/** ' 

Thus I [<^\x) ^ i^' {x)] dx 

is convergent, while I f^[x)dx is not. Hence ^^{x)dx 
Jo Jo 

♦ /.c, p. 101. 
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is not convergent, so that (a;) does not tend to any finite 
limit for aj = oiD . 

Now ^ {x) either has or has not infinitely many zeroes in 
(0, 00 ). In the latter case it is ultimately of constant sign, 
say positive. 

Then we can determine a positive quantity S^ and an 
infinite series of intervals 

so that 



J X 



^' [x) dx > By 

(f=3 Ij 2, ...). This is obvious if 

lim. ^ (x) s= q6 « 



If this is not so, let the upper and lower limits of indetcr- 
mination of ^{x) for iB = Qb be V^ L, However small be 
the positive quantity a, we can find two infinite series of 
quantities 

such that 

^ (a,) < i + (f , 

(f=s 1, 2, ...). Hence we can find an infinite series of intervals 
(a;^, Xy + 8„) as reauired, taking H^ U --L- 2<r, and choosing 
the lower limits trom the a's, and the upper limits from the 
/8's. 

A fortiori^ as ^ [x) > 0, 

tX '{-<( 

'[flf{x] + <p' {x)]dx>S. 

J Xy 

This contradicts the hypothesis that 



J 



' 

is convergent. 

There remains the possibility that ^ [x) has infinitely many 
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zeroes. One of its limits of indetermiuation must diffei* 
from ; suppose that 

Unu ip {x) = tT> 

(U may be +oo)* We can determine an infinite series ot 
ascendiug quantities /3„^ whose limit is ob ^ so that, if U is 
finite, 

where a is any small fixed positive quantity, of, if U is 
infinite^ 

where G is any fixed positive quantity, however large. With 
each /3y we -associate the largest aero </3,. Some zeroes will 
be associated with several of the points fi ; in this case we 
disregard all save the one which is nearest to the zero. We 
have thus an infinity of associated pairs of zeroes and points ffi 
and it is evident that ^'e can satisfy (4) by taking H to bo 
U^ <r or (?, Xy to be one of the selected zeroes, and x^ + S^ 
to be the associated point 0. Moreover, ^ {x) is positive 
throughout the intervals (x„, Xy + Sy)^ so that, as before, 



I 






It is therefore impossible that I ^[x)dJb should be 

divergent, and I [^ [x) + ^' [x]) dx convergent, Hence if 

(2) is summable, (1) is so too.- 

We conclude then that if any One of the series 



' ) 

0+0+0 +a^ + i/^+..;^ 

0+0 +ti^+u, + w,+..., 

+M^+Mj + M^ + M^+..., 
Wo+ W, + M, + W3 + M^ + ..., 
«, + ll, + tt3 + M^ + M^+..., 
t*, + U, + M^ + U^ + M, +..^, 



tOL. XJ£Xy. 
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is summable^ all those above it are summable, and their sums 
are related as if they were convergent, 

I may remark, before leaving this part of tlie subject, tliat 

non-absolutely summable series are by no means 'artificial 

monstrosities.' Not only are the convergent series considered 

in § 4 of a natural and simple type, but so simple a divergent 

> series aa 

7J + 1 

is non-absolutely summable. 



Condition of consistency for other definitions. 

§ 5. I shall now prove tliat the other definitions proposed 
by MM, Borel and Le Roy all satisfy the 'condition of 
consistency,' 

Itt the first place let us consider M. Borel's alternative 
definition mentioned at the beginning of the last paragraph. 
If u {x) is an integral function 



n! 



Jo 



Hence, lira. e"*2''^ is finite and determinate if, and only if, 



a:=oo 

is summable. If this is so 



Wo + w, + u, +... 

is summable. The latter series may be summable without 

lira. e"^2-^ existing. But if it is convergent^ i*^ + u, +... is 



n 



convergent too, and 



. s^x 



lira.e '2^ =«, + «,+..., 



n 



as may easily be proved directly. 

M. BoreFs generalised method of exponential summation 



Digitized by CjOOQIC 



divergent series and divergent integrals^ 35 

presents no special difficulty, fie defines the sum of the 
series w^, + m, + w, +... as 

[ e-'u^{x)dx, 

^ 

«* CO = ^0 + "i +•••+ ^k-\ + ("* +•••+ ^ik-x^ p +•••» 

According to this method, we. associate the terms of the 
series in groups, and apply the ordinary exponential method 
to the series of groups; and as the terms of a convergent 
series may be grouped in any manner, the proof that the 
ordinary method satisfies the condition of consistency applies 
to this method also.* 

M. le Boy suggests two generalisations of the exponential 
definition. According to one, we define u^ + u^ +... as 

1 1 J 
where /? > 0, and 

This integral is equal to 



/: 



'e-l "-y^^ 



.r(w/> + 1) 



TT)''^' 



if the latter is convergent. If p is an integer (the only case 
of much interest) the condition of consistency is certainly 
satisfied. For the integral is the sum of 

in which /? — l zero terms separate two consecutive w's, 
calculated by the ordinary method, and is therefore con- 
vergent and equal to the sum of this series, if 

w^ + Mi + M, +... 
is convergent. 

* The generalised exponential method is not always consistent with the ordinary 
method. If t,g, /fe = 2, it gives as the sam of 1 - 1 + 1 -.... In fact we obtain ^ 
Iff according as A; is odd or eren. 

D2 
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According to M« le Koy's other definition 

(0 < « < 1), if this limit is determinate. It may be expressed 
in the form 

lira. Ce'l^'-^dx, 
<=i J • w ' 

for, as I proved in § 3 of my former paper, integration term 
by term is in this case legitimate whenever the resulting series 
is convergent. Hence our scries is defined as 



lim. e'*u(x*)dx^ 

t=i J 

1 r* - --1 

or lim.- €"**»* u(x)dx^ 

fcrl * Jo 

r* l+a 

or (I) Hm, e"* x^m (x) dx. 

0=0 J t 



0=0 •' 

Now it can be shown that if 



(2) Ce-'uix^dx 

J 



is convergent, the integral in (1) is convergent for values of a 
in an interval (0, a^), and that it tends to (2) for a = 0. 
For we can determine X so that 



(3) |jV«(a;)rfx 



<(r 



(X'>X). We can also suppose X so great* that e*"* "ar* 
decreases steadily as x increases from X to oo , for all values 
of a in a small interval (0, a ). Then, by the second theorem 
of the mean 

e x'^a(x)dx 



/: 






(X5 f ^ X,), which 18 nnmerically less than 3<r. 

• for this we need, in fact, only suppose Z i 1. Thns ««-*'*°ie" 5 1, (« ^ I). 



Digitized byCjOOQlC 



divergent strks and dicergent tntegrah^ 37 

Hence 

.go 

U convergent. And it is equal to 

The second part is equal to 

eXt-^^^^X,''j\"u(x)dx (X.^X,), 

which is namerically < 2a: And we can choose a^ so small 
that the first part differs from 



/; 



e"*w (.!•) dx 

• 



by less than <r, for all values of a in (0, a,). Then, for such 
values of ot, (4) differs from (2) by less thau 5<r, so that 

lira. e"' AV.r= e'^u(x)d.i\ 

0=0 J Jo 

It follows that if «o+m, + m,+».. is summable by the 
exponential method, it is summable also by M. le Boy's 
method, and that the two sums are the same. Hence M. le 
Boy^s definition satisfies the condition of consistency. 

Dicergent Series and Mean Values, 

§ 6. The * mean value ' of an infinite series of qoantltiea 
^0' *ii J'n ••• w 

"^ ^ fi=» w + 1 

if this limit exists. It is well known that if lim.^^ exists and 
s=^, the mean value also exists and =5. As the converse is 
not true, the expression (1) provides us with a generalisation 
of a notion of a limit or of the sum of a scries from which 
interesting conclusions have been deduced.* 

* Frobeniua, CrelUj 89, p. 2G2 ; Holder, Math, ArtH.^ 20, p. 535 ; C6saro. ^uU^ 
<fef Se. Math., 1890, p. 114. 
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The question wliich I shall discuss in this paragraph is 
n^hetber the existence of a mean value for 



involves the summabllity of the scries 

If the«mean value exists we may put 

/», + ^1 +...+ *.= (w + I) (« + f> J, 
lim. p^ = 0. 

Then 

i: ^- = s (s 4 » +...+ « ) ( •- -—-,,) 
• « I • • ' " \« ! H + 1 !/ 

Since Hm-TO^^O, we can choose a series of descending 
positive quantities e^ such that 

I P»' I < «» (w' = w), 
and lira, f ^ = 0. Also if f = [x] • 



!(-)'.(^;^,) 



«s + s +s (i<J<f). 

All the coefficients of the quantities p^ in the first two 
sums are negative, except the last, which may be zero ; and 
all in the third are positive, llence 

^ ^'^*\wl n+ 1 1/ I 
*X-i 



^ '^ \w + 1 1 nil 



where £" is a constant. 
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Again 

|'<"-^'>'--(r;-^!)| 






Finally 

K:„|(«+.)(f;-„-^';-,) 

<«.{."+(E + i)|5}. 



Hence 



(') r^'+^'-Ci-^)!' 



Now let J? = f +/. Then when « is very large 

where a, ^8 are very small. Hence the last term of (1) i» 
eqaal to 
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where 7 is very small ; and its prodqct by f' will tend to asera 
fQra: = oo,if 

(2) lira, ef Vf = 5 

find similarly the product of the second term by ^"* will vanish 
for x = qp if 

(3) Hm.gxVf = 0, 

Finally, the same will be true of the first term If 

(4) lim.e'Z^, = 0. 

Suppose (2) satisfied, and -^s?^?, or J(f +1), according 
ILS f is even or odd. Theq, supposing { even, (3) will be 
patisiied, apd as 



'>s*'-v/© CT-. 



(4) is also satisfied, 
^ence \f 



8, + 8,-^....'¥9 
n==co 

then lim. e* 2 -^ = «, 

Thus the series «, + 1£,+--, and a fortiori the series 

t/o + Wj + M,+... 

is summable. 

I may remark that the condition Y\m,p^s/n^O Is by no 
means necessary. In fact it is easy to constract converged 
Beries for which it is not satisfied. 
Suppose, e.g.8^—iy and 

^ = l + ~. (0<e<i), 
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Then 
and for « = Q© , p^ is of order 



2 1 



«+l' 



80 that lim. p^*Jn=iCto. 

On the other hand the result would not be true if the 
condition were omitted. For we can choose the quantities 8^ 
80 that p^ IB infinitely small of order n'^ for n >= oo , and yet 



lim. e-" 5 -4 



does not exist. 
Suppose, e.g. 



%«=(— )"Wl •••• 

Then we can prove as in § 3 that 

• nl 

takes, as a; increases to oo , an infinite series of values, positive 
and negative, all numerically greater than a constant K, In 
fact, in the notation used near the end of § 3, 

__^L_»jr. 

Vj-^ (Vx) 

Now ]£ x^p' + q (p being the largest square contuned 
in n) 

«, + », -h...+ «, = - 1 + 2 - 3 +...+ (-y^ 

"h or -JCP+l). 
according as^; is even or odd. 



Hence 



». + >.+...+ », 



n + l 



J2_ 



/ + 2+1* 

oriX£±i), 
p' + j + l* 
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t.e. is infiuitely small for /i = oo like 

1 1 

- or -r-. 

P v« 

The condition therefore corresponds to a real limitation, and 
has not been introduced by the method employed. 

I shall not attempt now to prove any similar theorems 
conceining the more general mean values introduced by 
Holder and Cesaro. 1 will only remark that a similar lihe 
of argument may be applied to the more general question 
•whether, if 

^■^. ,+..+ +.. 

w + 1 
exists, 

lim. -2-2 LJ «^ 

will exist and be equal to it, 

being an integral function. 
For 



= ^^ (x) + S (n + 1) p. (dy - a„,i.«"*0- 



Thus 

2«A^" 1 00 

^ 

We bave then to prove that the limit of the last term for 
cc = Qo is zero, by a method analogous to that employed for the 

case in which a, = — , , ^ M = e*. 
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21ie multiplication of divergent series, 

§ 7. M. Borel h«is proved that if two series are absolutely 
snmmable, they may be multiplied according to the ordinary 
rule, and the validity of his proof is not atfccted by the 
considerations of §§ 3-4. 

I showed in those parapjraphs that in the treatment of 
certain questions fundamental in the theory we gained nothing 
by the introduction of the idea of absolute summability. This 
is, however, no longer true when we come to the question of 
the multiplication of series; I am, for instance, unable to 
prove that if two series Su^^ Sv^ are such that 

snmmable, whatever be \, we may multiply them as if they 
were convergent; and indeed, if we consider the analogy of 
convergent series, it seems unlikely that this should be true. 

There are, however, two interesting resemblances between 
the theories of the multiplication of convergent and divergent 
series. 1 may remark that in this connnection I consider only 
series which satisfy the condition mentioned above, for if 
a divergent series does not resemble a convergent one in 
this first and most elementary point, it is not of much interest 
to inquire whether it resembles one in other points more 
difficult to investigate. 

This being understood, we can prove (1) that it is enough 
to suppose one series absolutely summable, and (2) that if the 
product series is summable, its sum is the product of the sums 
of the original series. 

To prove (1) we have only to make a slight alteration in 
M. Borel's proof for the case in which both series are 
absolutely summable. The whole question turns^ on whether 
we may assume that 

(1) J e''u{x)djiX j e'^v{y)dy 



Now the left-hand side is the limit for J7= oo of 
~'^''u{x)v(j/)dxdy^ 

• i.c., p. 104. 



(2) J / 
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and the riglit-liand side is the limit of 

(2') JJe"«W»(^)rf^<J[y 

over the triangle bounded bj 

»T = 0, y = 0, and * + y = S 

Suppose that 8\i^ is absolutely summable. Then the 
difference of (2) and (2') is 

rn tn 

e*u{x)dx I ^ ^{y)dy. 
Jo i n~x 

Now e'*u{T)dx\ e^v(jf)dy 

^Kf" 

■"Jo Hb 

where O^/iT^JH; IH^E'<H, 

so that ^H^H-'K^H; and the limit of this for H^ao 
isO. 

The proof may then be completed as by M. Borel. It 
need only be observed that we do not prove that the product 
series is absolutely summable. 

The second proposition (2j is most easily proved indirectly.* 
I shall first prove the following lemma. 

If 8u^ is summable, SuJ* is absolutely summabh for alt 
positive values oft less titan unify y and 

lim. SuJJ'^Su^. 
Fort lim. e"* {j^)^ 0^0 "» ^ (^ = ^\ 

f Tba same is of ooniBe tnie of the correBponding tbeorem for conTergemt ttrieft 
t Oto aooomt of the limitation made at tae begianing of this paragraph. 
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BO that ^ '(t)"^') (0<«<1) 

vanishes exponentially for j: = oo . Hence 

is absolutely convergent. 

Also lira. - e *u{x)dx^\ e~*u(x)dx 
' t=i ^ J9 ' J» 

if the latter integral is convergent. This has been proved 
by Dirichlet.* The lemma follows. 

1 may remark that it is easy to prove in the same way a 
proposition analogous to Abel^s well known tlieorem regard-* 
ing series on their circle of convergence ; vii. that if a series 
Su^x"^ is summabh at any point P on the boundary of its 
polygon of summahility^ andf(P) is its sum^ the function f(x) 
represented by the series within the polygon tends to f(P) when 
X approaches P along the line OP. 

Now suppose that Bu^^ Sv^^ and 8u)^ or 

^'o^^o + (2^i^D + Vi) + (^»^o + ^1^1 + Wo^) +— 

are all snmmable. Then SuJ"^ S^J'i a»d SaJ" are all 
absolutely summable if < ^ < 1, and 

SuJ^x Svjf'^Swjr. 

Ilence in the limit 

Su^ X 8v^ = 8w^ 

§ 8. Before leaving this part of the subject I shall indicate 
another method by wliich the question of the multiplication 
of divergent series can be attacked. It is capable of more 
general application than is M. Borel's method, which depends 
upon a particular property of the exponential function, 
although, in the particular case of series whose sums are 
defined by the exponential method, It does not lead to quite 
such general conditions. 

* T. Stolz, Oi'undzugt, I , p. 447 ; and mj paper ^On Uie oontiiMUty and di»* 
continoity of definite iiitegralB,' etc. (Q./., 190*2, p. 28). 
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Suppose that the sum of the scries 

2/^ + «i + ?^ +••• 
IS defined as 

where {x) a" dx = — . 

•'o ^« 

Then the multiplication of the scries 8u^, Sv^ may be justi- 
fied by the following scries of transformations : 

•> » * 

'=1 ♦(3')«'y [v. («. + «, + «.+•••) 

J 

+ fl,rj (0 + 2/, + «,+...) 
+ a,t>y(0 + +M,+...) 

+ ...] 
r * 00 ^ ** 06 

•'0 •' 

•'0 •'0 

= f "^ W rf.« f "« (y) «f^, 2 a.ry S a,,Ji„x'"" 

•/ "'0 



:5W,. 
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1 
Suppose, e.^., tliat a^ = --j, 0(.i) = e"*, and that we caa 



1 quantities II, e, (s < 1), such tliat 




\ui.v)\<ne". 


\v(y)\<ne^. 


Then it is easy to see that 




• m + itl \J, / ^ ^ 


< H&-'e'*, 



and hence that all the trausformations are legitimate* 

Part II. 

DIVERQENT INTEGRALS. 
Definitions of the value of a divergent integral. 

§ 9. The various methods which I have considered in the 
preceding part of this paper enable us to attach a meaning 
to 

lim. ^„, 2/o + 2^, +...+ 2^. +... 

in a number of cases in which tliey are otherwise meaningless. 
I shall now consider the possibility of framing similar con- 
ventions for the interpretation of the expressions 



lim. *(a'), j ^(x)d.v. 



Let US recall the process* which leads to M. BorePs 
definition of the sum of a divergent series. We take a doubly 
infinite sequence 



a <''> 



Buch that aj^^ increases with p for any fixed value of w, and 
decreases as n increases for any fixed value of p^ and define 
the generalised limit of s^ as 



2) a ^'^V 



lim. •-« 



n=0 



' Borel, ^.c, 5. 96. 
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la particular we take 



«'"=^*. 



The analogioils method of defiuing llm. 4* (t) is evidently 
to define it as 

(1) llm. i^i—^ , 

•'0 

{xy i) being a inunction of x and i wbicli increadesl tvith i for 
for any fixed value of x (or at any rate for all values greater 
than a certain value), but decreases, when x increases and t 
is fixed, sufficiently rapidly to ensure the convergence of the 
integral in the numerator. 

Further progress depends on our choice of a function 

{ 10. A natural assumption is 

where p is any positive quantity. Then 

*[ 0{x,t)dx^pt[ e-^t^^du 

80 that (1) becomes 

fclim. f e"'*4>(<^M)(?a. 

<=oo Jo 

From thid we easily deduce a definition of a divergent 
integral 



I ^ (x) dx* 
For if ^ (x) = [ ^ (x) dxi 
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we have defined lim. <P(x) as 

fl=oo 

= lim. f e" W ^ (x) dx^ 

provided lim. (-) e ^^ ^(x)^0. 

The simplest case is that in which /> « 1 ; and this as^ 
sntuption enables us to deal with manj of the most interesting^ 
integrals which present themselves naturally in analysis. I 
shall therefore leave the general question on one side for the 
present, while I consider some consequences of the hypothesis 

X 



I shall suppose that f (x) is continuous for all finite values 
of x^ and that 

lim. e""' ^ (a;) = 

for any positive value of r. And I define the generalised 
limit L^ (x) by the equation 



Z=CO fc=QO J 

and the divergent integral 

&\ 6(0!) da 



(1) JD * (a?) = lim. fe-** (tx) dx^ 

«=ao fc=Qo J 

f 

by the equation 

(2) 0\i^ (x) dx == lim. I e~ ^ {x) dx^ 
it being always understood that 

4> (d?) = J ^ {x) dx. 
Our hypotheses ensure that these definitions are consistent ; 

VOL. XXXY. E 
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and we may (as is easily seen) replace the right'-hanci side of 
(1) or (2) by the repeated integral 





Jo •' 



And it 18 evident that these definitions (and the more 
general definitions for which p^l) are governed by the 
general principle of § 2. 

Condition of consistency. 
§ 11. it is easy to prove that if lim. 4> (x) is determinate 

a:=ao 

L ^ {x) = lira. ^ (x). 
For L^ {x) = lim. f e* O (tx) dx 

t=00 J 

*=lira.(rj e-''^Qio)dx\ 



= lim.T 

T=0 



{\>Q 



if the last limit is determinate. 

Now we can choose X so great that 

|*(.r)-a>(co)|<<r 

for all values of or ^ X, however small be a. Then 



■j e"''<P(x)dx-€r^^^(oo)-^py 



where \p\< (rer'^^ < <r. 

We can then choose t^ so that 



■r 



<(r 



for all values of t £ t^,. 



Thus 1<P (x) = lim. errX ^ (oo ) 

•7"=0 
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We may also prove directly that the condition of consist* 
ency is satisfied by our definition of 

<}j ^(x)dx 

by using Dirichlet's theorem, mentioned in § ?, that 

lira. I 6"^^ (a:) rfuj = I ^ (.r) dx 

whenever the last integral is convergent. 

It is perhaps worth while at this point to state explicitly 
that L^ (x) is not generally equal to 

lim. *(a-J, 



(a?g<a:, <a;,< ..., lim. x^^ab) when the latter limit is deter- 
minate, in the ordinary sense, or in M. Borel's sense. Nor 
is it generally true that 

(supposing a;^ = 0). 

Elementary properties of (lie generalised limit and the divergent 

integral. 

§12. I. If L^^{x\ L^^(x), *.i, L^^(x) are determinate 
L \a^<^, {x) + afi, {x) +...+ aj^^ {x)\ 

« a^iOj (x) + a,i^, ix) +...+ ajj<^^ (aj). 

This follows at once from the definition. It is obvious that 
a similar theorem holds for the divergent integral* On the 
other hand it is not generally true that 

L<^ Or) * {x) = ia> {x) L^ (x). 

when the two latter generalised limits exist. 

II. If a and b are constants^ and a positive 

L<P (ax + &) = i^ (x) 

if the latter is determinate. 

£2 
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In the first place it follows immediately from the definition 
that 

(1) L^ (aor) t= L<P (x). 
Again L^ (a; + J) = lira. ( e"'<P (tx-\-b)dx 

fc=» Jo 

h M 

nslim. c^' I e'^<^(jtu)du. 



< 



h * * 



But L* Pe""4>(a)rfa <Jrpe""rf«, 

I J J 

and the limit of this for ^ = go is plainly zero. Hence 

(2) ZO(a: + t) = i^(x). 

From (1) and (2) the theorem follows. 
It is easy to see that the corresponding theorem for 
divergent integrals is 

■ .00 ^00 

a 

(a>0); t.e. a divergent integral may be transformed by a 
linear substitution x = ay + b (a > 0) according to the ordinary 
rule. 

Again from the equation 

and Theorem I., it follows at once that 

III. A divergent integral inay be transformed by integration 
by parts, if the process leads to a determinate result. 
For 

G \ \f^{x)y\!{x)^^'{x)^{x)\dx^ L «(a:)i^(x)-^(a)^(a), 

if cither of the two sides is determinate. 
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IV. If 

0\ ^ («) dx 
is determinatey 

L^ (jx) = a. 

For i^ {x) = lira, t f e"^^ (x) dx^O. 

Generalised limits and mean values^ 

§ 13. The result of § 11 is capable of an extension naturalljr 
suggested by § d. 

We may define tbe mean value of * (x)for a? == oo as< 



1 r* 

lim. - I * (x) dx, 

X=00 *^ J n 



tf this limit exists. In § 6 I proved that under certain conditions^ 
the fact that s^ possesses a mean value ensures that it possesses 
a generalised limit in M. BoreFs sense. And it is easy to 
state conditions under which the fact that ^(x) possesses 
a mean value ensures that it possesses a generalised limit in 
the sense of § 10. 

In the first place, if ^ (x) possesses a mean value A:, we caa 
find constants JT, K such that 



/ * (x) dx 

Jo 



<Kx 



for all values of x ^ X For if this were not so we could find 
two ascending sequences X^y X^y ..., K^, JT,, ... such that 

lim. ^. = QO , lira. jr^ = oo , 



and 1 (fr (x\dx 



rXn 

•' 



>^A; 



and then ^ (x) could not have a mean value. 
Now lim.e-^''*(ar) = 0, 

0=00 

however small r may be. Hence 

t[ e'"<b{x)dx 

Jo 
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18 convergent and equal to 

Kow we can choose X, > X so that, if a? ^ Xj, 

r*(^)ic = (* + p)ar, (|/)l<a), 

however small be <r« 
Then 

where | £ |< ire-T-S^i (I + tZJ < <r. 

But 

|'-TK»«^)^'l-h-(fM')l 

in (0, X). 



If* 



Hence 



and we can choose r^ so small that this is less than 2<r for all 
values of T ^ t^. Hence 

lim. T j e'^'^ (x) dx=^L 

Thus, e.g. if * (x) = cosar, k = 0, and so 
JDcosa; = 0, 

It is easy to prove that if <& (oo ) is determinate 

1 r* 
Hm.- I *(ar)(far=5*(Qo); 

a=ao ^ ./o 

hence this result includes the result of § 11, 
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If ^ (x) has DO mean value it may still happen that 

)dx 



^ />(-). 



has one ; in this case we m.ay define the mean value of 4 (x) 
as being equal to it ; and so on generally. 

lfe,g. <b(x)=BxsinXy 

X Jo a? 

and so the mean value of <b (x) is 0. These extensions are 
analogouii to those given by Holder and Cdsaro to the notion 
of the mean value of s^. 

Some particular generalised limits and divergent integrals* 

§ 14. I shall now find the value of 

Xe«^/(sin'a:), 

/(u) being any function of u continuous from u,^ to u=s 1, 
inclusive, and a being reaU 
By definition 

ie«'/(sinA') = lira. j e'^''^''>/ (sin tx)dx 

-lira. Tre<'-")'/(a\n'x)dx 
= lira. tS 
* lira. T S e-(^'^"' X lira, f ' 6"<^-«^/(sin'x) dx^ 

(1) =Hm. r—^. re'-'/(fnnx)dx,. 

1 f 

(2) =- cosaar/(8iu'x)cfar, 

w Jq 

cr =0, 

according as a is or is not an even integer. Thus 

Xsinaar/(8in'ar) 
is always zero. 
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Again 

Ore'^f(sin^x)da 

« lim. f *6-<^-^V(8in"^) «?•» 

T=0 Jo 

If a ifl not an even integer this is 

If*.-* 1 r*' 

*; s^ 6*^/(8m**) c?ar = -T-T — / co8aj?/(cog'x) c?ay. 



Thns 



(3) (7 I cos axf (ein'x) ix = 0, 

f** . . 1 f** 

(4) O I sinair/fsin'x) dx = -: — -, — cosaar/fcos'x) dx. 
^^ Jq ^ ^ SiniaTT Jo '' ^ ^ 

On the other hand, if a is an even integer the first of these 
divergent mtegrals is not in general determinate, as 

ico8ax/(8in*x) 

is not in general zero. If^ however, 

j cos axf (sin'ar) cZr = 0, 
we obtain 

Q J cosaa:y(8in*a?) rfaj 

1 f 
«s — coiLaxf(%\v^x)xdx 

ff Jo 

1 r *■ 
s= cosaaj/(8in'aj) (ir - a;) tip 

IT Jo 

■=-J I C08aa;/(sin'ii;)diB 
•'a 



= 0. 
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But 

O I sin axf (sin* x) dx 

if. 
= lim. zti^ e'^'s\nax/(gin^x)dx 

(5) = - - (-)*- P"x sin aa?/(co8'x) dir. 

W Jo 

It may be pointed oat, in connection with the remark at 
theendof §11, that 

O f *6«*/(sin*x) dx^S C'^\^f{%m'x) dx. 
For the series is eqaal to 
(1 +c-^ + 6'-*+...) re"^/(8m"a?)d:c 

1 r"' 

provided a is not an even integer. 

Some particular cases of tne formulas (1)— (5) are inter- 
esting. Thus 

X cosa^ =s Z Bina:r ss 0, 
L (cos'ax)*** L (sin'a*)*- = - f '(cos'a?)*" dx 

W Jo 



V.r (=..)■ 



if m > ; and if 2n is a positive integer 
i(co8';r)» = i(sin'*)" 

2 2.4...2A 



TT 3.5...2A;+L 
1.3.. .24-1 



^' — 2x::2/r^ 
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uccordiDg as 2n = 2^ + 1 or = 2k. But 

Some of these results may be easily deduced frOm first 

Erinciples. Thus, e.g., if L cqsjt is determinate, it must, by IL, 
e equal to 

i cos(a; + ir) = — X cosx, 

and therefore =s 0, 
Again 

O 1 cosoo; dx a 0, 

Jo 

G Anaxdx^- • 

K « 

of {i^oQxy'^^dx^o, 

Jo 

OrCsinxy^' dx=^j^(cosxy'*'dx^ 
2.4.. .2i 



3.5...2/fc + l 
Again O j cosaar(cosa:)**d!a; = 0, 

O \ An ax (sin a:)** dx 

J u 

■= -r— 1 — I cos au (cos uY'^ du 
smJaTT Jo ^ 

^ IT r(2A;+l) 

2il 

"^a(2'-a«)(4'-a')...(4A'-a'')' 

provided a is not an even integer. 
Again 

l-2pcosa7+2>" l--2/?cos2a7+y 

_1 /" dx 1_ 

""ttJo 1—2/>cos2:p +/?*'" I—/)** 
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or = -5 — - (according as />* < or > 1 ), 

ZIog(l-2pcosarfp')= 0, (/>'<1), 

= 2logp, (/>!), 

0[ log(l— 2/?cosa?+y*)c?a: = 0, (i>'<l), 

and so on. Again, since 

Ce-ar^raxdx (p>,)=-Jli£) '^^^p tan'? , 
J, Sin \r*- / (t* + a*)*^ sm ^ t' 

j-i r* ^-1 cos , r ( ») cos , 

J J sin or sm '^'^ 

If j><l these integrals are convergent in the ordinary 
sense. And JDa:*cosaar = Za;'sinajrs=0, (p>0). But it is 
not necessary to multiply examples of the general formulsB. 

A large number of these formnlsB for divergent integrals 
were given by Baabe,* and are reproduced in Bierens 
de Haan^s Tables. Baabe also gives ' limits' for cosar, sinrr, 
etc., but not any of the general formulsB (1) — (5). He appears 
to think that he has proved, e.y., that 

lim. cos:p = 

in the ordinary sense ; his proof, which bears no resemblance 
to the methods of this paper, is of course wrong. It need 
hardly be said that at the time at which he wrote the idea of 
giving conventional definitions of such expressions as cos 00 , 
sin 00 y etc., had not occurred to anyone. It had of course 
been noticed that such expressions often presented themselves 
in analysis, and it had been found that there was generally 
one value which could be attributed to them without con- 
tradiction resulting ; but there was as much confusion as to 
what was meant by such an equation as 

cosoc =0 

as there was in the case of 1 — 1 + 1 -...«■ J^. And the same 
is true of divergent integrals; in fact it would be very 
difficult to say in what sense Baabe regarded 



/■ 

J 



coBxdx 



* JnUffralrechnunfff I., pp. 280 €t teq. 
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as convergent. His results however, so far as they go, agree 
with those found here. 

Baabe* discusses a more general integral 

O I e"**/(sinVi^» wivi^fi^Xy ... AvL^fA^x)dx^ 

in which/ is a continuous function, and /i,, a^„ ..., fi^ positive 
and rational.- Baabe supposes a =3 0, and his analysis is 
invalid. 

We may suppose that k is the L. c. M. of the denominators 
of /Aj, ..., fjL^. If 7W, = i>j, /jL^ssk/jL^y ..., the integral is 

kG «**^/(sin'mja7, ..., %\v^m^x)dXy 

J 

where now wi., ..., »i^ are integers; this integral falls under 
the classes already treated. A similar reduction may be 
applied to 

Le"^f{sm*fjL^Xj ..., sin* fjbjx). 

§15. We have supposed so far that the functions 4 (:r), 
^{x) are continuous. But there is nothing to prevent us 
from attaching a sense to L^{x), even when if{x) becomes 
infinite for an infinity of indefinitely increasing values of x. 
We may agree that the definitions of L^ {x) and 

G I 6(x)dx 



'jj[x) 



are to apply whenever the integrals which occur in them are 
convergent, or even if only their principal values are con- 
vergent. The formulas worked out in § 14 are, in general|. 
the same under these extended conditions. 
Thus, «.y., 

L log (cosar - cosa)' (0 < a < tt) 

= - log (cosa; — cosa)* rfa? 

•^ Jo 

= -2log2, 

gpT^^^nxdx^ 

J J coso? — cosa " ^ '^ ' 

* ic.j p. 310, and Crellt^ xv., p. 355. 
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a result which may be deduced either directly or from the 
fact that we must have 

r ** si n ^ dx r 1 

GP = L - i log (cos X - cos a)* . 

J ^ cos a? — cos a ^ ^ o\ / j^ 

2a 

. . *. cosaa; y b 

Agam L j- = L — . 

° cos ox cos 2a; 

2a 
If -T- is not an even integer this is zero. If it is 

2a 2a 

cos -r a: ^ ^ cos -r ^ 

i-4 — -p{ —^dx 






COS 207 IT J^ COS 2a; 



even] 



2a 

^ 5g COS -5- a? 

And 0P\ 2^dx = \GP\ \-dx^O 

J ^ COS OX J, cos2ar 

unless T = 2A; + !• In the case of 

^ sinajr 
sin^j; 

we should have to modify our procedure, as 






. 2a 

-J-dx 
sm2;i; 



is not generally convergent. But I shall not enter into this 
now, as the examples I have given will be sufficient to 
illustrate the different cades which may occur. 

§ 16. The definitions of the previous sections are perhaps 
of most use in connection with double limit problems, such as 
diffcreutiatiou uuder the integral sign. Their employment ia 
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such problems raises questions which demand a detailed treat- 
ment which I must reserve for the present. But they enable 
us to a considerable estent to disregard questions of converg- 
ence or divergence. I may, perhaps, illustrate this by showing 
how they can be used to calculate two important definite 
integrals. 

0) If «-/"rf?''*''' (''^^>' 



da 

dy 

da 



-T-- - 21=: G I cosax' ax 
da ^ 



= 0, 

and as u — ^tt for a - 0, and does not ever exceed ^ttj 

u = ^Tre"*. 
.... Tr j^r^cosax dz 

and kl^l^l, 



r Jo cos^x ' 



and as u = ^ir for a = ± 5, 



^=i?= '' 



4 cosh ^ ' 



!*■=- 



w cosh a 
2 cosh b ' 



This investigation of the value of (i) is that given in some 
of the older English text-books. The use of the definitions of 
this paper enables us to justify what appears to be a quite 
invalid line of argument. 
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Other definitions. 
§ 17. If we had taken 



<?(*,0=/'(f)'"'«~^^', (i»i), 



80 that 



Z* (x) = lim. [ e"** (t yu) dUj 
and 1 <l>(x)dx = lim. 1 e-i^^y^ (x) (to, 

^0 'r=0 ^0 

we should have foand the same formalad ad We deduced in 
§ 15 on the hypothesis that /?==!, though tthe proofs would 
have been more difficult. £ut we should also have been able 
to attach meaniugs to limits and integrals which our actual 
definitions were not powerful enough to deal with. 
Suppose for instance that /? « 2, and 

^(x)=e<'*"''> (a>0). 
Then 



so that 



lim. [ 6-(*=^)M«+*»>rfa? = f e(«^W)Va: = -^., 
0[ 6(x)dx=: lim- f e-('»'^W'»+*0*cto L^ , 



But 



=^.(fc)"-(s): 

T 

If a' < J', the limit of this for t = is 0, and so 

Gfe^'^'^'^dx^-' ^ 



and ie<"^">' = 0. 
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It IS of course clear that if we are to give any definition 
of L^ (x) which is consistent with itself, it must give 

and so =0. 

And it is very desirable to find a convention which will 
give 



■/: 



Ol 6-rf«=-i 



for as large a region of Values of « = a + W as possible. Thid 
region is evidently that formed by all values of z other than 
real and positive values. For it is only when z is real and 
positive that 



is definitely infinite. 






e^dx 



§ 18. Now M. le Hoy has proved, in the memoir already 
cited, that if ^ < 1 

lim. I e-^»^«*c£r=- 

fcrlJo l-« 

for all values of z except real values > 1. And by a similai? 
method we can prove that 

r* 1 

llm. I e-^«iog»+«»dir = — - 

for all values of z except real and positive values* 
In the first place, it is clear that 

lim. er^xhgx+sxJx^^ - - , 

r=0 J * 

if R (z) < 0. But 



r 



3 i»v« 

e-Tx \ogx+»x Jx = I exp. {— T/oe** log (pe*^) + zpe*<t> + 1^] dp^ 

if 0<^<^7r, and the logarithm has its principal value. To 
prove this we integrate 

I e-^rx log »Hx ix (a; = f + iq = pe«^) 
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ronnd the contoar boanded by the lines 

d being Very small and H vcty large. All that is necessary 
IS to prove that the integral over the arc p^jR tends to zero 
for ^ s 00 . This follows from the fact that when p is large 
the subject of integration is of order 

exp, p {- TlogpcoB^ + r^sin^-facos^ — 5sin^}« 

Now 

lim. I exp. {— Tpe*4^ log {pe^) + ipe^^ + il^] dp 

as I exp. {zpe*4» + 1^} dp 
1 

provided the second inte^al is convergent. This will be the 
case if acos^ — dsin0<O. The line ^cos^^^sin^ is the 
line through 0, making an angle |^ (tt — ^) with the real axis ; 
and a cos^ — ^ sin^<0 if s lies to the left of this line. But 
^ may have any value between and ' ^tf, and as ^ varies 
between these limits the region to the left of the different 
positions of the line covers all the plane except the fourth 
quadrant. Thus (1) holds except when e lies in the fourth 
quadrant. By supposing (f> negative we can prove that it 
holds except in the first quadrant. It therefore holds except 
when z is on the real azis« 
Thus if we define 

O { <l>{x) dx^ 

.Jo 

as lim. I e-^« los^ ^ {x) dx^ 

-^=0 Jo 

we find that O ^ e^^'^dx = - -^. 

Jo a + bt 

except when a > 0, b = 0. 

If we start from the equation 



1. I e-»+-a+^)*Var = --- 

) Jo « 



lim. 
and put x^^u, - = 1 + t, 

V 

VOL. XXXV. 
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we obtaia 






lim 

'r=0 ^ a 



r* I 

or Urn. (l+...)e-^^^<>8«^-e**c?a=- - . 

TliU fthows the connection between the equation proved by 
M. le Roy and that proved here. 

Suppose that <P (0) ==0. Then the corresponding definition 
of JL<^ [x] is 

Z* [x] = lira. I e-^xiogx^' (^) d!r 

T=0 Jo 

T=0 ^0 

if lim. ^-^^logar ^ C^) logX = 0. 

ar='30 

If we observe that 

r* 1 

(loga: + 1) e-^a;iogxrfa7 = - ^ 

we see that this definition agrees with that given by the 
general formula of § 9, if 

— *i 



d ( -f log»\ 



Much more general results are .given by this choice of 
[x^ t) than by the more simple one adopted in §§11-16. 
But the latter enables us to deal with the simplest and most 
obvious cases with greater facility. 

At this point I shall, for the present, bring these investi- 
gations to a close. My object in the second part of this paper 
has been rather to discuss the general principles which must 
govern our conventions, and to illustrate the different range 
of different definitions, than to enter into great detail con- 
cerning any one of them. The subject is a large one, and 1 
hope to return to it on some future occasion. 
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SUGGESTIONS TOWARDS THE FOEMATlON 

OF A QENEBAL THEOEY OF SYSTEMS OF PFAFFIAlf 

EQUATIONS, 

By J. Brill^ M.A. 

Part V * 

Puriher Development of Conditioned Cased. 

§30. THE method adopted in article 22 is capable ot 
^ exteosion to more complicated cases, and I pro-* 
pose in the present Part to follow out this line gf investigation 
somewhat further. In Fart II. I gave a full discussion of the 
case in which the number of integrals is the same as the 
number of equations. For the case in which the number of 
integrals is one more than the number of equations, the 
investigation will follow closely the lines of article 22, but 
we shall have a more complicated analysis when the nQmbei* 
of integrals is greater than this^ 

As the A notation of the early Parts is only convenient fof 
special cases, I will adopt the notation introduced in Part IV.^ 
replacing the round brackets by double ones, as the latter will 
admit of the use of round brackets within them, which ia 
sometimes of convenience^ 

Thus we will write 

{123...(n + l))=*^|(2,3,4,...,n + l)-A(i,8,4,...,„ + X) 

+,..+ (-1)-^ (1,2, 3,. ..,«), 

and 

{r, 128...(n + 2)} = a,, {234,..(ft + 2)} -a„{lgi...(n + 2)) 
4...+ (-ir'a^.«,{123...(«+l)}. 

Suppose that we have n equations in m variables, and that 

■ 

• Part I. appeal^ in Vol. xix., p. 221 ; Part II. in Vol. xxiii., p. 188* 
Part III. in Vol. xxiiv., p. 63 j and Part IV. in Vol. xxxiv., p. 1&6. 

f2 
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t'le number of ftinctiona in the integral syfltem *ia p. To 
Bimplifj notation we will write, where convenient, 

Thus our original set of equations will be equivalent to the 
set 

(J, A + 2, A; + 3, ..., m) dx^ -f (2, & + 2, * + 3, ..., m) dx^ 

4...+ (A, A + 2, A + 3, ..., w)dj?4 

-f (A+l, * + 2, , fw)rfa?^, = 0, 

(l,A;4l, i+3,A+4, •..,wi)dir,+ (2,*4l,A:-|-3,* + 4, ...,m)d!r, 

4...4(A, A:41, A-4 3, A44, ..,,rn)dxj^ 

-(A:4 1,A42, , fw)rfx,,, = 0, 

•••••• • • t 

• •••• • 

(1, 441, A 4 2, ..,, r — 1, r4 1, •.., m)dx^ 

4(2, * 41, A 4 2, ..., r— 1,7- 4 1, ..., m)rfa?, 
4. ..4 (A, A4I, ..., r— 1, r4l, .-., fn)dxj^ 

+ (- ir*' (A4 1, A + 2, , m) eic^=0, 

&c. 

Now the number of equations in the integral system being ;7| 
we may express p of the variables in terms of the remaining 
w -;?, or q. We will denote the differential coefficients taken 
on this supposition by symbols of the type 

where x^ is one of the selected set of q variables, and x^ is one 
of the remaining p variables. Further we will suppose the 
selected set to be constituted of the first q variables. 

Thus the typical eouation of the above set gives rise to 
a set of ; equations of the type 

(/, &4 1, *42, ..., r-1, r4 1, ..., «i) 

nX 

4(241, A4l,A:42, ...,r-l,r4l, ...,7w)— 5±1 " 

(XX ^ 
4 

4(A, A4I, A42, ..., r-1, r4l, ..., w)^ 

+ (-lr^-'(*^ i.^-' + a, ,»w)^'=o...(59). 
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From these equations we can deduce another by means of 
the relations of the type 

^^''- *''''- (60). 



To simpHry the notation as much as possible we will choose, 
for working out in full, the equation deduced from the relatioa 

^^JH-l _, ^ ^k^\ f61\ 

dx^dx^ axjix^ ^ ^* 

We have 

. ^^*»i ^ (K Am2, 7g-f3, ..., fw) (g-fl, A-42, H3, ...,fw) dx^^^ 
" (tei ~ (A;+l, Ah-2, ..., w) (A;+ 1,4 + 2, ...,f/i) rf^Tj 

(*, A: + 2, 4 + 3, ..., wi) ^ 
'^"'""^ C^- + l,/; + 2, ...,w/) rf^,» 
and 

"" -rf^r, "■(& + !, 4 + 2, ..., m) (4+ 1,4 + 2, ..., m) dx^ 

(4, 4 + 2, 4 + 3, ..., m) ^ 
■^'•'■'" (4+1, 4 + 2, ...,♦«) rfar/ 

Combining these two results with the aid of equation (61), 
and taking account of the other equations of the type (60)| 
we obtain 

(9 /^,., 9 c7g, 9 Sx^ a ] (1,4+2, 4+3,..., 7w) 

(3?, dx^ 9^g.i flto.S^t ^^t 9arJ (4+1, 4+2, ..., m) 

^^i|9_.^,J^. .^*9_ ^,^1 
"*■ dx^ 19^, rf^, a^,.i rfa?. aV ^2 9a?J 

(g+1,4 + 2, 4 + 3, ..., m) 
(4+1, 4 + 2, ..., w) 
+ 

dx^ |9r, fl?.i?, 9^^^j *" dx^ 9^jfc (io?, 9a?^) 

(4,4+2,4 + 3, ...,m) 
(4+1,4 + 2 7w) 
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9 .^^c.i 9 . dx.d^^dx^d\(^J'±^Jc±S^^^^ 



dx, \dx^ dx^ 9^^^i dx^ hx^, dx^ 9u?^j 






j.^* J ^ + ^ -i_ +...+ —* A + 2^ Al 
rfjp, l9^, flf^i 9*^1 **' dx^ 9*4, rf.r, 9jrJ 

^ (A + 1, A + 2, ...,w) 



.(62). 



Id this equation we have to substitute^ for the quantities of 
the type 

dx^ , dx^ 

dx^ ctr, ' 

their values as obtained from the equations of the type (59), 
On reduction it will be seen that all the terms of the type 

dx^ dx 
dx^ dx^ ' 

where u is one of the numbers 

y + 1, y + 2, ..., *, 

disappear. Further, if v be another of this set of numbers, 
we have a set of terms of the type 

tf(^i,i^»») r 9_ (M,/g+2,^+3, ...,r>a) 9 (v,H2,k-\-3, ....m) 
dix^jX^ \dx^{k+\,k + )iy...,m) 9-c^ (A + l,it + 2, ...,w) 

d_ (m, >t+2, vt+3, ,..,?n) 
b^^ {^+ 1, ^ + 2, ..., w) 



l,it-i-2,...,r-l,r-H, ...,n> ) 9 (t;,^+2,^+3 wi) )! 

^/t + 1,^ + 2, „„ wj 9r^i* + l, ^ + 2, ...,wi)jj • 
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general theory of systems qfP/uffian equations. 71 
Considering those terms in the coeflScient of 

that inyolve the STmbol 

a 
ax/ 

we see that they maj be written in the form 
where 17 stands for the expression 

X |(!;, *+ 1,^ + 2, ...,r-l,r + l, ..., wi)(u,*-f 2, A+3, ..•,fn) 
- (u, *+ 1, it + 2, •.., r— 1, r + 1, ..., m) (v, A+2, k+3, ..., w) 
+ (*+!, *+2, ..., w) (ti, r, >fe + 2, * + 3,...,r-l,r+l,...,7n)l 
-(it +1, it +2, ..., m) 

x|(u,it+2,i+3, ••.,?«) ^(v,A + 1,^+2. ..,r-l,r +l,...,m) 

-(t?, i+2, *-f3, ..., «n) g- (m, >t+l, Af 2, ...,r-l,r+l, ..., m) 

4(i4+l,*+2,...,fn)^(M,»,it+2,>t+3,...,r-l,r+l,...,wH. 

Thus, in virtue of the relation 
(r, *+l, ^+2,-..., r— I, r+1, /.., «i)(m, >t+2, it+3, ..., m) 
— (m, it+1, ^ + 2, •.., r-1, r + 1, ..., iw) (t;, k+2^ ^ + 3, ..,, wi) 
+ (* + !, *+2^ ..., w)(m, v,*+2,^ + 3, ...,r— l,r+l, ...,w)=0, 
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we find that the coefficient of 

reduces to 

-(v, * + 2, A + 3, ..„ wi){m(A:+1)(*+8).,.w} 
+ (w, * + 2, i + 3, c, «t) [v (k + !)(*+ 2)...»i}]. 

In a fllniUar manner we obtain, for the coefficient of 

dx^' 
the expression 

~ i \{k^h *+2, •.., m) (1«* (i+2) (4+3). ..wj 



{(*+X, i+2, •.., m)\ 

-(m, 4 + 2, A + 3, ..., m){l(A + l)(/t+ 2)...w} 

+ (I, ii + 2, * + 3, ..., m) [u (k + 1) (A + 2)...w}], 

and for that of 

dx 

the ezpressloa 

((HI, A+-2, ,,., ^)r ^^^""'^ *"■'' •••' ^^ ^'^^^""'^ ^*^'^-^^ 

-(m, A + 2, A;+-3, ..., «t) {2 (A +■!)(*+. 2).,.in} 

+ (2, 4 +.2, ft + 3, ..., w) {M(*+-X)(ft + 2)...w}]. 

Finally those terms of our equation, that do not contain 
anj differential coefficients of the type 

dx^ 
dx/ 
reduce to 

KA+l.ifc72!....>nJ|' K*+^» *+2, ..., ^) {12 (*+2) (*+3)...«.} 
-(2, A: + 2, A + 3, ..., »n) {I (i+l) (ft+ 2)...m} 
+ (1, ^ + 2, * + 3, ..., m) (2 (k + !)(* + 2)...m}]. 
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TLuB, if we assume that the determinant 
(* + !,* + 2, ..., «w) 
is finite, equation (62) becomes 

2 ^^^f^ [(* + 1, * + 2, ..., m) {uv (h + 2) (A + 3)...^] 

— (v, i + 2, i+3, ..., «i){M(A + l)(i+2)...«ij 

+ (w, *+2, i-f 3, ..., m){i?(A+l)(A + 2)...7wI] 

dx 
-S^-[(A+ 1, i + t, ..., m) {2«*(A;H-2)(*-f 3)...«tj 

-(m, * + 2, 4 + 3, ..., 7w){2(A;+l)(A+2)...m} 
+ (2, A + 2, 4 + 3, ..., «i){u(A+l)(A; + 2)...m)] 

+ 2 ^« [(A + 1,4 + 2, ..., m){lM(4 + 2)(A + 3)...«i} 

-(ii, A+.2, ft + 3, •.., m){l(A; + l)(* + 2).,.mj 
+ (1, * + 2, A + 3, ..., »i) Itt(*+l)(A + 2)...wi|] 
+ (4+ 1, 4 + 2, ..., m) {12(4 + 2)(4+3)...m} 

-(2, 4 + 2, 4 4 3, ..., m) (1 (4+ l)(4 + 2)...wi} 
+ (1,4 + 2,4 + 3, ..., »i)i2(4+l)(4 + 2)...ni} 

= (63). 

§ 31. We now proceed to put equation (63) Into a different 
form. For this purpose we shall require certain identities 
which we proceed to establish. 

We have a set of equations of the form 

«.i(2, 3, 4, ..., n + l)-a„(l, 3, 4, ..., n+ 1) 

+-+(-0"«,wO;2,3, ...,w) = 0, 

«,i (2, 3| 4, .-, w+ 1)-(7„(1, 3, 4, ...,«+ 1) 

+...+ (- l)«a,(,,,,(l, 2, 3, ..., n) = 0, 



«.i(2| 3, 4, ..., n+ l)-a„(l, 3, 4, ...,«+ 1) 

+•••+(- l)"««(»+i) (^ 2, 3, ..., n) = 0. 
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From these we can eliminate all the determinants of the 
type (2, 3, 4, ..., n + 1) except three. Thus, choosing the 
first three as those to remain, and utilizing the notation of 
Part I., we obtain 

G;J;!;:::;r')ftM -^^ 

- ft ::!:::::r ')('.».• -•> 



•(«)■ 



Tn a similar manner we can eliminate all but the first four 
of our determinants, and we thus obtain an identity of the type 

G;a;!;::;;r')<M-* *" 

-St':::::r>'.M .o 

-G;8;!;:;:;r') ('•=.'-»••- *" 

= (65). 

We have also a set of equations of the tjpe 

G; 3) ^*' ^ ^' •••»«+ 2) - G; 3) (2, *, », ••., « + 2) 

+ &C.+ Q 3) (1, 4, 5, ..., n + 2) + &c. = 0, 

(2' !) (^' *' ^' -. « + 2) - G; !) (2, 4, 5, ..., n + 2) 

.+ &c. + Q' J) (1, 4, 5, ..., n + 2) + &c. -0, 
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and so on. From these equations Tve readily deduce 

\2, 3, 4, 5, ..., « / 

_/l,3 6 7 ..,„ + 2X ^^_^^„^,j 

\2, 3, 4, 5, ..., n / 

\2, 3, 4, 5, •.., n J 

\2, 3, 4, 5, ..., n J 

-G'j;tl::::;r')f-M.«.-— ) 
-<^XVc:Ty ■'''''' ■■■-''' 

* 6: s! !; I; ::;:r') <'•'•'■«. *^> 

/8,5,6,7,...,n + 2\ „ . g . „x 

U3,4,5,...,n j(^2,4,6,7,...,n + 2) 

In Tirtne of the identities of the type (65)| we see that the 
third, sixth, eighth^ and tenth terms of this equation taken 
together come to zero, and that the fourth, seventh, and ninth 
terms taken together are equivalent to 

-(*;':!: I; ::,r')i'-«-'-^'.»- *»>• 

The equation thus reduces to 
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-ea:!'J::;:;r>'.'.M.-.-^) 
-G: a:!; I: ::::,r>'.^' »■'■'.»' •••.-^») 

«=0 (66). 

We are now ia a position to obtain expressions for the 
quantities of tlie type 

[r, 123...{n + 2)}. 
We have 

{123...(«+ 1)] =^ (2, 3, 4, ..., n+ 1) -g^ (1, 3, 4 n+ 1) 

+...+ (-!)• ^(1,2, 3, ...,«) 

_/'3,4,5,..,n + l\, i2i_/'2,4,5, ...,n + l\f. 

+-+(-^>"-'(2;m;:;«)^^'^^"-^*>^ 

+ U3,4,...,« JLLZSJ (^2,3,4,...,« JL*»2*-1 

+*-+(2;3:!;:::;r')t^«("+o] 

+ &C. 

Thus for the coefficient of [«, 2?j] in the expression for 
{r, 123...(w + 2)}, 
we obtain 

^l,3,4,...,2)-l,p+l,...,<7-l,y + l,...,n + 2\ , ) 
""'* 11,2,3, ..., «-!,»+! ,n ;+*«•;• 
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Now, if « be different from r, this gives us a determiDant 
of n rows and columns in which a row is repeated, and the 
determinant therefore vanishes. 

Also the coefficient of [r^pq] becomes 

(-1)""'(1,2,3, ...,|?-l,p+l, ...,y-l,j+l, ...,n + 2), 
and we thus obtain 
{r, 123...(n + 2)} 

= (3,4,5, ...,n + 2)[r, 12] -(2, 4, 6, ...,n + 2)[r, 13] 
4...+ (-ir"(2, 3, 4, ..., n + l)[r, 1 (n + 2)] 
+ (1, 4, 5, ..., n + 2) [r, 23] - (1, 3, 6, 6, ..., n + 2) [r, 24] 
+ &c, + (1,2, 3, ..., n) [r, (« + 1) (n + 2)]. 
Now consider the expression 
(3, 4, 5, ..., w + 2) {1245...(n + 2)} 

-(2, 4, 6, ..., n + 2) {1345...(n + 2)} 

+ (1, 4, 5,... n + 2) {2345...(n + 2)}, 

which is similar in tjpe to the coefficients of the various terms 
of equation (63). The coefficient of [r, ]p] in this expression is 

(-.r(-.r{(M.v..,«<;*;»;:::;c;;C!::;:;:'') 

which, on account of the identities of the tjpe (64), becomes 

(_l)-«(_l)p(2,3,4,...,iJ-l,p+l,...,n + 2) 

^ /4,5,6, n + 2\ 

\1, 2, 3, ...,r-l,r + l, ..., nj ' 

For the coefficient of [r, pq] we obtain 
(_l)'->(_l)«-r-i 

x|,M,v......)(;;j;t;!::r.!;C;;;;t'lt'::::;n 

-p. V, «) (;;|;^;!::r';^;;x!:.t.':..:;r) ■ 

+ ,l,4,5,...,n + 2j(^^ 2,3 ,r-l,r+l, ,» j} ' 
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which, in Tirtue of the identities of the type (66), reduces to 

(-l/'(-l)""'(l,2,3,...,p-l,i;+l,...,2-l,g+l,...,n+2) 

^ /4,5,6, n + 2N 

U, 2, 3, ..., r - 1, r + 1, ..., n) ' 

Thas we eventually obtain 

(3,4,6, ...,n+2) {l245...(«+2)}-(2,4,5, ...,n+2){l345...(n+2)} 

+ (1, 4, 5, ..., n + 2) {•2345...(n + 2)} 

-G::;:;:::;r'0"-'»-(-^" 

+&e.+(-.r(J;^; :;::;:::)!», m...(.+»)}. 

If we now write 

- S ^- {r, 2m (yi + 1) (^ + 2) ...m} 

+ 2^-{r, 1«(*+1)(^ + 2)...OT} 

+ |r, 12 (A +!)(* + 2). ..»«}, 

we see by the above result that equation (63) may be written 
in the form 

/^ + 2, *+3, .,., WIN , _/^ + 2, /t + 3, ...fm\j. 
\ 2, 3, 4, ...,n) » I. 1, 3, 4, ...,«/ » 

-*-(-)'-(tv.*:-'.:;T.::;:)^' 
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Further, we shall obtain one equation of the type (67) from 
each of the n equations of the type 

d\ d\ 



obtained by assigning to s the successive values 

it+ 1, A + 2, ..., m. 

There being n of these equations, they will require either 
that the Z's should vanish severallv, or that the determinant 
of their coefficients should vanish. This determinant, however, 
is the reciprocal of the determinant 

(/4+1, it + 2, ..., w), 

and is therefore equivalent to 

{(A+1, A +2, ..., m)]^. 

Thus^ if we assume the determinant 

(*+l, * + 2, ..., m) 

to be finite, we have 

i^ = i^=...= i^=...= i^ = (68). 

§ 32. We now proceed to develope the investigation further 
in some special cases. Take first the case in which the number 
of integrals is one more than the number of equations. 

In this case the equation 

reduces to one of three terms, and assumes the form 

{r, \h {k + l){k + 2)...tn} ^' - {r, 2k {k + l){i+ 2)...m} ^ 

+ {r, 12 [k + !)(* + 2)...m\ = 0...(69). 
Writing, for brevity, this equation in the form 

we see that the consistency of equations (68) will require a set 
of eouditious of the type 



{^A(^r)^0 (70). 
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There Rre other conditions necessary besides these. Thu8| 
if we take equation (69), which connects 

^» with — * 

and combine it with the two corresponding equations that 
respectively connect 

^ with — * and ^* with ^^ 

we see that the differential coefficients can be eliminated, and 
that we are left with the relation 

{r, 12 (* + 1) (^ + 2) ..to} {r, 3k {i + !)(* + 2)...m} 

- [r, 13 (*+ 1) {i + 2)...m] \r, 2it(*+l) {k + 2)...m} 

+ {r, 23 [M + 1) (* + 2)...»m} [r, Ik [k +!)(* + 2)...to} 

= (71). 

The conditions of the type (70) correspond to the conditions 
of the type (33) in article 22. Those of the type (71) are 
additional^ and are analogous to those of the type (17) in 
article 18. They therefore enable us to effect a generalization 
of article 23 on similar lines to those in which the results of 
article 14 are generalized in articles 18 and 19. 

Supposing the conditions of the type (70) to be satisfied, 
we see that it will only be necessary to consider a single pair 
out of equations (68) in the determination of 

^and^*. 
dx^ dx^ 

We will choose the equations 

ij = and X, = 0. 

Taking account of the form of L^ given *in equation (69), 
we obtain for the solution of these equations 



dx^ 



{1, U(A + l)(>t + 2)...m}, {2, U(yi + l)(* + 2)...m} 
jl, \2[k + \){k^2)...m], {2, \2(k^-l){k-^2),..m] 



{1, \k\k^l)[k + 2),„m\, 12, \/c(Ji-^\){k-\-2),..m\ » 
{1, 2/f(>t-H)(>t + 2)...m), j2, 2k{k^'\){k^2)...m] 
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And 






{1, 2h{k-\-l)[k + ^)...m\, {2, 2A(A+l)(A + 2)...»i| 

(1, \2(k'{-\)(k-\-2]...m], {% l3ffe+l)(A; + 2)...wf) 

{1, l*(A; + l)(A; + 2)...r?t}, {2, U(A + 1} (A? + 2) ..m} 

{1, 2^(A + l)(i+2),..m}, {2, 2A{* + l)(* + 2)...77i} 

From the conslderatioD of the equations of (he type 



dxAx^ 






we could obtain equations connecting 

§?* with ^*, 
car, fltr^ 

and from the solution of these we should obtain 

I{1, 8^(*+l)(*+^)...jn}, {2, si (ife+l) (A + £!)...«} 

<^*^ l^. 19(>6-H)(A; + 2)...w), (2, 13 (Af 1) (;5! + 2)...ot} 

dir, jl, lA(A + l)(i + 2)...m|, {2, U (*+ 1) {/!: + 2).../w) 

{1, 3A(* + l)(i+ 2). ..»«}, {2, 3A(A+l)(A+a)...OT) 

and a comparison of the talue of 



dx, 

ohtained from these e<]aations with that giren ahofe reteaU 
the existence of a set of conditions of the type 

{»•, 12 (k + !)(*+ 2)...7n} {», g/t (k + I) (A + 2).., 

- {¥, 13 (k + !)(* + i)..^m] {a, 2A (4 + 1) (A; + 2)...ot 
+ {r, 23 {k + !)(* + 2)...»nl {a, 1* (it +1) {k + 2)...jn 
+ {«, 12 (A + 1) (-4 + 2)...w] {r,- 3* (A + 1) (A + 2)...ot 

- {«, 13 (A + 1) (i + 2)...»n} [r, 2^ (i+ I) (A + 2)...ni 
+ j», 23 (A + 1) (A + i)...m] [r, \k (k ■\-l)(k + 2)...m 



= 0. 



•mi 



which might be expected.- 

YUL. XXXY* 



a 
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Generallj, we have 

|{1, wA(*4-l)(* + 2)...»i), {2, ttA(it-hl)(A+2)...«i} 
<?j'^_ i|l, U(A-hl)(^-h2)...w?), {2, lu(k'\'l){k'^2]...m] 



dx^ I {1, l>fe(^+l)(A+ 2)...wj}, |2, lA(i4 + lj(A + 2)..,»i}l* 
I |1, ukXk-^l) (it+ 2)...in}, j2, uk (*+ 1) [k + 2)...m\ \ 

If we take the eqaation 
\s, Ik (*+ 1) (* + 2)...«il ^*- K 2>fc(*+ 1) (>i + 2)-..«ij ^ 

+ {*, 12 (*+!)(* + 2)...ni} = 0, 

and combine it with the equations 

(1, ^ + 1, ^+2, ..., r— 1, r+1, ..., m) 

dx 
+ (it, * + 1,^+2, ..., r-1, r + 1, •••^•w)^* 

+ (- ir*-" (A + 1, A4 2, ..., m) J^ = 0, 
(2,^+1, *+2, •.., r-l,r+l, ..•, »i) 

+ (^, A + 1, >6+ 2, ..., r-1, r+1, ..., »w)^ 

+ (-ir^M*+l,* + 2,...,,;,)^^ = 0, 
we obtain 
(-ir*(A+l,*+2, ...,m) 

X [{*, U(*+l)(^+2)...w}^'-{«,2>fe(>t + l)(A + 2),..ml J'l 

4 (1, k+ly *+2, ..., r-1, r+1, ..., m) \s, 2k (A+l){it+2),..TOJ 
- (2, it+1, it+2, ..., r-1, r+1, .•., m) {s, Ik (*f l)(A+2)...m} 
+ (A, *+l, >i+2, ..., r-l, rfl, ..., m) {«, 12 (*+l)(*+2)...in} 

Now we hare a set of relations of the type 
o„l*, 2it(it+ l)(*+2)...wi}-a„K U{k-^\][k-^2)...m\ 
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+ a^{8, 12i(^ + l)(^ + 2)...w}.a,(4,,,{5, 12k {A + 2) {A -^S)... } 
+ &c. + (-^ ir*a^ {«, 12i {k + l)...(r ^ 1) (r + l).;;»i} 
4 &c; + Hl)*a^ {5, 12i4 (* + l)...(m- 1)} =0» 
Fi^om these we readily deduce 
(1, A+l,*f2, ..., r-l,r+l, ...^m){«, 2^(itf l)(/4+2)...»w| 
«^(2, itf 1, it+2, ..., r-1, r+1, ...j w) {«, 1* (it+l)(ii+2)...«i} 
+ (A, >fe+l, *+3, ..., r-1, r+1, ..I, w) {5, 12 (>if l)(A+2)...w} 
*-(i4+l, ^+2^ ..., iw){«, 12ii(it+l)...(r-l)(r+l)...t/i}=0. 
TLas our equation reduces to 

+ {«, 12it(*+l)...(r-l) (r+l)...»i} = 0, 
It is thtis clear that we shall hare generallj 

(-1) 






I {1, uk{k^\) (i+:2^... M}, {2, u>i (>i+ 1) (i-f 2) wi| I 



{I, l^(A + l)(^+2J...w}, {2, lA(> + l)(A + 2)...7/i|; 
{1, tt*(^ + l)(>6 + 2)...»i}, {2, Wi4(i4 + l)(A+2)...»i)i 

'ithus, corresponding to equations (34), we shall have a set 
of n -f 1 equations, of which the following is the tjpica! 
equation 

|{1, lA(>fe+l){>i + 2[) < {2!, U(/i+ l)(>i + 2l) m\\ 

|{l,12^(it-l-l)...(y-l)(r-fl)...^},{2,12>t(>t+l).*.(r-.l)(r+l)..^}| 



{1, U(>i+l;(^ + 2)...m}, 12, U (it 4 1) {* + 2)...m| 
{1, 2k \k + 1) (it 4 2)...«i), {2, 3it (it +!)(* + 3)...mj 

{l,2A(>i+l)(A + 2)...- w}, {2, 2*(^+l) (*-f 2) wi} 

|l,12A^(it+l)...(r-l)(r-fl)...fn}, {2,12>t(^-hl)...fy-lKr.tl)...ni| 



{1, l>t(^+l)(it + 2)...m}., (2, lit (it +1) (it 4 2) ...w| 
jl, 2>t (>t 4 1) (* 4 2)...m\, {2, 2it (*4 1) (>t 4 2)...«i} 

4-&C.- 

g2 



dxi 



dt. 
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{1, u* (* + 1) (* + 2) m}, {2, uk [k +!)(*+ 2) m] 

[l,ltf^(it-t-l)..(r-l)(r4l)..m|, {2,lM^(it-t-l)...(r-l)fr4l)...wt} 



{I, U(it+l)(A; + 2)...iw}, j2, U(A;+l)(A+2)...«i} 
(1, uk {k +!)(* + 2)...m}, {2, ttA:(A;+ 1) (* + 2). »/i} 



(1,(^-1) i(&+l) ml, {2, (ft- 1) *(*+!) iw} 

)l,l(ft^l)A:...(r-l)(r-i-l)...mj, {2,l(A:-l)Jfe...(r-l)(r4l)...ffl| 



rfx 



cZtk 



jl, li4^/: + l)(ife + 2)...7wj, (2, U(Ar+lj(ft+2)...tiit| -■ 
{1, (ft- 1) A (A;+ 1) m}, (2, (A- l)ft(*+ 1) fit} I 

+ (-!)-**« lir.^O (73). 

To complete the discussion of the necessary conditions, we 
should have to combine the values we have found for 



dx. 



-1 &c^ 



with the equations of the type 



rfV 



r __ 



At present, however, we are not so much concerned with 
the forms of the conditions as with the method of integration 
of our system of equations. It will be sufficient for our 
present purpose to remark that, whatever be the necessary 
conditions, they will secure that the set of n + 1 equations of 
the type (73) shall constitute an exact system. Thus the 
w + 1 integrals of our system of equations will be the n + 1 
common solutions of the system of equations, A; - 1 in number, 
whose typical equation is of the form 



{1, U(* + l)(ft+2)...»w}, {2,U(Jfc + l)(/fc + 2)„.m) 
jl, tiA:(ft+l)(A; + 2)...wI, |2, ui(* + 1) (ifc + 2)...«i} 

{1, uk (k + 1) (ft + 2)...»n), {2, uk (ft +!)(*+ 2)...m] 
{1, la(A;+l)(A+2)...OT|, {2, 1m(A+ 1) (A + 2)...rrt} 



{1, uk{k+l){k4r2y.m],% ttft(ft+l)(ft + 2). 
[l,lwft(ft+2)(/t + 3)...9w|, {2, lM*(>t + 2)(/t+3). 

+ &C. 



.m\ 



d0 
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H'^r 



+(-!)• 



{1, uA(*4l)(&+2)...tn)}, {2, ujfc(*+l)(*42)...»i} 
{l,ltt*(*+l)...(r-l)(r+l)...t»I, 

^2, lttA:(it+l)...(r-l) (r+l)..-»n| 

[1, uJc{k+l){k-{'2)...ml\2, uk{k+l){k-\-2).,.m] 
ll,lu*(*+l) (»-!)}, {2, litA(it+l) (m-l)l 






a^ 

Bx^ 



§33. As the excess of the nmnber of integrals in our 
original system of eqnations above the number of equations in 
that system increases, so does the algebraical treatment of the 
equations of the type (6S) become the more complicated. The 
general treatment of these equations will undouotedly require 
the full development of a suitable set of derif ed functions, as 
briefly sketched in Part IV. We can, however, shew how 
eqnations (68) may be reduced when the number of integrals 
is n 4 2. In this case the equation 

takes the form 

+ ^[r,Hk-l)(k+l)ii + 2)...m] 
+ ^* \r,lk(k+l)(k + i)...m] 



dx. 



*-i 



dx^ 



;r,2(A-l)(* + l)(* + 2)...m} 



-^* |r,2^(A+l)(* + 2)...t«| 

+ {r, 12 (*+!)(* + 2)...fn}»0...(74). 

Denoting, for brevity, the left-hand side of equation (74) 
by the symbol (1, 2), we proceed to form the equation 
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We obtain 

^Ir,23(/H-l)(* + 2)...».l^i 
^Ir, 13(^+1) (^ + 2)...ml^ 

Coinbiuing this eqaation with the three equations of th^ 
tjpe (74) from which it was deduced, we pbtaia 

■^' [Ir, U(*+l)(*+2)...»nl |r, 2(jfc-l)(A+ l)(i+2)...>«| 

- jr, I (k-l)(k-^ JX*+2),..iwl {r, 2Je(k+l)(k+^)...m] 
+ |r, X2(A+J)(* + 2) ml {r,(*^ 1)4(4+ I)...ml] 

^^[{r, li(*+l)(*+2)...»n} jr,3(7i:-l)(*+l)(*+2)...m} 

. - |r, 1 (*-!)(&+ !)(*+ 2) ..m\ {r, 3^(4+ l)(A+2)...«i) 
+ lr, 13(A+l)(A+2) m]\r,(k-l)k(k + l)...m\] 

+ ^'[{r, 2*(it+l)(7f+2)..,m} jr, 3(i-J)(i+l)(*+2)...iwj 

- {r, 2(*-l)(i+l)(A + 2)...in} {r, 3it(4+l)(Jt+2)..,m} 
+ ir,23(A + l)(/c + 2) »j}|r, (A-l)A(i-+l)...m|] 

*- [{r, 1* (i + 1) (* + 2)...w»} |r, 23 (* + 1) (A + 2)...»j|. 

-{r, 2A(A+l)(* + 2)..,m){r, 13 (A + l)(4 + 2)...m| 

+ ir,3A(*+l)(* + 2)...«i}jr, 12(i+l)(A + 2)...»i|] 

= (75). 

"We can also deduce a similar equation for the differential 
coefficients of x^. These equations being linear maj be 
subjected to the treatment of the preceding article. The 
simiiaritj of the coefficients of equation (75) to the left-hand 
eide of equation (7 1) will be noted. 
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ON EXTENDED HIGH FACTOEISATIONS. 

[Principally with reference to the farm ^=y"+ 1). 

By H. J. WooDALL, A.R.C.SC. 

[The Aatlior is much indebted to Lt.-CoL Canningham, B.E., for help in tho 
preparation of this paper.] 

HHABLES of the factorisation of y' + 1 und of the congruence- 
•■■ Bolutious of 

/ + 1=0 (mod./?), 

as prepared by Col. CanDingham for his paper "On High 
Primes, p=a4«y + 1, 6cr+ 1, and factorisations/' (pp. 10—21, of 
the present number of the Quarterly Journal) lead, very 
simply, to a method of '^ generation " of high primes which is 
quite independent of any assistance to be obtained by factor- 
tables of any other form. The primes thus obtained do not 
appear consecutively ; but, if the work be carried far enough, 
we may be certain that every prime of the appropriate form 
will, in time, be thus disclosed. 

In Col. Cunningham's paper it is shown that ^'+1 can be 
factorised very easily indeed, provided y is not too great. 
Also that the complete factorisation of this table up to a limit 
N^y^-\- 1 provides solutions of 

y + lsO (mod./?) 

for all primes /? = 4fir 4- 1 continuously up to the limit p 1^ 2y^ 
and also for a great many more primes /? » 4fif + 1 (> 2^^). 

It is the purpose of this note to prove that these ^^ great 
many more primes > ^yj^ suffice for the complete factorisatioQ 
of all numbers 







i^=y+l 


up to the limit N= {ZyJ) + 1. 


Proof. 


Let 


Vr + 1 "i'-Jf 


■where 




p<yr<ij 


therefore 




(y,-2>)'+l = Craod.^), 
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But, since y^ is 1f> 3y^^, 

therefore p is :}> 3y^, 

divide the range of ^^ into two parts 

In case (a), we have seen that the congruence solutiong 
for p are ah*eady known by reason of the completion of the 
table y^ + l up to limit N^^yJ^-^i. 

(fi) Since 2y^<i><3y«, 

therefore y.- 2y^>y^-p>y^- 3y^ 

tut y, > 3y., 

therefoice afortwri Vr'' P'^Vnn 

therefore factors of (yr "i^)* + ^ 

are known because the factorisation table is complete to (y«'+ 1)* 
Therefore, if y* + 1 is factorisable, its lesser factor (of 
factors) will be known provided y^ :}> 3y^^, where yj+l ia 
the present limit of complete factorisation of the form 

-y=y*+l. 

Having completed the factorisation of all numbers 

N^y'+l 

up to a limit -S/'= y„* + 1 » 

and having entered all the congruence-solutions (j/r^ p—y^ 
thus found of 

y* + 1 = (mod* p) 

into a second table. Next enter p against every y (in the 
first table), such that 

y=yr + *A 

or -(p-yr) + */^ 

[k and k' having all valdes from sero up to the limits of the 
table, i.e, up to y^ :js- 3yJ. 
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t^erform this operation for every p for which any entry 
has been made in the tabic of cougruence^solutioy^*--— — - 
IJext) perform all the indicated divisions forjftjl-^'-^ ^' ' 

N^y:+\ (where y, > 3yJ,^*' : ' . ,. , 

and tiote that where the i*esidual factor of s'tK^h /j^ ia. not lesi 
than the square of the least of the factors prcHwi^ljHfediacI,' 
it will be necessary to test this residual factor by divisionT5y' 
each of these known pfime factors, repeating the division as 
often as necessiiry. When such test is successful there will 
be thus found a solution of the con<n*uence 



-o* 



y*+l =0 (mod./?*) 

with the ap|)ropnate value of k. And all such solutions 
should be tabulated. 

Next, all i-esidual factors for which We have thus failed to 
find factors must be primes. 

[^Proof. For, if such a number had a factor, the lesser 
factor, being <.y^<3y^, would have been discovered as 
previously shown]. 

These residual factors may therefore be entered as primes 
in the table of congruence-solutions provided y^ ^ Hy^. 

By this work we have extended the limit up to whieh all 
fiUmbera tf=y*+ 1 are cotnpletely factorised, to ■^=y8^+ 1* 

Writing y^ for 3^^ the process, described above, can noW" 
be repeated, substituting 

3m for nti 

All this, as Col. Cunningham points out to the writer, is 
equally true for 

N^y'±y+1 

with the primes ;? s= 6cr + 1* 

As an example it follows at once that Col. Cunningham^s 
" Factorisation Table of (y*+ 1) being complete to (5000*+ 1) 
"suffices to give complete factorisation to (15000'+ 1), ue. to 
" 2^^ hundred millions. 

** Similarly the Table of (y'Tl) 4- (y? 1} factorisation of which 
'*form is at present complete only to (4000*? 1) 4- (4000? 1) 
"would give already complete factorisation to (12000' 1^1) 
*'-!- (12000 T 1), «.^. to 144 million.*'* 

It is scarcely necessary to point out that, although this 

[* Extract from letter from CoL Cunnioghaxn to th« writer.] 

VOL. xxxy, H 
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method furnishes all the high primes of specified form, they 
come to hand in anything but a consecutive manner. In fact 

• first the array y'+ 1, 

second „ J(y*+1)» 

third „ i(y*+i), 

and so forth. 

Tlie best foi-ra for collecting the primes as they occur is 
one in double columns, the headings being the consecutive 
thousands, the remaining three figures coming under p in the 
'first half — the second half being reserved for the least solution 
(yj of the congruence 

y' + 1 = (mod. p), 

e.g. p = 9465601 = ^C'l35l"+l) 

vould be entered thus 



9464... 


9465... 


9466... 


P 


Vr 


P 


Vr 


P Vr 






601 


4r>51 







Note. These results may be generalised. The form y'Ta 
being the most general amongst quadratics. 

\Ve need not consider ay*+2fty + c, becanse the linear 
transformation {ay '\-b) = y^ reduces this to [y^ + ac — i*J -r a. 

Consider now the form 

y'Ta, 

of which there are three cases : 

(1) fl square = J', say, with the tipper sign, 

(2) a square = J*, say, with the lower sign, 

(3) a non-square. 

(1) The congruence-solutions for this case are easily ob- 
tauied from those of 

y + 1 = (mod. p) (1). 

Let y^ be a solution of (1), then ay^ is a solution of 

yV&« = (mod.jt.) (2), 

provided h does not contain p. If h contains jp, then zero i» 
a solution of 

y' + 5* = 0, (mod, v). 
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In order, therefore, to form a factorisation table of 
N^y* + i*, it is only necessary to multiply tbe conespouding 
solutions (y^ and jo**^^) of 

y* + l = (mod.^) 

by b and make tbe proper entries, t\e., p will be a factor of 

whenever y s hy^ (mod. p\ 

or sb(p-y^) (mod. p). 

If, however, the congruence-solution table of y' + 1 had 
not been previously obtained, it is evidently possible to make 
a fresh one on the basis of 

N^y'+b\ 

as explained in Col. Cunningham *s paper. Gauss [Werkey 
Band IL, pp. 478-496;] has such tables of N^y* + i* (6 = 1, 2, 
up to 9). [His factorisations extend to very high numbers, 
but only include such as are wholly made up of factors ^ 200]. 

(2) y*-i*=(y-&)(y + i) and need not be considered 
further. 

(3) The form N=y^Ta would give difficulty if we looked 
at it from the point of view of the form of its divisors. la 
that case we should need (Mathews, § 46). 

for N^y* + a to solve f — ) = + 1| 

„ N^ y* - a to solve f - J « + 1. 

But this is not necessary. We only need to calculate the 
numerical value of y' ± a (as the case may be) for each value 
of y from 1 to y^ (Bay), and obtain the numerical factors by 
very easy arithmetical work— next, enter all of these in a 
new table of congruenccsolutions. Then, from Col. Cunning- 
ham's theorem, we know that no prime (possible to the form) 
less than 2y^ has been omitted. 

The theorem in this note does not come into operation 
until y^ exceeds a certain value depending upon the magni- 
tude of a. To find this minimum value of y^, put 

Hr + « =i> ? (where p < y, and y^<yj), 
then (y,'-*-'P)* + a = (mod.p). 

H2 
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This form will have been included amongst those com- 
pletely factorlsed if 

(a) This is obvious if y^>p, as the conditions reduce to 

(b) Consider ;?-y,<y^, 

but p<V(yr" + «)<?>. 

therefore V(y/ + «)< y^ + y« < 4y»»' 

therefore y*^ + a < (4^^)*, therefore 9y J + a < 1 ^yj. 
Hence the theorem of this paper holds : — ^That when 

a table of the factorisation of 

N^y^ + a 

t5omplete for all values of y from y, to y^ will furnish material 
sufficient for the complete factorisation of 

N=y* + a 

up to the limit ^=(3y^)' + a. Also a may be positive or 
negative. 

It is not difficult to prove that if a contains a square factor 
(say a=:ft*c), that square factor may be rejected if the sole 
object is to determine the primes which will occur in the 
factor-table of 

N=y' + a. 

For, if we consider the form 

we have at once 

VN,^ibyy + b'c=^b'y,' + a. 

And this latter form will cover the whole of the ground of 
the former. 

Turning our attention to powers higher than the second. 
We note that this method is not generally practicable. The 
condition being that there must be some relation, connecting 
the quantities in the form, which will reduce it to a quad- 
ratic. 

When the power is the third^ the constant must be a 
complete cube, e,g, 

i^=(y'Ti)-(yTi), 

which is y' ± y + 1 (a quadratic). 
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This might, however, be treated thus 

4JV'=:4(y'±y + l) = (2y±iy + 3, 
a special form of 

It is obvious that if a number N be resolved into the form 
y^' + a, it would be possible to factorise that number (or prove 
it prime) by the methods of this paper, i.e. by woiicing on 
the form N^^y^-^-a and factorising, as shown, tor every 
consecutive value of y from y^l to y = y^. 

Note by Lieut.-Col. Cunningham, R.E. {Extended 
Factorisation) — It is impoi*tant to show how far the congru- 
ence-solutions must be tabulated beyond the limit p H^ 2y^ 
(up to which the table is supposed complete) to ensure factori- 
sation and detection of high primes up to the limit 

Numbers N<^ (2yJ'+ 1» and also numbers ^> (2yJ'4 t» 
but < i^yj) + 1, containing a factor jc> 1^ 2y^, can be completely 
factorised by the use of factoi's p 1^ 2y^. Numbers 

N>{^yJ + h and <(3yJ' + l, 

containing no factors pK'^y^ alone need the extended con- 
gruence table (p>2yj. If such numbers be composite^ they 
contain at most two factors, say N^pq^y (l?<2)- 

Here p > 2y^, but < ^/N^ i. e, < 3y^, 

2>p, and >V-^, i.e.>3y^y but ^--W-rji^, 

i.e. > {{3yJ) + 1} ^p, i.e. q > 4iy^, 

Thus It suffices to extract from the factorisation-table of 
A=y*+ 1 (supposed complete to the limit yj the roots of this 
congruence y + 1 = (mod. p) for all values of p ^ 2y^ (thus 
completing the congnience-solution table to that limit) and for 
all additional values of p (or q) therein occurring up to the 
limit p (or q) >► ^y^ to ensure factorisation and detection of 
high primes up to the limit of -W= (3yJ'+ 1. 

A precisely similar argument applies to numbers 
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ON THE ANALYSIS OF LINEAR SETS OF POINTS, 
By W. H. Young, 

Introductory^ 

§ 1. A S far as I know, the subject of the analysis of sets 
-^ of points in general has only been treated by 
Cantor in his paper in Acta Math. 7. The subject falls into 
two divisions, (1) the analysis of closed sets, (2) that of open 
sets. The former, which had already been attacked in parts 
by Bendixon, and fully developed by Cantor in Annalen 23, 
has become a recognised section of the theory of sets of points, 
and has been continually applied by writers on the subject. 
The latter has remained buried. 

Schoenflies, who, in his Bericht^ pp. 71-3, gives a brief 
sketch of Cantor's reasoning and results, makes, in conclusion, 
the remark that so far no application of the latter had yet 
been made. The reasons for this may have been twofold :— 
(1) the theory of open sets has so fiir been little investigated, 
and, (2) Cantor's reasoning is exceedingly abstruse and pre- 
supposes familiarity with the theory of his transfinite ordinal 
numbei*s. Cantor's point of view, indeed, seems to have been, 

fartly at least, that of illustrating the use of his numbers, 
n both cases, (closed and open sets), he carries out a series of 
operations having the properties of a well-ordcred set, (viz. 
every operation has a next one following it, but not always 
a next preceding it), and ho discusses what remains of the set 
after these operations have all been carried out, with a view 
to proving that only transiinite numbers of his first and 
second classes are required to characterise the order of this 
series of operations, and the place to be assigned in it to the 
final operation. The properties of the partial sets into which 
the original set is thus analysed only occupy him in so far as 
they bear on this main question. 

In the ordinary applications of the Theory of Sets of Points, 
however, it is usually not the process by which this analysis of 
Cantor's has been carried out, but the analysis itself, that id 
important. Theorem 5 of the present paper, indeed, is one of 
the recognised fundamental theorems required in all appli- 
cations of the theory ; with regard to Theorem 3, it is probable 
that its position with regard to the theory of open sets is not 
less fundamental than that of Theorem 5 in the theory of 
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closed sets. The ideas embodied in these theorems, however, 
as well as the proofs of them, do not in any way necessitate 
much previous knowledp^e. The present paper is an attempt 
to give a systematic and yet elementary account of the matter. 
The analysis of a set into a part which is essential, and 
another which for many purposes is unimportant, comes first, 
and the theorems which in Cantor's work occupy the more con- 
spicuous position follow. We then proceed to discuss, with il- 
lustrative examples, the mutual properties of the ^^adherences" 
and " coherences " introduced at the various stages of Cantor's 
process of dealing with an open set, to one another, and to 
the corresponding elements of the set obtained by closing the 
original set. No account of this part of the subject, so far as 
1 know, exists, and in this connection I give the enunciation 
and proof of a theorem to which I have myself been led in 
the further development of the theory of open sets. 

In no part of the present paper is any use made of Cantor's 
numbers. 



Points L\ 

§ 2. Definition. If Z be a limiting point and d any interval, 
containing L as internal point, then, if d contains only a count- 
able number of points of the given set, the same will be true 
when we diminish d as much as we please, as long as it 
contains L ; in this case Zr will be said to be a limiting point 
ofcountahh degree. If this is not the case L will be said to be 
of more than countable degree. 

If a limiting point of more than countable degree be also 
a point of the set considered, we shall for shortness speak of it 
as a point L. 

With this explanation we are now able to state the following 
preliminary theorems. 

Theorem l. A set is countdble^ or not, according as it has 
notj or has, a point L' . 

For let {A^ B) be the segment in which we are operating.. 
Suppose that ther^ is a point L\ Then it is evident that the 
set is more than countable. 

Assume on the other hand that there is no point L\ Then 
taking any point Pof the given set J?, we can determine an 
interval cf„ having P as internal point and containing only 
a countably infinite, or a finite, number of other points of E. 
If outside aj there is any point of E left, we can in like manner 
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describe about it an interval d^ containing at most a countably 
infinite number of points of Ey and so on. 

Proceeding in this way, we shall be able eventually to shut 
up all the points of the set in such intervals. Now, by a welU 
known theorem, since the intervals may clearly be chosen to 
be non«overlapping, they are countable in number. Hence» 
since each interval contains only a countable number of points, 
it follows from the fact that a countable number of countable 
points is countable, that the set of points E is countable^ 

Cor. Those points of E which are not points H are at most 
countable. 

Theorem 2. // a set E has at least one point L\ it has 
a more than countable set of them ; and the set of such points 11 
ta dense in itself] (that is, every point is a limiting point for 
the set formed by them). 

For consider the set consisting of E without the set of 
points Z/'; this must, by Theorem 1, be countable. Hence, if 
the points L' are themselves countable, the original set, being 
the sum of two countable sets, is itself countable, which is 
impossible if it had one point L\ 

It remains to prove that the set of points X' is dense in 
itself. 

Taking any one point L\ there must either in (^, i'), op 
in (L\ J5), or in both, be a more than countable number of 

Ennts of E. Suppose that this is the case in (^, Lj. 
ivide up the segment (^, L') as follows. Bisect it at A^^ 
then bisect (-4,, i ) at -4,, then (il„ L') at -4,, and so on. We 
thus get a countably infinite set of intervals (A^ -4,), (-4,, -4,), ... 
such that no last interval exists, and such that L' is the sole 
external point in the segment (A^ £'). 

In one at least of these intervals there must be a more than 
countable number of points of E, otherwise, as before, there 
would only be a countable number of points of E in (Jl, L'). 
Let (A.^ 4j^,) be such a segment, tncn by the preceding 
theorem there must be a point L' in it. 

Treating the segment (-4^.^,, L') as we did the segment 
(Af Zr')» i^ follows, from the definition of a point L\ that it 
must contain a second point Ji^\ lying, say, in the interval 
(-4^, Aj^^). We nei^t take the segment (4^„ i'), and so on. 
In this way we obtain a whole sequence of points L\ having 
as limit that point L' with which we originally started. Thus 
any point L' is a limit for points of the same kind, that is to 
say, the set of points L' is dense in itself, q.e.d. 

These results may be summed up in the following manner: — 
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Theorem 3. Of the Nucleus, 

Every set which is more than countable has a component^ 
called the Nucleus^ consisting of all its points L'. The Nucleus 
is dense in itself and more than countable^ while the points of 
the set which are not contained in it are at most countabty 
infinite. 

Cor, Every set which contains no component dense in itself 
is countable. 

This, which is true for all sets, is the fundamental theorem 
in the case of an open set ; in the case of a closed set we can 
go a step further. 

Closed and perfect sets, 

§3. A set which is closed and dense in itself is called 
a perfect set. 

By a theorem, due to Cantor and easily proved, a perfect 
set is more than countable, and has, indeed, the potency of 
the continuum. 

Hence we can prove the following theorem :— * 

Thbokem 4. A perfect set is its own Nucleus, 
For, if F be any point of a perfect set E^ then inside 
any interval containing P there are points of E^ which, with 
possibly the two end points, evidently form a closed and 
therefore a perfect set, and, as such, are more than countable* 
Thus P is a point L\ which proves the theorem. 

Cor, Every perfect set contained in a given set is contained 
in its Nucleus. 

Theorem 5. The Nucleus of a closed set is a perfect setj 
and contains every component of E which is dense in itself. 

For it is clear that any limiting point of points L* is itself 
a point such that, in any segment, however small, containing 
it, there is a more than countable set of points of E*j also, 
since E is closed, each limiting point is a point of E^ and 
therefore, by definition, a point L\ Thus the Nucleus is 
a perfect set. 

Further, any component of E dense in itself is contained in 
the perfect set got oy closing it, and, since E is closed, this 
latter is contained in E^ and therefore, by the preceding 
corollary, in the Nucleus, q.e.d. 

Derived and deduced sets, 

§4. We now proceed to show how a closed set may, by 
means of the familiar processes of derivation and deductioUi 
be analysed into its countable part and its Nucleus. 
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By the process of deduction we mean that of taking all the 
poiQts common to all the sets of a given infinite series of sets 
of points. If the sets arc closed, and each a component of all 
its predecessors, as is the case with the sacccssive derived sets 
of a given set, it is easily proved that at least one point can 
be obtained by deduction. Thus, if the derived sets of every 
order exist, a set may be deduced from them which we call 
the first deduced set, and which, like the derived sets them- 
selves, is (1) closed and (2) contained in all its predecessors, 
viz. in all the derived sets. 

Subjecting this set, and all sets and sequences of sets 
subsequently obtained, to the processes of derivation and 
deduction, we continue obtaining sets with these two pro- 
perties, which are called the derived and deduced sets of the 
given set. The series can only come to an end if we ever 
arrive at a set consisting of a finite number of points only. In 
the contrary case no two of the sets will be identical, unless 
we ever arrive at a perfect set, and then, from that point 
on, they will all be identical. 

TuBOREM 6. All derived and deduced sets have the same 
Nucleus, 

For, by derivation and deduction, a perfect set is unaltered ; 
therefore, denoting by -E* the Nucleus of the first derived 
set E\ E* will be contained in every derived and deduced 
set, and therefore in the Nucleus of any one of them. That E* 
must be identical with this latter set follows, since any derived 
or deduced set is a component* of E\ so that any point L' of 
the former is a point L' of E\ 

Cor. I/Ebe closed^ E"" is the Nucleus of E itself. 

Theorem 7. The set of derived and deduced sets which are 
distinct from one another is at most countahly infinite. 

For, as has been remarked, no two can be identical unless 
they are perfect, in which case, by Theorem 4, each would be 
its own Nucleus, that is -S*, and no further process of deriva- 
tion or deduction would introduce a new set. Hence, as long 
as the sets are distinct, we can assign one point of E\ not 
belonging to j^*, to each, and insure that no two sets shall 
correspond to the same point. That is, we set up a (1, 1)- 
correspondence between the different derived and deduced sets 
and points of a set, which, by Theorems 3 and 5, is known to 
be countable, therefore these sets themselves can be arranged 
in countable order. 



* j. e. ft set contained in another. 
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Now as long as we do not arrive at a finite number of 
points, the series of derived and deduced sets cannot, as already 
pointed out, leave off. If the first derived set -B' be more 
than countable, this cannot be the case, since JE*, being 
perfect, is, by Theorem 6, always present. In tliis case, then, 
we must, after a countable series of operations, arrive at a 
perfect set containing J5*, and, by Theorem 5, contained in E*^ 
that is, we arrive at E* itself. Summing up, we have the 
following theorem and corollary. 

Thisorism 8. Every closed countable set can be reduced after 
a countable series of derivations and deductions to a finite 
number of points^ and every more than countable closed set to 
its Nucleus. 

Cor. Every closed set is either countable or has the potency c. 

For unclosed sets the theorem corresponding to Theorem 8, 
which has been also proved in the course of the preceding 
paragraph, may be stated as follows. 

Theorem 9. Every set^ whose first derived is countable, 
leads after a countable scries of derivations and deductions to a 
finite number of points j and every set^ whose first derived is 
more than countable^ to a perfect set E*. 

E* is the Nucleus of any derived or deduced set of E, and 
cdntains every component dense in itself of E, in particular the 
Nucleus of E. 

This latter theorem, which for some purposes is sufficient, 
does not give us, as in the case of Theorem 8, an analysis of 
the given set into components, since neither the finite number 
of points in the former case, nor the set -B* in the latter case, 
are necessarily components of E. Nor in the latter case does 
it enable us to draw any precise conclusion as to the potency 
of an open set. 

In the following section we proceed to develop the method 
devised by Cantor for analysing open sets in a manner pre- 
cisely analogous to that used above for closed sets. 

Adherences and coherences. 

§ 5. The term " adherent " has been adopted by Cantor 
to denote any isolated point of a set, and "coherent" to 
denote any limiting point which is also a point of the set ; the 
set of all the adherents he calls the adherence^ and that of all 
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the colierents the coherence^ and denote these symbolically by 
the addition of a small a or c respectively to the symbol used 
for the set itself ; thus 

The adherence Ea is thus an isolated and therefore a 
countable sct^ while the coherence Ec consists of limiting points 
of Ea and possibly limiting points of Ec ; thus if the set E is 
not dense in itself, there is at least one adherent, and every 
component of E which is dense in itself is a component of Ec. 
Also Ec belongs to the fii*st derived set E\ and Ea does not. 
If, and only if, E is closed, Ec is the same as E\ It will 
for some purposes be convejiient to speak of JS? as the first 
derived coherence. 

If there bo no second derived set, Ec will consist solely of 
its own adherents, and the process comes to an end. Also 
if Ec be dense in itself, it consists solely of its own coherents, 
and the process cannot, by repetition, lead to any new set. If, 
however, there be a second derived set, and Ec be neither an 
isolated set, nor dense in itself, it will possess an adherence 
and a coherence, and we may proceed in our analysis a stage 
further, 

Ec = Eca + Ecc ; 

whence -E= Ecc -^ Ea + Eca. 

Here Ecc is contained in Ec\ the first derived of ^, but Eca 
is not. Thus Ecc is contained in E'\ the second derived 
of Ej and we shall therefore sometimes speak of it as the 
second derived coherence ; it does not, however, follow that Eca 
is not contained in £", or that it has not at least some points 
common with E", or with some subsequent derived or deduced 
set ; all we know is that Eca certainly is contained in E\ and 
we shall therefore sometimes speak of it as the Jirst derived 
adherence. 

Ex. 1. Take the segment (0, 1), bisect it, and then bisect 
the right-hand part, and then bisect the new right-hand part, 
and so on, ad inf. The set formed by the points of division 
we denote as the set T, in the segment (0, 1) ; in the binary 
notation its points are 

0, 1, .1, .11, .111, ... , 

This is the standard example (Cantor's) of a countable set 
whose first derived consists of a single point, viz. the point 1. 



Digitized by CjOOQIC 



Mr. Young ^ The analysts of linear sets of points. 109 

A set T,, the standard example of a countable set whose 
second derived consist of a single point, is constructed by 
inserting, between each pair of consecutive points of a set 
r^asetT,. 

Similarly a set T^ is constructed, by inserting between 
each pair of consecutive points of a set T^_^ a set 2!, and forms 
the stock example of a countable set, wliose n^^ aerived con- 
sists of a single point. 

Having premised this, we construct our example by taking 
the set T^ in the segment (0, 1), omitting all the limiting 
points of the first order, that is all the points 

.01, .011, .0111, ..., 

.101, .1011, .10111, ..., 

• .1101, .11011, .110111, ..., 

and so on ; generally omitting every point .l^Ol". 

Here Ec consists of Eca^ (viz. the limiting points of the 
second order, 

.1, .11, .111, ...), 

and Ecc^ which is the point 1, the single limiting point of the 
third order. 

Thus Ecc is entirely contained in the second derived set, 
which, as remarked, is possible, although in the general case 
we can only assert that it is contained in the first derived set. 

Similarly, by adding to the above set a finite number of 
limiting points of the firat order of T,, we get an example 
where Eca has some, but not all, of its points contained in E". 

If on the other hand, we also omit all the limiting points 
of the second order of T,, we get an example where Eca is 
itself the third derived set, consisting of the point I alone. 

On the same principle, using the set T^, we can easily con- 
struct examples in which Eca is wholly, or in part, contained 
in any of the derived sets, up to the n\ 

If now Ecc be neither an isolated set nor dense in itself, 
we continue our process, and so on. Each successive coherence, 
and each successive adherence, will be contained in each 
successive derived set, so that we may speak generally of 
the n^ derived coherence or adherence^ and the set jF will consist 
of the n^ derived coherence, together with all the derived 
adherences, up to the {n — l/^, and Ea* 
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Continuing; the process, eitber (1) we get to a stage at 
which the series of derived sets leaves oflF, (i.e* the first derived 
J?' is countable), and therefore the scries of adherences leaves 
off, and no coherence is left at the end^ or else the latter series 
comes to an end before the former, leaving us either (2) with 
no coherence over, or (3) with one which is dense in itself, or, 
finally (4) all the derived sets exist, and corresponding to each 
we have a definite adherence. 

In case (4) we examine whether or no we can " deduce " 
a set from the infinite scries of coherences 

Ecy Ecc^ Ecccj (1). 

Since these sets are not necessarily closed, they may have 
no common point, although the corresponding derived sets, 
being closed, certainly determine a deduced set ; if this be the 
case the original set E consists only of the countably infinite 
series of adherences 

Ea, Eca, Ecca, (2), 

and is therefore countable, and has no component dense in 
itself. 

Ex. 2. Take the set T^ in the segment (0, 1), and insert 
in the intervals between its consecutive points from left to 
right, sets T,, T',, 7J,, ... respectively. This is the stock 
example (Cantor's) of a countable set, whose first deduced set 
consists of a single point, the point 1. 

From this set omit the point 1. The first deduced set 
Atill consists of the point 1 alone, but although, for every value 
of n there is an w'*" derived adherence and coherence, we cannot 
deduce a set from the coherences, since they have no single 
point common. 

If the deduced set of the coherences does exist, it consists 
entirely of limiting points of every preceding coherence, and 
therefore is contained in the first deduced set, just as the n'^ 
derived coherence was in the n^^ derived set. We may there- 
fore properly designate it as the first deduced coherence* Any 
component of E which is dense in itself will be contained in 
it. 

If the first deduced coherence does not exist, it does not 
follow that the set E has no component common with the firdt 
deduced set. 
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Ex. 3. Take the closed set constructed at the beginning 
of Ex. 2, and omit all its limiting points except the point 1| 
which, as we saw, constitutes by itself the first deduced set, 
Ec is identical with Eca^ and with the component common to E 
and its first deduced set^ viz. it consists of the point 1 alone. 

If the first deduced coherence exists, E consists of it, 
together with Ea and the derived adherenccs of every order ; 
the former alone of these is not necessarily an isolated set, 
and, in particular, contains every component of E dense in 
itself. We can then analyse the first deduced coherence 
precisely as we did the set E^ forming, on the one hand, a 
series of adherences and coherences, and, on the other, a series 
of derived sets, and continuing the process, if possible by 
deduction. 

Proceeding in this way, either (I) the scries of derived and 
deduced sets comes to an end, and therefore, the scries of 
adherences comes to an end, and no coherence is left over, or 
else the latter series comes to an end, Icavnig us either, (2) 
with no coherence, or, (3) with one wliich is dense in itself^ 
br, finally, (4) the series of derived and deduced sets does not 
come to an end, {E' being more than countable), but leads, 
after a countable series of steps, to the set £*, while the seriea 
of adherences does not come to an end, and there is a definite 
coherence -Be*, a component of jB*, left over at the final stage. 
In the following example Eo* consists of a finite number <^ 
points. 

Ex. 4. Let Y^ denote the set consisting of the middle 
points of Cantoris ternary set/ together with a finite number 
of points of the latter set. 

The set Y* is then Cantor's set, and is the first derived 
set of y,. 

The points common to Y and Cantor's set constitute the 
first derived coherence of !/ ,, and at the same time the set 

r^c*. 

Similarly in each of the following examples (5), Ec* exists, 
and consists of the common points of E and E*^ the set Ec* 
being, in the successive cases, more and more complicated in 
character. 



^ That ifl, the end-points and external points of the following set of black 
intervals :— divide the segment (0, I) into three equal parti*, and blacken the middle 
part ; i*ei»eat this procesp in the two fiegmeiits left nnblackened, and so on. Sec, 
for iuetancei W. H. Y., ProQ. Lowi.Maik. SocUiy, 35, p. 2<J3, 
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Ex. 5. Let F, denote the set obtained by inserting in each 
of the black intervals of Cantor's ternary set a set similar 
to rj, and adding to these points a finite number of points 
of Cantor's set itself. 

Here tlie first derived coherence is identical with F,c*j 
which is the component common to Yl and Y,*. 

Forming on this principle sets Y^^ V^, ... in sttccedsion, we 
see that for IT the first derived coherence is identiciil with 
F^c*, which is the component common to Y^ and F^*. 

It is evident that, by using the sets F,, F„ ... as we did 
the sets T,, jT,, ..., we can construct examples of a more and 
more complicated nature, illustrating the possibilities of the 
case ; for instance, the following* 

Ex. 6. In the larjjest black interval of Cantbr*s set intro* 
duce a set similar to F, ; in the ne^t two largest a set similar 
to F,, and so on ; finally, take a finite number of points of 
Cantor's set itself. This set we call F. 

The set F* is reached at the first derivation, simultaneously 
with Fc*, which consists of the common points of Y and F*« 

These examples can be vawed by taking instead of Fj in 
addition to a finite number of points of Cantor's net, a set 
having in each black interval of Cantor's set, a set 2",, or T^, 
or any of the more complicated sets constructed by means of 
these. The set £* is tnen not reached till the second deri* 
vation, or the n*^, or some more remote stage of proceedings. 

Again it is clear that -Be* may not exist, and yet E may 
have a component common with E*^ as the following example 
shows. 

Ex. 7. Take one of the last examples in which E* is not 
reached at the second derivation, and omit all the limiting 
points except the finite number of points belonging to Cantor's 
ternary set. Here the first derived coherence and adherence 
are identical with the common points of E and £*, and the 
process of forming the successiTe adherences and coherences 
comes to an end at the second stage, while the process of 
derivation leads to new sets, and ultimately to E*. 

Similarly, by inserting suitably a sequence of points with 
its limiting point in one of the free intervals of the set last 
constructed, we can form an example in which some, but dot 
all, of the points of the final adherence are points of the ulti- 
mate set, while Ec* does not exist* 
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If Ec* exist, we can recommence our parallel processed 
with it as basis, analysing it into its adherents and coherents^ 
and subjecting it to the processes of derivation and deduction* 
If neither set of processes lead UB to a conclusion, we start 
afresh with ^**, and so on. 

In this way we have befot-e us a vista of adherences and 
coherences, extending podsibly beyond the range of the 
distinct derived and deduced sets, as for instance in the 
examples (5) and (6). The derived and deduced sets can, we 
know, be arranged m countable order, we will now show that 
the same is true of the series of adherences in the most general 



The uttimate coherence} 

§ 6. By Theorem 3 and the Corollary we know that a set 
is either countable, or has a Nucleus. In the latter case, by 
what has been pointed out, the Nucleus, being dense in itself, 
forms part of every possible coherence formed in the manner 
indicated, and those points of the given set which do not 
belong to the Nucleus are countable. 

Choosing then one point from each adherence, we get a set 
of points which is at once countable, and in (1, l)-corre-> 
spondence with the adherences, thus the adherences are them* 
selves countable. 

Summing up, we have the following theorem :•— 

Theorem 10« Svert/ set U which has no component dense 
in itself can be analysed into a countable/ infinite series of isolated 
sets (adherences) / and every set E which has a component dense 
in itself into such a series, together with a single component If 
(the ultimate coherence)^ dense in itself and containing every 
component of E which is dense in itself. 

In particular, as already remarked, if E is more than 
countable, 27 will contain the Nucleus. If Cf does not coincide 
with the Nucleus, it can be shewn without difficulty to consist 
of two components, (1) the Nucleus, and (2) another com- 

Eonent, dense in itself, no point of which is a point L', If E 
e closed, the ultimate coherence, the set -B*, and the Nucleus 
are all identical. If E is not closed, the ultimate coherence is 
a component of -S*, but, as pointed out in the examples, does 
not necessarily contain every point common to E and E*. 

> Castor nsefl th« term " Total Inherence.*' 

Tou xxxy. 1 
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This analysis of Cantoris is graphicallj illustrated in the 
form of a '* tree/* 





• / 

U, 

where JF" denotes any coherence obtained from E^ and U\% the 
ultimate coherence. 

It is of course allowable to start the tree at any point of 
ramification we like, for instance at F. Thus we see tnat any 
theorems which are true of Ea and Ec with respect to the 
subsequent adherences and coherences, or the derived and 
deduced sets of E^ are true of Fa and Fc with respect to the 
adherences and coherences subsequent to them in the natural 
order, and the derived and deduced sets of E. As to the 
relations of Fa and Fc^ and the derived and deduced sets of Fy 
to the adherences and coherences preening F in the natural 
order, we have pointed out in the examples that the possibilities 
are of the most varied nature. 
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Thus, if O denote any derived or deduced set of E^ and ^ 
the coherence corresponding to it^ we have the following 
]*elations t 

(1) jF is contained in 0\ 

(2) F* contains Fc^ but not Fa^ of any point of any 
adherence preceding F in the natural order ; 

(3) G' contains F\ and therefore jFb, but may contain 
some or all points of Fa^ or of any adherence preceding F in 
the natural order except Ea. 

The above statements are then still true, if, instead of E^ 
We start with any coherence preceding F in the natural order4 

J 8. We conclude this account with the following property 
of the adherences with respect to one anothei*, a pi'operty to 
which the author was led in the course of work involving the 
application of the theory of coherences and adherences to that 
of the internal points of a sequence of sets of intervals. 

Theorem 11. Each adherence consists entirely of points 
which are limiting points of every adhetence preceding it in the 
natutal orders 

That this is true for the derived adherences is easily seen, 
for Eca^ being a component of Ec^ consists of limiting points 
of E (that is, of Ea together with -Ec), but no point of Eca is 
a limiting point of Ec; hence every point of Eca must be 
a limiting point of Ea. Similarly each derived adherence 
consists o^ limiting points of the adherence immediately pre-» 
ceding it in the natural order, and therefore, by induction^ 
(since limiting points of limiting points are limiting points), of 
every adherence preceding it in the natural order. 

That it is true of the first deduced adherence we may prote 
as follows. 

Let -F denote the first deduced coherence. If P be a point 
of jF, but not a limiting point of Ea^ it must be a limiting 

Eoint of Ec\ and, not being a limiting point of Ea^ it cannot 
e a limiting point of Eca by the above, thus P must be 
a limiting point of JScc, and so on* Thus P, being a limiting 
point of every one of the derived coherences, is a limiting 
point of F^ and therefore a point of Fc and not of Fa* 
Similarly, if we had started with any derived adherence instead 
of J&, as that of which F was not a limiting point, it would 
follow that F could not be a point of Fa. Thus every point 
of the first deduced adherence Fa is a limiting point of every 
derived adherence. 

12 
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The above method of proof is perfectly general, and niay 
be extended by induction, to any adherence whatever, which 
proves the theorem. 

Cor, The points of the second derived adherence are limiting 
points of the second order of Ea. Oenerally the points of any 
adherence are limiting points of corresponding order of Ea. 

With respect to this corollary the remarks of the preceding 
paragraph apply, and we may substitute instead of Ea any 
adherence whatever, the other adherences in question being 
those subsequent to it in the natural order. 



PERIODIC SOLUTIONS OF THE PROBLEM OF FOUR 

BODIES. 

By Edgar Odell LoVett, Princeton, New Jersey* 

TN the problem of three bodies we owe to G. W. Hill the 
■■• introduction of the fertile notion of periodic solutions; to 
Poincar4 the perfecting of their mathematical theory; to 
Darwin a splendid collection of examples of such orbits. 

In the problem of four bodies few examples of periodic 
orbits seem to have been given. In 1891 Lehmann-Filh^s 
{Astronomische Nachrichten^ No. 3033) found the exact solutions 
of the problem of four bodies coiTesponding to those of 
I^agrange in that of three ; the coUinear solutions of Lehmann- 
Filhes are periodic. In 1900 (Transactions of the American 
Mathematical Society, Vol. I., pp. 17-29) Moulton determined 
the exact soluttuns of the particular problem of four bodies 
where three are finite, in motion according to one or the other 
of the Lagrangian solutions, and the fourth infinitesimal. The 
above seem to be the only constructions published of periodic 
solutions of the problem of four bodies. To be sure, extensions 
of Lagrange's solutions had been given previous to the paper 
of Lehmann-Filhes, e,ff. those of Veltmann (1875), Sloudsky 
(1878), and Hoppe (1879); Veltmann's has been subjected to 
criticism, and the generalisations of Sloudsky and Hoppe are 
more special than those of Lehmann-Filhes. See Whittaker's 
Report on the problem of three bodies, British Association 
Beport^ 1899. 
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The following note is a modest contribution to this subject* 
It is one of the by-products of a coui'se in celestial mechanics 

fiven at Princeton University during the last academic year, 
t suggests several questions for later discussion, it was 
Itself suggested while reading a paper of Uharlier's, cited 
further on, on periodic solutions of the problem of three bodies 
in which be reconstructs analytically certain of Darwin's 
orbitfi. 

The methods employed are familiar. From mechanics we 
borrow the theory of the motion of a particle in a rotating 
field under forces possessing a potential, and fix>m analysis, 
that of the periodic solutions of systems of liuear differential 
equations with constant coefficients. 

The problem is — given any three finite bodies in motion 
according to one or the other of the Lagrangian solutions of 
the problem of three bodies, and a fourth inrinitesiraal body 
acted on by the finite bodies according to Newtou^s law, but 
itself incapable of affecting their motion ; locate the centres of 
libration, determine the roots of the characteristic equation, 
and construct periodic orbits in the immediate vicinity of those 
centres of libration about which periodic orbits may exist. 

This problem is more general in character, but more limited 
in application than the simpler one of the restricted problem 
of three bodies. The nearest approach to a practical appli- 
cation of the former appears in a subsequent paragraph ; tho 
latter problem is well known to have found its justitication in 
Hill's celebrated lunar theory, while Gyld^n and Moulton have 
used it to give a meteoric explanation of the Gegenschein. 

The case where the finite bodies move in the equilateral 
triangle solution of Lagrange seems unique in the symmetry 
maintained in the solution of the above questions. 

The force-function appears in a symmetrical form e3:;pressed 
in terms of the three masses and their distances from the fourth 
particle ; this is analogous to Darwin's form in the three body 
problem ; when the fourth body is in the plane of the three, 
its form is a more obvious extension of that of Darwin. 

As to centres of libration, the analytical conditions dit r- 
mining their positions possess solutions both without and 
within the plane of the finite bodies. Extraordinary mechanical 
conditions are necessary to the existence of those centres of 
libration situated outside of the plane of the finite bodies ; in 
fact, in the numerical illustration of three unit masses given, 
the existence of such a centre is accounted for if one of the 
finite bodies is capable of simultaneously attracting finite 
bodies and repelling infinitesimal ones, that is, possessed of 
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properties analogous to those attributed to the sun of our 
system to explain cometarj phenomena while the comet ia 
passing perihelion. 

Periodic orbits exist about these remarkable centres. 

A second set of conditions determines the centres of 
libration in the plane of the finite bodies, 

Numerical application by way of illustration is made to the 
case of three unit masses. Periodic orbits are constructed in 
the immediate neighbourhood of the above anomalous centres 
in space, and also in the vicinity of those centres in the plane 
about which such orbits are possible ; for the construction of 
the latter the formulse of Oharlier's paper referred to previously 
are immediately available on suitably modifying Darwin s 
form of the force-function* 

In conclusion certain generalisations of these problems in 
process of solution are formulated, A postscript presents one 
of these, namely that of four bodies of arbitrary masses, or in 
fact of n bodies, on a straight line, analogous to the colli- 
near solutions of Lagrange, studied under a method which 
Oppenheim used in the problem of three bodies, in a memoir 
inserted in the fourth volume of the publications of the von 
Kuffner Observatory, Relative to another of the questions 
enumerated, it may perhaps be remarked with propriety that, 
in the meantime the author has found that a method employed 
by Levi-Civita in the restricted problem of three bodies, may 
be applied effectively in the discussion of conditions for 
collisions in the problems of four bodies considered in the first 
part of this note, 

1. Consider three finite bodies P^, P„ P, of masses 
tn,, m„ fw, respectively, in motion according to one of the 
Lagrangian equilateral triangle solutions of the problem of 
three bodies. Let the order of magnitude of the masses be 

(1) w,>^,>w^j 
and take 

(2) P.P.:=P.P, = P,P. = 1. 

Let x, y, z be the coordinates of an infinitesimal body Q, 
referred to a system of rectangular axes whose origin is at P, 
the ir-axis coinciding with P^P^^ and the y-axis lying in the 
plane P.P^P^. 

The equations of motion of a particle (Z, F, Z) refeiTcd 
to rectangular axes rotating with angular velocity <o about 
the <2^axis, under the influence of forces whose potential is Z7, 
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are 



(3) 



(d (dX ^\ (dY^ y\ 8J7- 
d(dY^ ^\ (dX ^\ eCT 



dt dt~ dZ' 



If ID the present problem the origin be taken at the centre 
of inertia of the rotating system •P,-P,P,« with the X-axis 
parallel to P^P^^ and the F-axis in the plane PiP^P^ the 
coordinates of the infinitesimal bodj Q become 

farther 

(5) to'ssm^ + m^ + m^; 

hence the equations of motion of the particle Q become 






(6) 



, 2»», + «i, , 8Z7 



2 



9« 



d^y^. dx , V3 ^a?7" 
^ + 2«^ = «V-i-'«. + ^, 



(it*' 






Now let p,, p„ p, be the tripolar coordinates of the point Q 
referred to P„ P„ i\ at poles; then 



(7) 



/';-(«-i)'+(y-T/+«*; 



and if we put 

(8) o=K(«'+y')-K2«.+'»J«-Y'«'y+7 +? + ?» 

* ri rs r» 



Digitized by CjOOQIC 



ISO 



Trof. Lovett, Periodic »6tuti«n» of lie 



the cqaatioDB of motion (6) can be written 



de 



-2tt)-f =s 



dfi dQ 



dt d<e 



(9) -^TtI + ^-TI?-^. 






Obaenring that 

(.0) .-U^-. ,. -*>^-V . 

we find, after an easy redaction, that the funetion Si can be 
written in the form 

+ p.* 0>.' - P,' - 1)} + f fn, ^p* + ^ ) + constant. 
This corresponda to Darwin's symmetrical form 

(12) 20 = »».(p/ + ^)+'«.(/'/ + ^J 

of the force-function for the restricted problem of three bodies 
in the plane* 

2. The case when the inSnitesimal body lies in the plane 
of the finite bodies furnishes an interesting verification of the 
form (11). In fact the equations of motion for this case are 



(13) ■ 



d'y^„ dx , V3 ^917' da' 



where 



(14) 0' = i«'(a:' + y') V""*" 2 '"^'^I^.'^tI'^'F/' 

and in virtue of the relations 

(15) r; = xUr,\ r/=;(«- 1)' + ^, ^X* - i)' + (y - ^^ j'. 
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we have 

(16) 2Il'«m.(r.'+^)4 wi,(r;+?-)4 »w,(r,'+?-)+ constant. 

But the r's are not all independent; the side of the 
equilateral triangle being unity, we find the relation 

(17) r.'(r,«-r.*-l) + r,''(r.'-r/-l)+ r.'(r.'-r.'-l)+ 1=0, 

and the connection between the force-functions for the plane 
and space problems is apparent. 

3. Returning now to the original problem In space, let 
(a, bj c) be a centre of libration and {, 17, ^ the coordinates of 
the infinitesimal body referred to it as origin ; then 

(18) x^a-i- f, y = 6 + i7, « = c+f. 

From the equations of motion we have 

At tbe centre of libration we must have 

('') 8;=^' 36=^' yc=^5 

and If attention be restricted to such small orbits as are situated 
in tbe immediate vicinity of (a, i, c) the powers of f , 17, f higher 

than the first in the developments ^^ ^ » "5" j "^ ™*y ^^ 

neglected ; accordingly the differential equations of these orbits 
become 



'^-2«§ = fO«. + «?0^ + SO„, 



(21) 






+ 2« ^ = ?0^ + »jO» + SOfc, 



^ - f o« + va^ + ia„. 
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The equations (20) are to furnish the positions of the 
centres of libration. To evaluate them we have the following 
relations 

(22) f>; = (a-ajJ' + (J-y^' + c', t=l,2,3; 

(23) hm^.^O, hmj/,^0, y,-y, = 0; 

(24) (^-^.)'+(y,-y.)--(:r.-x3y+(y.-y.)' 

The equations (20) can be written 

da "" dp, p, dp^ p, 3^3 f>, " ' 

(25) lf=ftzll^f^^^^^^i^^O, 
^ 3* ^Pi Pi SPt Pn op, /), 

9c ~ S/*! Pi Sp. P. 9/^* P, ~ ' 

these equations (25) demand either l** 



(26) 



a- X, a — ar, a — jr, 
/»» ' Pf ' P, 

Pi ' pf ' Pi 

ceo 

p, * p» ' p. 



= 0, 



0^2° 
(27) 
The Brst condition (26) is equivalent to 



ap. ' ap. ' ap,-^' 



(28) 



piP.p. 



•^'n "^o^ •''■ 



yn y.. y. 
1, 1, 1 



= 0; 



hence, since neither can any p be infinite nor the area of the 
equilateral triangle be zero, we must have 



(29) 



c = 0; 
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that is, tlie infinitesimal body must lie m the plane of the three 
finite bodies. . To this case we shall return later. 
The second condition (27) gives 

(3?=7^{''«'(2/,/-<».W^l)(m.+«..+«.J+8G».'-l)m.l=0, 

OPl Pi 

(30)j^^=l5{^.'(2p;.<t,.'-;,.»-l)(m.+»,,4mJ+30»/-l),«.H, 

dQi 2 

1 8P. "P? {P.'(2p.'+Pi'-P/- l)K+m,+in J+3 (p,'-l)m,]=0. 

It maj be remarked in passing that any two of these 
equations can be replaced by any two of the three following 
equations : 

'^^ (^'/^") "'"'(^"^') ■^^'"'"^'"'^'^•^^''"^•'^"^' 
(31)^ m, (l - 1) • m. (l - y^ +(m, + «i,+mj (p/-0 = 0, 

i '"^ - i^") "'"' " ^) +K+^s+'"J(p/-Pl')=^.• 
It may also be observed that all the p's cannot be equal ag 
is possible in the corresponding case for the restricted problem 
of three bodies in the plane ; for, letting 

(32) p,^p,^p,^B, 
the equations (30) demand either that 

(33) m^szm^^m^:= 0, 
or that 

(34) wt^ + ni, + 7W3 = 0, -B,= l. 

The above equations (30)^ of condition are three in number, 
each linearly homogeneous in the three quantities m^^ 9it,, m^ ; 
hence we must have 



(35) 



J)s 



\ + a, X , \ 

/* > M + ^, /* 
V , V , v + y 



= 0, 
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ivhere 

^^P* (2p/ - p; - P: - 1), * = 3 (p.* - 1), 

(36) • /» = p.* (2p,' - p.' - p,' - 1), /S = 3 (p.» - 1), 
i F = p.« (2p,' - p,' - p.' - 1), 7-3 (p.* - 1), 

or in expanded form 

(37) (^,'_l)[(p,«_p,«)(p/-p,')+/,.'_,} 

+ (<»/-i)l(^.'-p.*)(p,'-p.'0+<».'-i| 
+ (p.'-i) Kp.'-p.") (/>.•-/».')+/>.•- 1} = 0. 

4. Let us consider the case of three equal finite masses. 
The determinant D is identically zero, and the preceding 
equations of condition become 

(38) Z'I''+ r'-^ + Z'X'^O, 

(39) 3 j:» f* - 3Z* r" - -y + y = o, 

(40) 3Z'Z* - 3Z*Z' - i' + Z" = 0, 

where for convenience p,, p,, p, are replaced respectively by 
Xy Yj Z. The high degree of these equations seemed to 
promise the first approximation to a star-cluster, but the 
expectations were not realized. The real solutions can be 
more readily found by interpreting jf, F, Z as rectangular 

i)oiut-coordi nates in an ordinary three-dimensional space. We 
lave then to determine the points where the cone (38) is cut 
by the curve of intersection of the congruent right cylinders (39) 
and (40). 

The equations (39) and (40) may be written 

(41) (z- r){3Z'r'(z+r) + z' + zr+r'}=o, 

(42) (Z-Xj {3Z'Z' (Z+ X) + Z'+ ZZ+X'|=iO; 

the right section of the congruent cylinders may be readily 
constructed : — for example, the section of the first one by the 
-YF-plane consists in the first quadrant of the line X— r = 0; 
in the second, of an infinite branch asymptotic to the F-axis 
and to the line X-\- y=0; in the third quadrant, of the line 
X— FssO, and of an infinite branch asymptotic to the X-axis 
and the F-axis; in the fourth quadrant, of an infinite branch 
asymptotic to the JC-axis and the line X-^ Y^Q. 
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The two cylinders 

(43) 3X'¥* (Z + r) + X' + ZF+ Y' = 0, 

(44) 3.?' Jf" (Z+ Z) + Z' + ZX + Z* = 0, 
meet onlj in the plane 

(45) y-z=o. 

The plane (45} cuts the cone (38) in the straight line 

(46) -2^Z=r=Z; 

this line meets the intersection of (43) and- (44) in the real 
point 

The plane 

(48) z- r=o 

cuts (38) in the line 

(49) -2*Z=Z=r; 

this line cuts the cylinder (44) in the point 

The plane 

(51) Z-Z=0 
intersects (38) in the element 

(52) -2*r=Z=Z; 

the line intersects the cylinder (43) in the point 



(53) 



— y(?^.)- --!• 



The origin is obviously a point common to the three 
surfaces, but it is excluded since no p can be zero consistently 
with the mechan'cal conditions of the problem. Tho above 
three points are the only other real points common to the 
three surfaces. 
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Evalaating the radicals we have the following approximate 
values of those p^A which are capable of determiuiug centres of 
libratioQ : 



(54) f 



A: = 1.21997, ?=- 0.96829. 



These values substituted in the equations (25) give the 
following centres of libration, the common value of the masses 
being unity : 



(55) 



fa = 0, . 
6=^0.31797, 
c=e± 0.93290; 



a = - 0.27537, 
i = -0.15898, 
c = ± 0.93290; 



a = + 27537, 
6 =-0.15898, 
c = ± 0.93290. 



These points lie in planes parallel to the plane of the three 
finite bodies and equidistant from it, forming two equilateral 
triangles of about half the linear dimensions of the original 
triangle ; their projections lie on the axes of symmetry of the 
original triangle at equal distances from its centre of mass. 

We remark the unusual physical conditions which the exist* 
ence of these centres demands in order to interpret mechanically 
the negative p (geometrically the sign of a tripolar coordinate 
in ordinary space seems incapable of an unambiguous inter* 
pretation). A centre such as the above may exist if one of the 
finite bodies is capable of simultaneously attracting finite bodies 
and repelling infinitesimal ones ; that is, possessed of properties 
analogous to those attributed to the sun of our system to 
account for cometary phenomena when the comet passes 
perihelion. 

It would perhaps be more satisfactory to retain only positive 
values of the p^s in the discussion and take the function U in 
the form 

f'l P2 P, ' 

thu«i allowing the mass th, to repel the infinitesimal particle. 
The function Q, is then given by 

6«-ip.''(p,--p/-i) -^p:[p:-p;- o +/>,>.• -Pi'-oi f* m, 

+ wi, ip^ ) + ^'^s [ft ■*■"■)+ ^"s [p^ + - I + constant. 
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The conditions (27) remain the same as written above with 
the exception of the first, which becomes 

Further for the case of three equal masses the equations (38), 
(39), and (40) are replaced respectively bj 

3xy(aj'-y')+^» + y' = 0, 
3j:V(a?'-«")+««-f ^'srO; 
the following point of these three surfaces 

is sufficient for our purposes (in fact there are negative numbers 
among the coordinates of the other points of intersection, 
excepting the origin, and ought to be excluded as above). 

The equations (22) for the coordinates of the centre of 
libration as functions of the p^s give 

«=^', J=^^'. c'=/>/+i{G»/-/>.V(/>.'-/'.T-ilj 

introducing the numerical values of the p's we find 

a = - 0.27637, J = - 0.16898, c = ± 0.93290, 

which are identical with those found previously. This of 
course finds its explanation in the fact that only the squared 
of the p's occur in the equations (22). 

5. The difi^erential equations (21) of the orbits of the 
infinitesimal body in the immediate neighbourhood of a centre 
of libration constitute a system of linear difi^erential equations 
with constant coefficients ; they possess then a solution of the 
form 

(56) f = ^e^ iy = B6^ i7=Ce^', 
where -4, Bj C are determined by the equations 

\\'-QjA- (2a,\ + nj S- O«C-0, 

(57) \ (2«\ - ft J -4 + (X- - 12 J B- 12^0 = 0, 
fl^4+X2^B-(\'-f2J(7=09 
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tliifl algebraic fljstem being linear and homogeneous in Ay B^ C^ 
we must have 



(58) 



2a>X — O. 



> 






X'-Q_ 



.Oj 



or, ID expanded form In powers of X, 
j'X*+(4»'-0^-0^-0jX* 

(59) j +(o„o«+o^n„4Q„a„-o'^-o'^-oV'*«*oJ^' 

This is a cubic in X*. The character of the orbits in the 
immediate vicinitj of a centre of libration depends on the 
nature of the roots of this cubic. For a periodic solution it is 
necessarj that one of the roots be negative. 

The coeiBcients of this characteristic equation are functions 
of the second derivatives of the function O. We have 

"a. = 2i «», I-, (a - «<)' - r«} + * (*»» '»')' 

a« = 2.- m, U, (6 - y^' - ^.| + * (i, y), 
> yPi Pi ) 



(60) 



' Pi 

n„ = Sc2i-i(a-irJ, 
' Pi 



^ (A, /) = f (»'.+'».+'nO {(*-0'+(*-0'+(*-0* 

-(W,)(A:-?,)-(A-?,)(*-?.)-(*-g(W,)}, 

+ 2(m,+ m,4 »n,)[2C«-y,)-(J-yp- (i -y,)]| . 
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The symmetry of the results already found show that it 
will be sufficient to study the orbits in the neighbourhood of 
any one of the six centres. Take, for example, the centre 

(61) a = 0, J = 0.31797, c = 0.93290, 
at which we have 

(62) p, = p,= 1.21997, p, = - 0.96829. 
The formulas (60) give for these data and masses equal to 



unity, 
(63) 






3.55506, Oj,= 3.58006, O„=-1.13 509, 



'».-". II4.— 2.10940, O„=0. 



Writing the equation (59) in the form 

(64) X* + a\* + i9X' + 7 = 0, 
the values (63) give 

(65) a =6.99997, /8= 13.79983, 7 = 30.26514. 

Tliia equation has a negative root whose approximate 
value is 



(66) 



\' = - 4.42703. 



6. To each value of \ the equations (5T) give corre* 
sponding values of the ratios 



(67) 



'AiBiG, 



and the general integral of the differential equations (21) has 
the form 

(68) f = i* J//, 17 = i^ B^/, ^=h (7//, 

the values of Aj, Bj, Cj being related through the equations 



(69) 



B. 



^B. 



-26,\,-0^, -0„ / 


v-«... «~ 


v-»« . -».= / 


2a,X,-0^, O^ 


X*-0„ , -2«\-0^j 


/ 


J^'-Ooa, 0„ 


2«X-0^, X'-«« 


/ 


2<»X-0^, O^ 



Six of the coefficients Aj, Bj, Cj are arbitrary; regarding 
(70) B,, J?,, i?„ J?„ B,, B, 
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as these six arbitraries, the above equations give the corre-> 
sponding values of Jj and Cj as functions of £,, 5^, ..., B^. 

Let \jj \ be two conjugate pure imaginarj roots of the 
equation in \ and put 

(71) ,.' = -\«, 

80 that V, and v, are real. 
We have tlien 



\n. 



(72) 



>1,2,£=V(-1), 



X X 

c, 


"«.+ "/. ".t+Z'**""/ / 


«««+»';. "„ 


^°- 


0.»-2jWp "»+»'/ 1 


"at-2»«»> Ojc 


•where 






(73) 


^=-»'.• 





Let us DOW separate A^, A^, B^, P,, 6^,, C„ each into its 
real nnd iniaginaiy parts ; since the orbits are to be real we 
siiall have 

(74) j'-i. = «. + '«.- -», = /3, + //9^ C, = 7. + tV., 

hence if the arbitrary constants be'so chosen tliat 

(75) B, = B^ = B, = B,^0, 
we have a periodic solution of the form 

'f = ^ /'* + A/"^ = 2a, cos v,< + 2a, sin v.f, 

(76) - 17 = 5/'* + 5/^ = 2/3^ cos V + 2y3, sin v,f, 

,f = Cjc"'* + C/'^ = 27, cos v^t + 27, sin v,«. 

The Cartesian equations may be obtained by eh'minating 
the time by means of these expressions for f , 17, f. Effecting 
this elimination, we have 



(77) 







> 
+ 


/3„ 1? 


= 4 


a„ a. ' 


■^ 


•7, 0, 


I 
+ 


7„(; 


= 4 


7., 7. 



C <V f C It I • 

?' 7, |_^ 7|, ?1 ^ I 7,, 7, 



^ «, 



3ti, f 



«i» *« 
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It fcmains now to eliminate the a*s and 7's ; to this end 
we substitute in equations (72) the values of -4,, -B,, (7, 
from (74) ; on equating the real and imaginary parts of the 
equations 

1 ««+»'.• . ««« I/I Oni-ajW,, O^ 



(78) 




^.-»/S. 






thus formed, we have the following equations for «„ a„ 7,, 7,, 



(79) 



where 
(80) 



(81) 



From (79) we deduce at once 

t(i"+«'){7.'+7.')=2"(/3.' + i8.'). 
Further, in virtue of the formula 



(«2) 
w6 write 



p + tV pp 4- o-o* ,p <r ^ pa 






also 
(84) 



[ ^i" + <2') ^=PR-QS- 1 (P5+ <2fi), 



i(^'+<20^=--Py+«<2Z'; 



K2 
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whence, on comparing the valaes of these ratios, we hare 

/(P'+OCaA + o.^,)- (Pfl-<25)0.' + /3,»), 
(P* + (?•) {aA - olA) =-{P8+ QR) A' + 13;), 

(i" + «') 'A% + -8,7.) = - Pr A' + -e.*), 
XP" + Q') (-3,7. - /3.7,) = - <?r (^,' + /3.'). 

Expanding the equations (77j, we have 

(7.'+7.'j'?'+(/3,'+/8.') r-2(/3.7.+/S.7.) '?M(/8,7.-/9.7.)', 
(a^+a,*) r+(7.'+7,') r-2(7,a.+ 7.«.) ?f =-l(7,a.-7A)'- 

We can eliminate (he a's and 7*8 from these equations by 
means of (81) and (85); we find, in fact, 



(86) 



(87) 
where 

(88). 






D= P'+ Q\ ^= £»+ S', G=T*, - 
F= QS - FR, H= FT, I =RT, 

J=j^ [PS + QR\' A' + 13,'), K^^QIT (/3.' + 13,^. 



L = ^s'rA'+i3;). 



7. Since at the centre of libration considered we have 
(89) O.»=0, O„ = 0, 

the quantities (88) become 

:D = (o„ + y,y a^\ E^ i^V.'oJ.. F^ o, 

G' = l(0«.+ 0(Ow+0-'l«\T. E^s/ipG), 7=0, 

/-4^(/3; + /S/), ir=0, Z = i^(5.''+)3.')=^; 



(90) 
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(91) 



|jFr+^r=^; 



accordingly the projections of the orbits are 



(92) 






^4}-plane ellipse 

D E 
ij^-plane ooiocident linea. {4Gv + V-O f)* = 0, 



C^-pIane ellipse 



'DE n 



The minor axis is 2 a /(th) directed along the f-coordinate 

axis; the major axis lies in the (^17-pIane, and is equal to 

2 A /] E' (^ "^ 7)) [ 5 *^® centre of the orbit coincides with the 

centre of libration ; the orbital plane passes through the ^-axis, 
and makes an angle with the ^17-plane whose tangent Is equal 

The inclination of the orbits of the family is constant since 
it is independent of the arbitrary constants 1^^ and /9,. 
The numerical data (61), (62), (63) give 

(93) logZ) = 2.452552, log^= 2.373612, log V (7= 1.033029 ; 

whence we find 

' logsemi-minor axis = 0.261560 + log V(/8,' + /8,*), 
(54) log semi-major axis = 0.375745 + log v/(/S," + /8/), 
logtan^s: 9.806754. 

Designating by T and it the periods of the finite and 
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iDfioItesimal bodies respectively, wc have 

(95) 

hence 

8. Before considering the motion when the infinitesimal 
body is in the plane of the finite bodies, it may be interesting 
to refer the problem to axes of more general position which 
admit of the presence of displacements in three independent 
directions, ana accordingly are capable of revealing orbits in 
space about the centres of libration in the plane of the finite 
bodies. An example of such a system which preserves the 
symmetry and verifies the results of the previous analysis of 
this note is given below. 

Take a system of rectangular axes in space and place the 
three finite bodies at the points whose coordinates are re« 
spectively 



(97) 



V2 
2 



"•i. -^ . » > 



m. 



V2 






The three bodies will then form an equilateral triangle 
-whose side is unity. Let (x, y, z) be the position of the 
particle referred to the above axes. 

The equations of motion of a particle {X, Y, Z) referred 
to axes rotating about an axis with components of rotation 
fi>„ a>„ o>,, under the influence of forces whose potential is U^ 
are 

idu dU 



(98) 



,dv dU 

^_ _«,„ + «,„=_, 

dw dU 
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ia wlxicli 



(9&> 



\ 



dX « ~ 



In the problem in hand the axis of rotation is^ perpen- 
dicular to the plane af the finite bodies, and passes through 
their centre of inertia. The angular velocity oi" the system in 
rotation about this axis is . 



(100) 



«= V(w. + w, + m3); 



the components of this angular velocity abowt axes parallel to< 
the axes Ox, Oy, Oz above are 



(101) oi>^=«j=<»j=« cos cos' 



VJ=.y(^^^'^^)=«(say). 



If the origin be taken at the centre of inertia of the system 
and the axes parallel to Ox^ Oyi^ Oz, the coordinates of th£b 
particle are 

(102) X = x-^mjlm, Y^y-^mJ^m, 

Z^ z — — tn^lXniy 
•od the equations of motion becoma 

d*y „ (dz dx\ ,, ^ . >J2. „ , SU 



in which 



(104) 



Pi Pt Px ' 
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the p*s designating the distances of the particle from the 
finite bodiei« 
Putting 

a/2 
(105) O-n' («'+ y'+ z^-xy-yz-zx) + ^ {(-2»i,+»t,+mJ J8 

+ (nij - 2iii, + «i J y + (Wj + m, - 2iw,) z] + T, 
the equations (103) become 
Id'x 



(106) 



d*y fdz dx\ _ SO 

^ " ^'^ U " rfJ " dz • 

^dt' ^^'^Ut'^ dtj' dz • 



The function 12 can be expressed in terms of m^j nt,, m^^ 
Pif Pv P% cdone. In fact, we have 



(107) 






which solved for or, y^ is give 



(108) 



y — 4^2p.• - p/ - p.' - 1) ± jv(- -B). 



in which 

(io9)B-/,,>,»-p/-i)+p,'(p.'-p.'-i)+/,.*(p;-p.'-i) + i. 
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The irrational part of the values (108) causes no incon* 
Tenieuce, for, putting for short 

(110) a; = a±/i, y = fi±fiy « = 7±/*> 
we have 

fQ = n'{(a±/i){a-i8) + (/8±/.)(^-7) + (7±/i){7-a)} 

(111) + (w -2»i,+wi3)(5±Ai)+ (w,+wi -2?w,)(7±;*)}+ 7, 

= n*{a(a-/3) + i9(/S-7) + 7(7-a)} 

a/2 
+ - { (-2wij+7W^+wi,]a+(wi,-2wi,+w Ji8+(wi,+wi,-2iii,)7}+ F; 

hence 

(112) I +«.(^/V-/'.-p.')+'«.(^^+W-/'/-/'.') 

this form and (11) are identical, as is apparent on rearrang- 
ing (112). 

Now let (a, J, c) be a centre of libration, and f , 17, ? the 
coordinates of the particle referred to it as origin ; then 

(113) x = a + ^, y = J + i7, fi^ = c + ?, 

and the equations of motion yield the equations 

<'"^ aT=^' 55=<^' a^=<>' 

to determine the positions of the centres of libration. To 
evaluate them we have the following relations : 

(115) f>Xa.x,)'+(i-yJ' + (o-;.,)', 1=1,2,3; 
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(116) 



» '.-»•. ji;g„j I 



y.=y.=— 5^^ 



\/"2^, \/2 (1W3 + »?,) 



' J^»- 



22//1 



;» ^« 22//i ' ^•'" 22i» 

We have further 

da I p^ dp^ 00 I Pj cpj 

dc "" / pj dpj^ 
hence the equations (114) demand either 1^ 



(118) 



^-.v, ^-.v. ^-.y. 

Pi ' P. ' Pi 

c — «, c — ?, c—z, 

"pT' p. ♦ "TT 



= 0: 



or 2", 



(119) 



cO dQ da 



8p. 9p. 9p. 
The conclition 1" can be written 



= 0. 



(120) 



PiPtP. 



^'^ y.. y.» y. 



1, 1, 1. 1, 



= 0, 



since no p can be infinite this demands that the determinant 
be zero, which expresses that the infinitesimal bodj lies in 
the plane of the finite bodies. 
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The condition 2" above gives 

+ (2p.' - P,P'-P,P,' - P,) {f», + »»,)= 0, 



(121) 



+ (2P.' - />,V, - p:p, + 2p, - ij) n,, = 0, 

3|^ = i^p:-p'p»-p,\-p:) (w. + "0 
+ {^p:-p,\ - p.'p. + 2/), - ^.) »«. = 0. 



Let the masses be taken equal, the last equations then 
become 

(122) Z' (2 Z' - r* - Z') = r» (2 F* - Z* - X') 

=^(2Z'-r'-z') = i, 

replacing p,, p,, p, respectively bj X, F, Z; these equations 
(122) are equivalent to 



(123) 






which are identical with equations (38), (39] and (40). 

The equations of motion of the particle In the immediate 
Ticlnltj of a centre of libratloa 



(124) 



§-»»(§- S)-f°--'«.^»'- 



'te) 



•cc) 
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constitute a system of liaear diflferential equations with constant 
coefficients. It possesses a solution of the farm 



(126) 



i = A,^\ n^Bi^, C=Cc", 



in wbich the mutual ratios of Ay B, are found from the 
equations 



(126) 



. (X' -aJA- (2«X + Oj 5+ (2nX - O J C= 0, 

(2nX-OJ^+ {\'-aJB-{2n\ + aJC=0, 

i-(2«X + Oj4+(2n\-Qj5+ (X''-aj(7=0; 

and X is A root of the equation 

>•*-"» . -2nX-Q^ 2i.X-i2^ 
(127) 



2nX - Q 



X'-Q^ , -2nX-Ii^ 



-2nX-0„, 2iiX-Q^ , X*-0„ 



= 0. 



or in expanded form 

(128) X* + *,X*+*,X' + i, = 0, 

in which 



(129) 



A.«12»«-0^-0„-0^ 









Solving the equations (115) with special reference to the 
points for which 

(130) 

we have 

(131) 

where 



i = a±)8, c = -2a±i8, 



P« -P 



(^^2) *= 372 ' ^ = W{3p/-(/>/-/>/-i)'}; 

further, for unit masses, the second derivatives of O may be 
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trritten 



(133) 









where 

+ (A:-g(A-?.) + (ft-.7.)(A-g, 

/S,^- (J-y*) {♦,(<^- «.)- 2 (c-^,) - 2 (c- OK 

Taking 

(135) p,=p,= 1.21997, /o.sfs- 0.96829, 
the values (131) are 

(136) a =si = -0.l2982± 0.53862, cs= + 0.26964 ±0 63862; 

putting the first of these two sets of coordinates in (133), we 
find 



(137) 



|0„„ = 0^ = 2.99010, a^= 01962, 
lO„, = - 0.56492, a^ = 0^ = -. 2.06890; 



these, together with unity as the value of n, give for the 
characteristic equation iu \ 

(138) W 6.0002X*+ 13.8007\*+ 30.2644 = 0, 

which agree with the previous results (64) and (65). 

In precisely the same manner as in the preceding dis- 
cussion^ we find equations to orbits in the form 



(139) 
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fD^F'+ Q\ £=1^+8', G=T,F^ QS-PR, 



V 



in which 

I Q^ 2«v.' + 2nv, {il^ + tt.» +QJ, 

(141) ^5= (4«« + Qj v/ + ««o„- aji^y 

S = 2/.K,' + 2«K, (Q.4 + Q„ + QJ, 
V 7'= (.',• + Q J (^' + O J - Qj - in\'. 
At the centre of libration considered, we have 

(142) 0^ = "«, 0». = 0„, 
bence 

(143) 22 = P, 8=^Q, 
and (140) become 

fD^E^P'+O; F^Q'-P*, O^T*. 



(144) 



16 



i 






the equations to the orbits then become 



(145) 



(P'+ (?') r+ rr + ZPTX^^j^ (^.•+/8.') ; 
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X 


y 


a' 


X 


v§ 





Vi 


y 


-Vi 


VJ 


VJ 


z 


-Vi 


-Vi 


VJ 



remarking^ finally that we pass from the axes of the first 
problem of this note to those used here by means of the 
scheme of direction-cosines, 



(146) 



the identity of the orbits (145) with those given by equations 
(92) is easily made manifest. 

9. Ret ami ng now to the case where c is equal to zero 
and the four points coplanar, we have the following equations 
to determine the positions of the centres of libration iu the 
plane of the three finite bodies : 

> 9P, Pj 
I dpj Pj 



(147) 



in which 
(148) 

Eecalling that 

(149) 



an 






K = -^,=- J' ^z = o, 



y» = 



-V3 



y.= 



V3 



we find in the case of three equal masses of unit value that 
the equations (147) possess the following real solutions, using 
six-place logarithm tables in efi'ecting the calculations : 

/(O, 0), (0,-0.2390), (0,-0.9352), (0, + 1.1800), 

(J50) ..±0.2070, +0.1195), (±0.8099, +0.4676), 

(±1.0219, -0.5900). 
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These points lie on the axes of symmetry of the equilateral 
triangle, and on three concentric circles about the origin as 
centre. 

The familiar mechanism for determining periodic sojutiona 
of linear differential equations with constant coefficients as 
employed above, and as used generally, for example, more 
recently by Gharlier [Meddelanden fran Lands Astronomiska 
Obseroatoriurn^ No. 18, 14 November, 1900), to design periodic 
orbits in the immediate vicinity of the centres of libration of 
the restricted problem of three bodies applies itself directly to 
the construction of the orbits sought here ; in fact the formul® 
for the three-body problem extend themselves immediately to 
the present problem, if the necessary terms be added to 
Darwin's form of the force-function. 

The characteristic equation becomes now the quadratic 
inX', 

(151) x*+ (4(0* -o^„- aj v-f o.,n^- o^'=o, 

where 

(152) " = ^^"'i(^/ + ^)» 

and accordingly 



(153) 



' Pj 



For convenience let the quadratic (151) be written 

(154) V+^X* + ?. = 0, 
by putting 

(155) 7, = 4a,'-Q„-Q^ ^^^aa^^-^J- 

Using six-place logarithms and the elements (149), (150), 
(153), and (155) the following table is readily constructed, 
the accordance of the results being a satisfactory test of the 
accuracy of the computations : 
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We obtain witliout difficulty periodic solutions of tbe form 
(157) f = 2aj cos v,t + 2a, sio v/, tj = 2)8, cos v.f + 2)8, sin v/, 



where 



(158) 






Eliminating t and the constants, the eqaation to the orbit 
appears in the form 

(159) (^'H-QJ r + {y:+Q^)v'+^ajv=^?^ W+/8.'), 

which is identical in form to that given by Charlier in the 
restricted problem of three bodies. 

This curve is an ellipse about those points for which V is 
real and negative, since 

(160) aj-(y:+aj (y:+aj=aj-i<o\*-cij<o. 

Designating the three points of (156} about which periodic 
orbits are possible by 

(161) L^ (0, 1.1800), i, (1.0219, - 0.5900), 

£,(-1.0219, -0.5900); 
the ellipses about £<^ have the equations 

those about Z, and £, constitute two families congruent to 

(162) as appears by refemng them to their own axes by 

rotation through the angle defined by the equation 

2fl 

(163) tan8^ = ^^-^^ = ±V3. 

Letting the initial position of (f, 17) at < = be (f^, %)^ we 
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have from equations (157) and (158) 
(1 64) 20177; = - (v; + a J f , - £l^v,, 

where the prime indicates differentiation with regard to t. 

Taking the origin of time at the instant when the particle 
is at (f^, 0), and remarking that the quantity (»','' + 0^) is 
positive for all three orbits, we see that the orbits are described 
in a direction, observed from the corresponding centre, opposite 
to that of the motion of the finite bodies. 

The periods of the orbits about the paints (161) are identical 
and the common period is 

where T is the period of the finite bodies about their centre of 
gravity. 

10. Among the questions presenting themselves in this 
connection, there are several which it is hoped to study in 
detail in a subsequent note; for example, 1° the Jacobian 
integral, the characteristic equation and its roots for a range 
of values of the masses of the finite bodies within the limits of 
stability ; 2° a more rigorous integration of the equations of 
motion of the particle ; 3^ the same problems when the finite 
bodies move in conies; 4° the orbits in general under the 
most arbitrary choice of constants including those in space ; 
5° singular solutions and those trajectories on which coUisiona 
are possible. 

As remarked in the introductory paragraph of this note 
the writer has adapted a method of Levi-Civita in the re- 
stricted problem of three bodies to the cases of the problem of 
four bodies considered above ; these results are reserved for 
another paper. 

In the preceding pages we have treated the case in which 
the finite bodies constitute an equiangular triangle solution of 
Lagrange, In conclusion we shall construct periodic solutions 
corresponding to the rectilinear solution of Lagrange as 
generalised by Lehmann-Filh^s for n bodies, and in fact for 
any values of the masses and initial orbits of circles or conic 
sections. This section of the note consists of extensions to n 
bodies of results given for the case of three bodies by Oppenheim 
in the memoir to which reference has already been made. 
These extensions are made with the greatest ease as the 
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reader will obnerve, and the results are appended here onlj 
because of their interest in this connection. 

11, Consider the motion of n bodies under the law of 
t^ewton; the equations of motion may be written 






de' 



(166) { »»|-J*f »»j^.2>— i-»n<^^^'=0, «^1,2, ..,,n\ji^u 

and if the ai^es be taken through the centre of grayity the 
integrals of the centre of gravity become 

(167) 2i m^T^ = it m^^ « 2» m^js^ = 0. 
The equations for the integrals of areas are 

y,^ox -. / «?V* d\\ • f d\ d\\ 

(168) 2.«,,(x,-j^-y,^') = 2.-«.,(y.^-.,^') 

In virtue of (166) and (167) the elements of the summations 
in (168) may be writtea 

/ d\ d\r\ -I , . / 1 1 \ 

« = 1, 2, ..„n;^>»5 



(169) 



V 



these elements are seTcrally equal to zero in either of the 
following cases: — 

1°. rj/f - <r^, = y?i - y/, = z^^ - t.T, = 0, i,j= 1, 2, ..., « ; 
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The first of these require that the n bodies lie on a straight 
line ; the second demand that they be located at the verticed 
of a regular polyhedron, the latter in ordinary space U 
naturally limited to n < 4. These results lead to the integrable 
cases of the problem of n bodies found by Lehmann-Filh^d 
(" Ueber awei F&lle des VielkOrperproblems, Aatronomische 
Nachrichten^ Vol. 127, 1891). Thejpossibility of this extension 
was remarked but not effected by Oppenheim. 

1^. Let us integrate the equations of motion under the 
first of these conditions ; the second condition cannot lead to 
periodic solutions for ti > 3» 

The first condition 

(170) p..±p„±...±p..,„±p,,-0 

can be handled for all values of it. 

Assume some order of magnitude merely for purposes ot 
reference, say 

(171) •»! ^ ♦", > ffij > . ..> m^_j > 7w^) 

and let the centre of gravity lie between 7Wj^_, and wi^^. 

Calling r, the distance of m^ from the centre of gravity, we 
have 

'^i-^i^PiP ^y=l)2, ...,A-1; 

(172) ^*., + '"* = />*-,.i.; 

^^/-^i = Pii.o t,j = *+l,*+2, ..», w. 
Introducing the polar coordinates 

(173) x^ = r^cos0, y, = r.8in0, t = l,2, ..., w, 
in consequence of the equations 

we must have 

(174) ^ = aiP, i==l, 2, ..., ti, 
where the a^ are constants. 
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These values of r. give 

(175) x. = ±a.pcosil^, y. = ±a.psin^, p^. = (a< ± a,) p ; 

where the ambiguity in sign is readily removed, when necessary, 
by the aid of the above conventions. 

Substituting the values (175) in the equations of motion, 
we have 



^ d* ^ . 00«* ^ • 772, 



(176)- 



«' p 1 (.«<±V • • , ft •/ • 



These equations must exist identically and hence give the 
following equations 

(i77) ^y__L_, = a,r, 1 = 1,2, ...,n;j9^L 

The equations for p and ^ then become 

(178) ^^.(pcos^)+— ^ = 0, -(psm^) + — 5-^=0. 

These equations have the same form as those for ordinary 
elliptic motion, and hence their integrals are 

(179) p»-^ = c, p=— -i? — -, c=:A:Vp, n=::ka-^^ 
^ '^ at l+ecos^ ^^ ' 

which express that the orbits are conic sections with a common 
focus at the centre of gravity of the system. 

The quantities Jc* and a. can be determined from the 
equations (177), since one of the a^ is arbitrary. 

13. To obtain other periodic solutions put 

(180) ^, = '^.o + /^?r !/i=!/io-^Mc t=l,2, ..., n, 

where /a is a small quantity. 

Let the force-function be — i^, where 

(181) ir=-2.-2>-^, j¥^ii 

* Pij 
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&bd the equations of motion become 

Then the quantities |^ and 9, satisfj the eqnations 

(183) '"^"^(^^^/'^^r^..,, , 

From equations (175) the differential coefficients in these 
equations have the forms 



(180 



mim. 



Fm= i (1-3 sinV) i T^pr. , *=1, 2, ..., n J j^x\ 

i.,,,=--,(l_3s.nV)(;;^, 



1 



m.m. 



\ F;r^j =» --, sin ^ cos ^ ^^ _^ ^ .^ - 

On subslituting these values in equations (183), We have fi 
system of equations for the variations. The latter system 
can be written in convenient form by introducing the following 
abbreviations : 



(185) 



n rrii 






m. 



a,.= 






•' (a.±aO" " (a^aj 



\»» •••» <''•«— 



(a+a.)" 






k"'" K±aj""-- (a^J-- 
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The equations (183) tben become 



(18G; 



dt' 



t=l,2>...,«;y#:«; 



— 3 Bin ^ cos ^ (a„i7, — ^ a^Vj) = 0, 

p" ^ - 3 sin ^ cos ^ 'a„? - Ij "^f,) 
+ ( 1 - 3 .Hin>; {flr<j»7, - i:/ fl^t?; = 0. 



This Bystem of equations may be simplified bv multiplying 
tlie first n equations by A^, J,, ..., A^ respectively, deter- 
mining these multipliers so that 

(187) a^A,-ij<f..A^ = \Af, t = l, 2, .,., n;J:^t\ 
and putting 

(188) hA,^, = X, hA,v,= Yi 



tlie system (186) becomes 
(189) 



/a' - V + (1 - 3 cos>; \X- (3 siii^ cos^) \Y = 0, 



p'— r + (1-3 sin*^) X T— (3 sin ^ cos^) XZ = ; 



to which must, of course, be appended 



This reduction is possible if the equation for the determi- 
nation of \, namely the determinautal equation 



(101) 



A = 



«ln J ^»n ) ^3«) •••) '^-^nn 



= 0, 
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has n unequal roots, for we shall have then n different sets of 
A^j A^^ ..., A^^ and hence n different sets of ^ and as many 
ot Y from which to determine the quantities fp f„ ..., f^; 

ViJ *?,» •••> Vn- 

From (185) we have 

(192) o,,-^Ja^ = 0, i = l, 2, ...,«; y^i; 

hence the determinant 



(193) 



-a., 



«..^ 



— a. 



vanishes identically; accordingly the equation (191) has a 
zero root. 

In virtue of the relations 

(194) ij m/f.^ = IJ mp^ =...- \i m^^ = 0, 

this zero value of \ corresponds to 

(195) -^i = w^> ^, = Wr •••> A = ^«» 
and gives the centre of gravity property 

(196) h m^^^ \i m^rj^ = 0. 

The equations (189) are identical in form with those of 
Oppenheim in the problem of three bodies and can be integrated 
in precisely the same manner. 

Considering first the case of circular orbits, we have 

(197) 6 = 0, p = a, ^ = v<. 
The differential equations become 

' a» ^ + (1 - 3 cosVO ^-S: - (3 sin vt cos yt)XY:=^ 0, 



(198) 



d*Y 
a* — i-+ (3 sin yt cos v^ XX 4 (1 - 3 sinVO ^ ^^ j 
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or 



(199) 



a'-^ - — = y (Zcob2f<+ r8in2vO, 



These are known forms and their integrals are written 
down immediately} namely 

(200) { ^ Hf /, 
^ ^ \ r=6"*(PBinv«+ CeosW). 

in which P and Q are determined by the equations 

(201) j 
(2a^P+(a'-v'+~)c = 0, 

These equations being linear and homogeneous in P, Q, 
their determinant must vanish ; this gives an equation for a 
which has a pure imaginary root if 

(202) 9\>8A'>4\. 

Passing now to the general case in which the orbits are 
elliptical, in virtue of the relations 

(203) ^•^* = c. P-Y^p^, c^Wi', 

the differential equations become transformed by the substitu- 
tions 

(204) x^pV, r=pr, 

(205) Z7=:Pcos0- Csin^, F=Psin^+ ^cos^, 

into the forms 



(206) 



A>(l+eco8*)(^-2^)-(A:« + 2X)P:=0, 
^•(l+ecos^)g|+'^)-(A.«-X) (2 = 0, 
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The integration of these linear differential equations may 
be approached either by the means employed by Poincard in 
the second volume of his Mithodes Nouvelles with reference to 
linear equations with periodic coefficients, or by resort to 
developments in series of powers of the eccentricity by putting 



(207) 



P=P. + 2.-i>', Q=Q, + liQA 



and comparing the coefficients of like powers of e. We obtain 
thus for P and Q systems of linear non^homogcneous differential 
equations with constant coefficients 



(208) 



and so on, 
whose integration offers no difficulty. 



\ 



ON THE COEFFICIENTS OF CAPACITY OF TWO 
SPHERES. 

By E. W. Barnes. 

§ 1. THE object of the present paper is to shew that the 

•*• expressions for the coefficients of capacity of two 

non-intersecting electritied spheres,* in presence of one another. 



* It is conyenicnt to refer to 

a. Maxwell, Magnetigm and ElectrieUy, 8rd edition, Vol. I., pp. 266-283. 

b, Poisson, Mem de ClmtUut (1811) (1), pp. 1 et seq. (II)., 163 et seq. 
c* Kii-choff, CrtUe (1861), Vol. LIX., pp. 89 et seq. 

d. Hicks, Phil. Trans. Roy. Soc. (1880), Vol. OLXIT., pp. 455 et eeq. 

e. Herman, Quarterly Joum. of Mathtmalictf Vol. xxii. (1 887)^ pp. 2U4 et Beq. 
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can be reduced to functions wbich I have proposed to call 
double Gamma-functions.* 

The functions whicli arise as coefficients of capacity are 
met with in other physical investigations connected with two 
spheres, and they are intimately connected with Lambert's 
serles.t For this reason I have given the name Lambert's 
function to a certain uniform integral function, and as a con- 
clusion to the present paper I have expressed Lambert's 
function in terms of double and simple Gamma-functions, and 
have obtained definite integrals analogous to those of Poisson 
to express its logarithmic derivates. 

§ 2. Let A and B be the centres of the two spheres, C^ 
and C^ their common inverse points. Let be the middle 
point of (7,0, and let CjC, = 2X. 

From the dipolar transformation represented by 

a: + ty = X tan J (m + ii?) 
it proves convenient to take 

C P 

a = logy^, where P is any point on the sphere of centre A^ 

/3-log^p, B, 



80 that a and P are always positive. 

If a and b are the radii of the two spheres and c the distance 
between their centres, we readily find 

a = X/sinha, i = X/sinhiS, c = X (coth a + cotb )8), 

and therefore c = — sinhty, where w = a + ^. 

The parameter X is given in terms of a, J, and c by the 
relation 

a* + J* + c* - 2 JV - 2cV - 2aV = 4cV. 

* The theory has b^en dereloped by me in the papers : — 

a. " The theory of the Gamma-f anction/' Meuengw of Mathmnatics, Vol. xxix 
pp. 64-128. 

b. "Tiie theory of the G fanctioDi" Quarterly Jtmrnal of Mathematict 
Vol. XXXI., pp. 264-8U. 

c. "The genesis of the double Gamma-functions/' Proc. Lond, Math. Soc.f 
Vol. XXXI , pp. 358-381. 

rf. " The thwry of tlie double Gamma-function/' Phil, Trans, Roy. Soc. (A), 
(1001), Vol. cxcvi., pp. 265-387. 

t For the connection between Lambert's series and elliptic functions, set 
Jacobi, t'undumciUa Nova^ § 66. 
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With tins notation ) if the two spheres are maintained at 
potentials V^ and V^ by charges E^ and E^^ we have 

and Maxwell shews by means of Lord Kelvin's system of 
images that 



1 

5'«i = - ^ 2 -^-r- 



ItfBT ' 



?«= xs 



^o8inh(j6^ + stt) ' 

Maxwell's notation has been- slightly altered in order to 
secure that a, yS, and cr are always positive quantities. 

§ 3. We proceed now to consider the transformation of the 
series for y^/\. 

We have evidently 

2=. = 2 f— ^ + 2' (.)'[— L— - -Ljl 

^ «=zO L* + *®^ «=-«> (a + scr + mrt rnrt)\ ' 

and the latter expression is evidently, in the limit when m is 
infinite, the same as 

^^\-L-^ ^ f-_i Ljl 

where p and j are integers, and 2 is very large. 
Let us seek then to transform the expression 

where »i is a very large integer which is ultimately to b^ 
made infinite. 
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§ 4. We have at once 

f( p^ ry*> r 1 1^ ft y 

,_0 L„-o 1* + ««y + "w' *w + war' (jfO" + nvr'/} 

r^ { I 1 a ) 
+ - i— J , + 7 rr,\ 

+ ^ /_! M ? 

a + *Br «w « Bf J 

Now if r, (ajw, «r') be the double Gamma-function of a 
with parameters m and vr', we have [D. Gr. F., p. 299]* 

where 12 = m^m + fw^cr', and 7,, and 7,, are the first and second 
double Uamma-inodular fuuctions ot m and «j'. 
Therefore 

-<^.' («)=-!, iogr,(a) 

The double scries is convergent in a manner independent 
of tlie ratio of the infinite limits of m and m'. 
Hence 

/(a, er) = - 1/// (a 1 1», ur') - ;/./ (a | w, - cr') 

- a [7„ (», bt') 4 7,1 (t»> - ^^O] - [7« («^, «') + 7„ (tir, - cr')] 

yw 1 pw /2 2a \ 

- S + 21 A 

+ ''^^ r ^ (_i L^1 ^"^ \ ^ ? 1 

,=0 L n^-qm ^^^ + ^'«'' '^^^ / J *=0 L n=-qm (^ + ««^') J 

* The papei-8 « and <f cited in § 1 will be referred to throughout as G. F. and 
D. G. F. re!*pecii?ely. 
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Now [G. F,, p. 65], 

, t r X 7 lOffW 1 00 r 1 1 ■] 

and therefore 

/(a, fsr) + ;/// (a | cr, cr') + 1/'/ (a | cr, - isr') -^/ (a | cr) 

= - a [7„ (tsr, tsr') + 7,, (i=r, - cr')] - [7,^ (vf, tar') + 7^ (ur, - ur')] 

7 loc: tsr ;>»» 1 pw 9w (■ 1 1 ") 
4 = 2 — + 2 2' i— ^, 4 A 

pm qm ( \ I \ 

-as 2 i; ; ^4; r-J . 

§5. Now it has been established in the theoiy of the 
double Gamma-function (D. G. F., p. 337) that 



2 



=0 n=0 V^ 4 WtST ; 



= 7 {log(2>«'" 4 qrsf) — log/?t!r — log jcr'— log wl, 

together wUh terms which vanish when m is infinite. 

The principal values of the logarithms with respect to the 
axis of - (sr + xs') are throughout to be taken. 

Now in the case which we are considering, cr is purely 
real and positive, and m =2in is purely imaginary. Thus 
the cross-cut with respect to which the logarithms are taken 
lies in the third quadrant. And therefore the imaginary part 

of \og{prsf -v qvj) lies between and ---, and the imaginary 

part of log cr' is — . 

Similarly 

pw 5"* 1 

r=0 n=0 \?^ "** ) 

= — } {Iog(27t!r - qvr') - log;>Br - log(- qm) - log m], 

the logarithms having their principal values with respect to ' 
an axis in the second quadrant. Thus the imaginary part of 
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log (pv — qv) lies bet ween and , and that of log (— qa) 

. x» ^ 

1'herefore in tlie limit when m is infinite 

pm qm f \ J "J 

%. (-, -') + y.. (.. - «') 4- ^ £ [^^-T^' + (I^r^^l 

the imaginarj part of the logarithm lying between ± — . 

§ 6. Again, from the same theory (D. G. F., p. 336), we 
have 

#=0 n=o C*^ + ««^ ; 

^ (2^ "^ 2^') ^'^^^^ ■" '°S(2>«^ + 25^') + logjTBT + log jty'j 

- ^^—r- log;;sr - ^ log }«r , 

tv isr 

4 terms which vanish when in is infinite. The principal 
values of the logarithms with respect to - (ly + m) are to be 
taken. 

The numbers m and m which enter into the general theory 
vanish in the present case since cr is real, and v purely 
imaginarj. 

Uence, as in § 5, 



pm qm ( \ \ \ 

= -logm;.i^— ^L^^-log2«r +;r.j-^-- + ^| 
(2pm •}■ 1 2<7m + 1) , , ,. 

f2£w+l 2»m+ 1) 
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Therefore, in the limit when m is infinite, 

/(a, tsr) + ;/,; (a I Iff, bt') + ^A.' (a I «r, - cr') - 1/^/ (a | isr) 

a f , pnr-\-qzj' ) 2qm 4 1, 

s= ; ^log^^ 2_«7riV 2 logqv 

vrsr I ^pur — qtff ) isr °* 

( 2or 2ijfj 2fj ^ptj-qnr 

§ 7. Hence, in the limit when m is infinite, and ^ is very 
large, P 

- 2)/,/ (a |.cr, 27rO - 2;//,' (a | cr, - 27rO + 2;/// (a | isr) 

- S j<^;(a|i!r,e>rO-2i/<;(aU, 2t7r.)}+<^,'(a[sr) 
•=±1 

+ i log (PV + ^tV) - - log 2«y + 1! . 

The last three terms are equal to 

and therefore their sum tends to zero as ^ tends to infinity. 
We have then, finally, P 

^-2 {i^;(a|tir,e7rO-2;/,;(a|«r,287rO}+iA/(a|Br), 

which is the required expression for -^ in terms of double 
Gamma-functions. ^ 



VOL. XXXV. 
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$ 8, We find, fiiinilarlji 

^ •=±1 

and 

- % - 2 {ij^; (bt I BT, eirO - 2^; (bt | bt, 2sir0| + ^P,' (nr | bt). 

Now it has been proved [D. Q, F,| p. 288] that, la the 
limit when a « 0, 

— 7m V^> «^y + "y 17~ • 

cr w 

therefore 

^= 2 [7,(«,e»r0-2y„(w,2e,r0]+^-^; 

or, as we may, if we pleasei write it [G. F., p, 66], 

-^« S [7„(ti',«^0-27„(Br,2m)]-7„(i7). 
^ §=±1 

Tbas ^^ is expressible In terms of Euler's constant and 
the second double Gammai-modolar functions of a and tir& 
where e = tl or ±2. 

§9. It is possible to give a different form to the ex- 

{^ressions for a^ and g^ bj means of the formula of trana- 
brmation of tne parameters of the double Uamma-functions. 
For, by this formula [D. G. F., p. 359], 

Hence 

•%- « 2 1^,' (a + e'^* I «^i 2e7rt) - ;/./ (a | cr, 2eir0} + >/',' (a | u), 

in which the parameters of the double Gamma-functions are 
the same quantities cr, 2e7r«, 
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The corresponding formula for — -^ js at once obtained 
by making a = w. ^ 

It forms a useful verification of the expression for -^ to 

A* 

show that, qud function of a, it satisfies the difference 
equations 

/(a + bt) =:/ (a) - cosech a, 

y(a + 27rO=/Ca). 

The expression for the kinetic energy of two spheres 
moving in an infinite fluid along the line of centres depends* 
on series of the type 

^1 sinh" (a + sm) 

Since ^""^ ___.^._>— _ ^ • A- «i.._^_.>M«aaw. 

daf sinh (a -f sm) siuh' (a + stj) sinh (a + svr) ^ 

; we see that it can be conveniently expressed it terms of the 
functions 

i/'/ (a I «r, ± 27r0 a^d ;//,«'» (« I cr, ± 2ir*)- 

§ 10. We have hitherto assumed that a, /8, and cr are the 
real positive quantities which arise in Maxwell's investigation. 
We proceed next to consider the case when a is any complex 
variable. We shall still assume tsr to be real in order to avoid 
the complexity which arises when the axes of cr and tin 
include the axis to the point — 1. 

We shall construct what it is proposed to call Lambert'a 
function of a, with parameter «. 

The function is given by 

Z(a|i!r)= n {l-e-«-«»}* 
It is obviously an integral function with zeros at the points 

V=0, 1,2, ...,Qo; 

and it is periodic with period 2in. 

It thus lies in complexity between the Gamma and double 
Gamma functions. It will be found possible to express it in 
terms of these functions, and the modular constants which 
arise will be derived from sums of the type 

27„ (bt, ± 2-7^), 27,, (tsr, ± 27r0, 2 \ogp, (ur, ± 27r«), 

♦ Herman (loc. cit. § 1), p. 216. 

M2 
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and it will be tberefore poBsible to express snch combinations 
in terms of the series wbich may be derived from Lambert's 
function. 

The asymptotic expansion of the logarithm of the function 
derived from Lambert's function by the substitution —«"•=*, 
bas, when | s | is large, been previously obtained by me.* 
It should be noticed, however, that this asymptotic expan- 
sion fails to give the asymptotic expansion for logZ ^al as 
the transformation ess^e^^ int^dnces a set of zeros which 
ultimately cover the a-plane when H (a) is negatiye and | a | 
Is very large, 

f IL From the definition of Lambert's function, we haye 

i(a + 2iri) = i(a), 

Consider now 

^("^ fv>M ' 

It is an integral function with zeros of the same type at 
the saine points as Z (a). 
Also [U. G. F., p. 293] 

J'fg -f ir) _ r, (g 1 2in) T, (a | - 2ir*) 
F(a) ~ 1/a ' 

for, if V be purely real, the numbers m and m of the genepJ 
theory Tanisn, 

How - r-' (a 1 2iri) T,"' (« | - 2ir») 

-on ^1+-— -^,U « = .« « 

c 1 - e"". 

* ' A memoir on integral f onctiom," rhil. Trant. Jtoy. Soe. (A), Vol. CZC A, 
pp. 166 and 467. 
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Thus F(a + fy) = j^^. 

Again [D. Q. F., p. 293] 

ji^(a-l-27r0 ^ r,(a|tg) V WJ r, (A + 27rt | tg) 
F{a) "■ //27rv •r,(a + 27r*|t!r)* r,(a|«r) 

= 1. 

&ence ^/ ^ is a function with no poles whic^h is doublt 
periodic with periods v and 2isn] it is therefore a constant. 

Hence i:(a|t.) = r /^-C^ • 

To determine the constant (7, let dt be large, real, and 
positive. Then i (a | w) = 1, and from the asymptotic expan^ 

ha 



\ogP;\a) =^-hgp,{^, 2,ft) +.5.'(d) logd- ci.S.("(0) - x.«.'"(0) 



sion for the double Gramma-function (p. 379) we have 

)gp.(«r, 27fA)+,5;(d) logdt- d,5/*^ 

+ terms which vanish with 1 /a. 
Hence 
= log C— l<^gp, (o^j 2iri) — logp^ (or, - 27rt) .+ J log — » 

Thus ^^M^,Mp,J^izi^) 

putting p^ (bt) = . /^— j [as in D. G. F., p* 300]; 

We have now obtained the expression of Lambert's functioil 
in terms of simple and double Gamma-functions. It is 
evidently possible to extend the previous investigation to the 
case when tj is any complex quantity (it is valid as it stands 
when ^ {sr) is positive) should it be thought worth while to 
introduce the numbers m and m of the general theory. 

§ 12. From the result of the preceding paragraph we may 
again deduce the expression for -^ given in §9. Thd 
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expreMion is valid for all complex values of a, and all complex 
Talues of V for which K (v) is positive. 



For we have 



i(a)= n [l-<r«-w], 

#=0 



and therefore 



Ir (a + irt) = 11 [1 + ^«-'«']- 

r=0 



Let us now take V (a) == j- logZ (a), then we have 

r(a)-r(a + 7r4>Sf ^^^ i + ^^2_., } 
^ ' ^ #=0 l€«+*^ — 1 e«+»w _|- 1 j 

CO ^ 

rs 2 cosech (a + 5*) = ^ . 

Hence 

v^ = ^/ (a + iri I cr, 2irO " ^,' (« I «i 2ti) 

+ ;/// (a + TT* I tir, - 2ir«) — ;/^/ {a 1 17, - 27r0 
+ ^;(aIi!r)-^/(a + 7rt|ar). 
Now [D. G. F., p. 291] 
^,' (a - IT* I w, — 2iri) = i/l',' (a + TTi I «r, - 2iri) - i/// (a + iri | «r). 

Hence 
%^ = 2 {;/,; (a + eirt \ cr, 2^7ri) - i/./ (a | isr, 2€Tr01 + 1^/ (a | sr). 

which agrees with the previous result. 

§ 13. W.e can now prove that, when R (©') is positive, 

/>, (isr, 27r0 P, ('S', - 2^0 = p, (bt) fl { I - e-^|. 
For we have 

^w-C r.-'(«,«r) 
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Make now d tend to zero, then Bince 
Lt.ar,(a) = l, Lt.ar,(d) = l, Lt. :^ = fi (1 - e-^), 

we have (7= 11 {1 -^ e-*^]* 

«=i 

We therefoi'e have the identity stated. 
Ab a coroUarj we notice that 

is periodic in m with period Stti. 
§ 14. We may next shew that 

- 27,.(€r, ±27rt) = 7ii W + i +^^1:^^* 

For we have 

r(fll)=;A;(a|tf)-2i^;(d|«r,±27rO (l)- 

Now [D, G. F;, p. 288] 

0=0 L "J 

and [G. f -, p' 65] 

fience 

Lt. \V (ot) - ^1 = 7it W + 27,. (1^, ± 27rO. 
tt=o L *J 

1 



Finally therefore 



5=16*^-1* 



ee 1 
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§ 15. We may similarly express in the form of a series 

27,, (tsr, ± 2in). 

For we have, on differentiating the equality (1) of the 
previous paragraph, 

p«) (ot) = ypC') (a I ur) - 2;^/*^ (a | isr, ± 2,rO. 

Now [D. G. F., p. 287] 

Lt. f;^/*) (a 1 «r, 27rO --,!=- 7.i («r, SttO, . 

a=0 L * J 

and Lh[^('>(a|.)-lJ = ^,. 

Therefore, on making a tend to zero, we* have 

But Lt[z<')(a) + 1] 

00 1 






Therefore 



27„(«r, ±27r»)=^-Tlj+2 



^"^ '=U8inh'^ 

§ 16. We proceed next to examine the degeneration of the 
line-integral expressions for logarithmic derivates of the double 
and simple Gamma-functions in the case of the combinations 
which form logarithmic derivates of Lambert's function. 

We shall for simplicity assume that cr is real and positive, 
and, in order that the integrals employed may be convergent^ 

that arg. (a) lies between ± - . 
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If Z, denote the bisector of the fourth qnadraut, i.e. of the 
right angle between the positive direction of the real axis and 
the negative direction of the imaginary axis, we have [D. Q. F.^ 
p. 329],. since the numbers Jf, ?n, and m all vanish, 



^;(«I«,2.,)=-J"(A)^^ {_ 



ze-*^ 



Hence [D. G. F., p. 273] 

r (a) = \P^ (a I isr) - i/^/ (a | tsr, 2irO - ^/ (a| cr, - 27rO 

+ ^i'(a|«')j 

where Z, bisects the first quadrant. 

Consider now the integral along the line Z,. The subj<»ct 
of integration is one-valued, and is regular at the origin. If 
the integral be taken round a closed contour consisting of the 
positive direction of the real axis from the points 1, 2, 3, ... 
are excluded by small semi-circles above the real axis, an infinite 
circular arc, and the line Z^, it will by Cauchy's theorem 
vanish. The integral along the infinite circular arc obviously 
vanishes if the arc meets the real axis at some point between 
the series 1, 2, 3, .... 

Hence 

fiLZ-^i ^qL__+_i_ + e-A'(ak, -2^0} 

/•!-• rS-i rS-i 

together with the sum of the integrals round the small scmv- 
circular area 

-p[ J { ^,^:r^iL-..) + ^ ^^-^A' (« 1 -, -2-)} 
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where the integral in takea along the real axis, and P denotes 
its principal Talue. 

Proceed similarly with the integral for ^/ (a | «r, ^irC)^ and 
we find 

r(.)-^,'(«l«)+l^j-f^ 

+pr iM^fTL r_i- + —1—1 

+ e* Ifil (a I cr, - a»,) + .S.' (a | *r, a».)]J . 
Now (D. G. F., p. 273), 

Hence 

But [G. F., p. 105] 
and we are therefore left with 

We thus return to the expression for X (a) from which we 
started. Thus the integrals for the logarithmic derivates of 
the Gamma-functions verify the result of § 12, but fail to give 
definite integral expressions for logarithmic derivates of 
L (a I vi). 

As a corallary notice that we have shewn that 



■«-/(n 



er^^dz 



er^^) (1 - e-^*""**) 



taken round a contour which encloses the point « = 1 but not 
the origin, and embraces the real axis« 
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We can similarlj show that 

iaa « f e-^'dz 

\ J(l-c-«^')(H-c-^»*)' 

and ^ = [ ^^ 

\ j (1 - e«^^; ( I + «-»«) ' 

the integrals being taken along the same contour. 

§17. We have seen that the line integrals for logP, (a) 
and its derivates prove ineffective for log L (a). We may, 
however, obtain, for the logarithmic derivates of Lambert's 
function, integrals analogous to those originally given bj 
Poisson for the function q„l\ and valid when 1^ (a) is 
positive, 17 being throughout assumed to be a real positive 
quantity. 

If be real, we know by a result given by Legendre that 

Hence, if ^ (a) be positive and & be real. 

Now -7 — r 7p:= 2 e"**"sinw9, 

2 (codh a — cos a) ^^ 



11=1 ' 



and r (a) ^ 2 z r^ . 

Therefore 

We may write the last two terms in the form of a definite 
integral if we please* 
For 

J^ t cosha-cossrt J^ ^i t 
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And - - log (1 -e-) = 1 — = i s ("" e-''*^c£e 
_ r dt 

Thus, finally, 

$ 18. The integral expression for q^l\ valid when X («) 
is positivei follows immediately. 

For y^/X = r (a) - r (a + tt*), 

and therefore 



X 



r ( 2 cosh ft sin g^ / 1 _1_\ 2 ) , 

j, jcosh'tt-cosvAe'"-! air J "^ c«+«re_e-(«+«ro] ''^ 

r* f 4co8hft8inf8r< / 1 1 \ 1 ] , ^ 



or as we may write it, if we please^ 



'%«=:4cosha 



r 

■'o 



sin tit dt 



cosb 2a — cos 2isrt ' c*** — 1 



+ — . T log tanh - . 

2 8iiiha sr ^ 2 



If now we make a=sar, we obtain 

Vab _ f * f ^ ^^^^ cr sin tar< / 1 IN 1 | - 

" \"" J ^ (coah 2Br - cos 2tTt \e'*' - 1 "*" 2^j "^ sinb cr ^i + 1 j j '' 

a form which is valid if vr be real and positive. 

In connection with the first of these results, it may be 
observed that Poisson^s formula is equivalent to 



+ 2 ■• r ^^ '''" ^^^ ^ '*'" ^ ('^ ~ ^^ ^ ^, 
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§19. We may now write. 2y„(8r, ±2jri) as a definite 
Integral. 

For by § 14 we hare 

J , C08h«r - cos ST* e'" - 1 * 2 (1 - e«») ^ sr ^'^ ^ 

Now ,.,(.)=j-|£;-^^^}rf, 

and therefore we have 

n - SID erf / 1 Jl_^\ £' _ 1 

cosh m — cosBTt \e"* — 1 27ri/ ©-< 6«« — 1 

{20. We may similarly obtain a defiDite integral for 
57„(o', ± 27ri). For by § 15 we have 



27„(«^, 


±27r0 


*6w' 


tV+I 


1 




4 8inb'«o/2 








it" 


-TV-?"(-l«r). 




Hence 












SYttCsr^fairO 














r*r sinhe-sincrf 
J, L(cosh8r-cosw<)* 


f ' 1 '1 
V'-l 2Tr«j 


J 










e«r(<+l) - 


dt. 


which is the expression t 


'eqnired. 
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We will not consider further the investigation of integrals 
of Poisson's type connected with logarithmic derivates of 
Lambert's function. Such a theory is obviously devoid of the 
elegance of the theory of the integrals in terms of which 
double Gamma^functions may be expressed. Further in- 
vestigations must be devoted to the discovery of integrals of 
a different type in terms of which l(a,\w) and its derivates 
may be expressed. 

§ 21. When | a| is large and Hi (a) is positive, we have an 
area in which there are no zeros of Z (a | cr). Hence,* within 
this area there exists an asymptotic expansion forlog£(a). 
From the asymptotic expansions of the simple and double 
Gamma-functions it is interesting to verify that this expansion 
is zero of lower order than that of any negative power of a. 

For, by § 11, we have 

logL (a) « _S^ r,S/ (a | «r, 2vi€) loga - ^ ,«/'> (0 1 r, 2iri€) 
' * ^ m=i wi(m+l)a"* J 

Wf-Ai,g,__%i (-)'->W0|«^) . 

Therefore 

+ .«'.. (0^)1. 

All the terms except those in the final series cancel with 
one another. 

Again [D. G. F., p. 281, G. F., p. 84] 



♦ loc. cit., § 10, p. 449. 
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tbe coefBcient of i?*"*' in the expression of 



1 -er^^ 



Therefore logii(a) is, when (a| is very large and Ji (a) is 
positive, zero to an order greater than that of any power of 
1/a. It is, of course, zero like c" and higher powers. 

As a corollary note that we have incidentally shewn that 

S,^'... (« k, ± 27r0 = - .5'^,, (a I «r). 

§22. At this stage I conclude my investigations. We 
might, of course, apply the integral formulae and transforma- 
tion theory of Gamma-functions to Lambert's function. But 
the results do not seem to be of sufficient importance or 
elegance to deserve publication. 



THE GENEEALISATION OF THE MACLAUEIN SUM 

FOEMULA,* AND THE RANGE OF ITS 

APPLICABILITY. 

By E. W. Baenes. 

§ 1. T^HE fundamental asymptotic expansion which de- 
-'- fines tbe Biemann ^-functionf is 

In this expansion n is large, a, a>, and 8 may have any 
complex values. The many valued functions which occur 
with 8 as index are such that «* = exp. {«log«}, where the 
logarithm has its principal value with respect to the axis 
of — (a. 



* In this paper I wish to correct and extend a form of the Maclaurin snm 
formula given in two previoufl papers : 

(a) * ▲ Memoir on Integral Functions,' Phil Tvurn. Roy. Soc, (A), VoL OIOIX., 
pp. 411-dOO, §41. 

(6) * The claaaification of Integral Functions,' Camb. Phil. Trans,, Vol. xii , 
pp. 822-066, § 4. These papers will be referred to as I.F. and C.I.P. respectively. 

t * Theory of the Gamma Function/ Me»$tnger of Mathematics^ Vol. Z3(|X., 
pp. 64-128, §§ 23 and 85. 
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Wken « Is a negative Integer eqnal to —A, saj, we obtain 

and we note that* 

t(-M)-%a. 

Suppose now that ^ (x) be an integral function oi x o( 
order less than unity, it will admit an expansion 

and we shall have, when k is large, | a^ | = 77-TTrr«' where e> 0. 

(AM) 



Hence we have formally the asymptotic expansion 

ft-i 
2 



»-l 00 S' (a) 

1=0 ifc.-=o It'* 



+ 1 ^jca) r^: 



i»=0 '"' 



First, the series :£ <"* i"* \ '^ absolutelj convergent. 



-8;(«) 



For ■ * ^. ^ is the coefficient of (-)*"*«* in the expansion 

of ~ — ~5r in ascending powers of e. This expansion has a 

radius of convergence equal toi — : , and therefore, when k i» 
large, l«l 






BO that 2 a* /^* . is convergent with ^ | a^ | * I ' '^t , 
ib=o ^ + ^ fc=0 (2^) 

and this is absolutely convergent if I a^ A- 1 1 = rrjr^ , e > 0. 

♦75iVf,§27. 



Digitized by CjOOQIC 



sum/ormulaj and the range of its applicabilttt/, 177 

Again in obtaining the formula {A) we have changed the 
order of summation in the aeries 

. *^t SJja) kl 



ft&d we have written it in the form 

00 

2 






• SJ(a) » (? + »»- 1)' ,, 

Tbla process is legitimate* if tbe series 

^a,,. / ,. («>)' 

are convergent for all values of m^ and if the double series last 
written is absolutely convergent. 

Now, since, when k is large, |«ifc| = l/|*ir^*j where «>0, 
we see that 

is absolutely convergent with 2 , , , ^ . . — * ,. . The latter 

series is absolutely convergent, and when multiplied by 
{(m — 1) !}•"", where €>i7>0 tends to zero as m tends to 
infinity. 

Hence the double series is absolutely convergent with 



and therefore with 



2fMr__L__ 



♦ Chrjttal'i Algebra, Vo\ ii., pp. 147-168. 
VOL. XXXV. N 
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Hence the formula (A) conBtitates an absolnte and not an 
asymptotic equality when ^ {x) is an integral function of order 
less than unity. 

The formula (^) is the Maclauria sum formula for a single 
parameter, 

§2, We have only proved this formula under the limi- 
tation that ^ (x) is an integral function of order less than 
unity. 

suppose, however, that ^ [x] is an integral function of finite 
order greater than, or equal to, unity. The points a + ma> 
[m=aO, 1, ..., (n^l)] all lie within the region within which 

QD 

0(x) can be expanded in the Taylor^s series 2 a^a^; and 
evidently 2 ^(a + ma>) will admit an asymptotic expansion 

i»=0 

when n is large. 

The question arises as to whether the formula (A) fails to 
give this asymptotic expansion. It does not fail to do ao 

provided we can regard the series 2 a^ '*^ , as the sum- 

inable divergent expansion of a definite function which is to 
be evaluated by the usual rules.* 
For we have as before 






n-1 
2 

and this will be equal to 



*=0 in=0 '^* Lt=0 ** J 

provided we can assign any meaning to the transformed series 
which shall make the process of transformation valid. 
Now the series first written is equal to 



♦ The theory of summable divergent seriea was first giren by Borel, LiouvUle, 
6 Sdr. t. 2, pp. 103 et seq. : Ann. de CKcole Noitnale SuperieurCj 3 S6r. t. 16, pp. 1 
et seq it has been developed by the author, I.F. Part II. 
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and this is eqaal to 

j;.-[||.f(-.,.),..2^>K..,^^"}... 

It is legitimate to change the order of the double series 
under the sign of integration, since, if ^(•r) is an integral 

function of finite order, l^'jkl^TT-iui where e>0, when k is 
large, and l^M* 

is at most divergent witb 

5 II {(/+/^-i;!j-^ 



and therefore with 



2 



and the last series is absolutely convergent. 

Thus the double series hist written under the sign of 
integration is absolutely convergent with 

and is therefore absolutely convergent. 

If now we define the two summable divergent series in th» 
formula (A) as equal to the integrals by which they have been 
represented whenever the latter have a meaning the formula 
will hold for all cases in which ^ (x) is an integral function of 
finite order. 

It may be objected that the formula which needs such 
a cumbrous interpretation is useless. The examples which 
follow may shew that this is not necessarily the case. And it 
has been established [I.F., §30] that such series ^snm' to 
the function of which they are the arithmetically asymptotic 
expansion according to Poincar^'s definition. 

The integrals employed or the contour integrals by which 
they can be replaced, to obtain a more general range of 
existence [I.F., § 24] will not have a meaning for particular 

N2 
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▼alues of a and q> [I*F., § 26], and for such values the inter- 
pretation of the formula fails. But we can shew that the two 
integrals when taken together have a meaning, and therefore 
that when and only when the interpretation jfails to ^sum* 

00 

2 a^^(-A} a) will it fail to interpret the remaining asjmp- 
*=o 

totic expansion. For the second integral is equal to the first 
and this in turn is equal to 

The series inside the bracket is always of order less than 
unity, and therefore the integral (or the contour integral by 
which it may be replaced) has always a meaning. 



§ 3. Tlie extension of the Maclaurln sum formula to the 
case when ^ (x) is not of order less than unity suggested in 
the author's previous papers is invalid for the following reason. 

It is true that, when ^ (x) is such that the series 2 . ' .,>! 

is convergent and represents the Taylor's expansion of a func- 
tion X (z) outside a circle of finite radius p^ we can take 



n-l 4 rg-o* _ g-(«+"«)« 



n-l 

2 

m=0 



when the contour of the integral !s such that its bulb encloses 
the circle whose centre is the origin and radius p. Yet wo 

cannot expand ^ _^ under the sign of contour integration 

in a series of ascending powers of z when the contour encloses 
poles of this espression. For the expansion is divergent out- 
side a circle of radius 27r/|(o{, and this divergent expansion is 

only summable to ^ — =5f within the simply connected region 

bounded by lines proceeding from its poles in a direction away 
from the origin to infinity. And when the bulb of the contour 
encloses the circle of radius p and p is greater than 2w/\to\^ 
the contour is no longer within this simply connected region, 
and the fundamental procedure is invalid. 
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§ 4. The Maclaurin Bura formula {A) Is valid in aa even 
more extended range of cases than when ^ {x) is an integral 
function of any order. It is valid whenever the Taylor'^s series 

for (-c), viz. 2 Ojt^, gives the summahle though divergent 

fc=0 

expansion of ^ (x) for a: =» a + mw (m = 0, 1 , ..., (n - 1)). For 
in such eases a suitable modification of the previous argument 
continues to apply. Thus it is valid [I.F., § 26] whenever ^ {z) 
is a possibly non-uniform function with a finite number of 
poles or logarithmic singularities in the finite part of the 
plane. The search for further ranges of validity of the formula 
IS reduced by the theorem just stated to the investigation of 
the cases in which a Taylor's series outside its circle of conver- 
gence is the summable divergent expansion of the function 
which the series represents when convergent. • 

We proceed to give two concrete examples of the theorems 
just stated. In the first example ^ (x) is of order unity ; in 
the second it is a non- uniform function represented by a series 
convergent within a circle of radius I a> |. 



55. The first case for which the series 2: a^ /^* , is not 
^ k=o ' 1 + A 

convergent occurs when ^ (x) is of order unity. 

Let us consider then what happens when (ar) = e'*. 
The formula (-4) becomes 

^kl l + k "^^ ml Idx- I J_/ 
Now the scries 

jferO*' 1+^ 
is convergent if | oH < Sir, and is then equal to 

rr^' + ~7 — 

If I <0? I ■< 27r, the series is divergent, but regarded as a 
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sammable diyergent series it is still equal to the same express 
sion except for values of I Ijiog oa the liues drawu from 

the points ± — away from the origin to infiaitj. It is 

infinite if a>Z= 2i^( (v being a non-zero integer). 
Let us examine the second asymptotic series 






m=0 

It is equal to 

i TO=0 «»' 

The series just written is divergent if 1 »? | ^4: 2ir, but it 
will ^ sum ' (under similar restrictions) to 

e^ 



Now €'• +...+ «'M»-iW = e'"i:i^ . 

1" e 

Hence the Maclaurin sum formula applied to the case 
(jc)=^e^' gives us for all values of I Z |, the obvious equality 



1 — ^'* 



Ja 



1-c'- 1-e'" 1-e'- 
We may therefore say that* 

for all values of L And even when the first term becomes 
infinite there will be a countervailing infinity which will arise 
in summing the asymptotic series and render the formula, 
though useless, still valid. 

§ 6. As a further example we will consider a case when 
(or) has a finite radius of convergence. 



• The formula hns been previously employed to obtain the asymptotic expansiwi 
of the fttttndurd integral function of zero oider [Vide LF., §Gi and OM.F., § 12]. 
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We take 

The series is divergent but summable in the dissected 
region outside a circle of radius |a>f. [I.F., §26], The 
formula {A) when applied to this case becomes 

fi-l 
2 log(a + » + wift)) 

m=0 

where 2^.Xoe.8:ia)+%tmJtl 



This formula may be written 



n-l 



2 log(a + Tww) = Z+ loga + 5/ (a) {a - o) logoi} 



m=0 



* 5 '(a) J"r , i 



In order to give it a practical meaning, we must sum the 
divergent series 

^1 .(» + !)«• ♦ 

which enters into the expi*e8sion for 2. 

In order to avoid analytical difficulties which do not concern 
the point with which we are dealing we will assume that tt (a>) 

and K ( - ) arc both positive. The series is an example of the 

case in which we must duplicate BoreUs process of summation) 
as extended by myself [I.F., §§ 32 and 33]. Its value is 

Jo «^i («+i)l W * 

whenevef the integral, which may be taken along any line in 
the positive half of the plane, has any meaning. 



Digitized by CjOOQIC 



184 Mr. Barnes^ The generalisation of ike Maclawrin 
Now the series 



tx (« + l)l 



© 



has no meaning when - 



0} 



27r I 

— unless we employ a similar 



process to sam it. Employing such a process, its value is 



e ^ 

X 



-^^+5.'(a)-5.'(a)^ 
The integral is therefore equal to 

If the former integral was taken along the positive direction 
of the real axis, the latter must be taken along the positive 
direction of the axis of 1 /ai. 

Its value is therefore equal to* 

since /S; (a) = - , 5/ (a + e») - fi'/Ca) = 1. 

Nowf if Hi («) is positive 

re"** - e'* 
. dx=i^ log 09. 



♦ " Theory of the Gamma-function," § 31. [There is an obvious misprint in the 
formula quoted 1 
t i6trf, §31, 
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Also if e be a point on the axis of l/a> very near the 
origin 

I J— dx « logs + log« - 1 4 7 

-f terms which vanish with I e |, 

I — Jx = - log 8 — 7 + similar terms.* 

Hence /' (i) ji^ + ^}rfx = log«- 1. 

Hence Z-\- log a + iSJ,' (a) {w - cd logo)} 

, r, (a + ai) . , r, (a) 

= - log ' . . + loga = - log -~l . 

We therefore have the asymptotic equality 

"-^ , N , r, (a) 00 8:(a) d"* r , 

j^log(a:+,.a>)=-log^^ +^S^-^^.[a:log....]_, 

which was previously obtained by an entirely different pro- 
cedure.f 

The two examples which have been given are perhaps 
sufBcient to show the application of the previous extensions of 
the applicability of the Maclaurin sum-formula. 



§ 7. We may now indicate a further extension. 

Suppose that (x) has an essential singularity at the 
origin, but no other singularity at any other point of the plane 
(infinity included). Then outside a point circle surrounding 
the origin it admits the Laurent expansion 

• 1 

and we have approximately, when k is large, I a^ | = -tj in^ 
where e > 0. C'^' 0* 



♦iJtc/,§28Cor. i Ibid, ^30. 
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Now* if 5 be a positive integer > 1 

and 

Let now 



r 



^(ar)rfa? = a,a; + a,loga;--*-2^,--.., 



80 that ^ (2;) IS to be expanded in a semi-Laarent series under 
the sign of integration, and the lower limit of the integral is 
0, 1 or 00 according as the corresponding term where inte- 
grated vanishes for such a limit. 
Then we have (a ^ 0) 

"sVCa +».«) = -''.«.'(«)+ I ^|=%, £l«gr.(a) 
in=o X=l ^if - a; I aa 



L^^[£/v<^)-L. 



in=0 

The identity is evidently formally true. Also within the 
least circle of radius | a + rco |, where r is a positive integer, 
we have the expansion 

iogr^(a+«) = iogr,(a)+ 2 -^ ^*i^er,(a). 

Hence, approximately, when k is large, 
Id* 1 

Therefore S }^ ^. jHe l<>g ^i W i* convergent when 

when \a^\=^\ l(k\y and s > 0. The first series on the right- 
hand side of the quality is therefore convergent, and the 

♦ * The Thooiy of the Gamma-Function,' § 27. 
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theorem may be completed by giving integral expressions for 
the asymptotic series employed. The essential difference 
between this case and that of § 2 is that the fundamental series 
are now asymptotic instead of being finite, and therefore we 
must initially employ a contour integral for their interpre- 
tation. 

Thus, if we ignore the infinity which arises when ^ = 0, 



in=0 








= Lt. Ce 

e=o Jo 


<=o 


m=0 


-)" 


ml •" 



~r{s + m + 0-\-^) ^' 

and we may interchange the order of summation in the double 
series, since it is absolutely convergent. The other processes 
previously suggested [I.F., § 37] will also serve to interpret 
the asymptotic series. 

And moreover, if 4> (x) admit a semi-Laurent expansion 
outside a circle of finite radius inside which this expansion is 
a summable divergent series for the function, and if the points 
a + moo do not lie on the lines joining the origin to the 
singularities of the function, the preceding formula is still 

valid provided the series 2 .) .f . j-i log T, (a) is regarded 
as a divergent series summable by the usual rules. 



§ 8. Combine now the theorems which have been stated 
and we see that if 4> (x) admits a Laurent expansion within 
a ring space surrounding the origin, and if this expansion 
exists as a summable divergent series within the simply 
connected area formed by joining singularities inside the inner 
circle of the ring space to the origin, and outside the outer 
circle to infinity (the latter lines being in a direction away 
from the origin), and if the points a + mco are all situated 
within this area^ we have the formula 



1=0 m=0 ^^ L"" J J;«*n» 



where the function f ((/>) is given, in general, by a summable 
divergent series. 
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§ 9. The same remarks which have been made in the case 
of the Maclaurin sum formula apply to my extension lo the 
case of two parameters [C.I.F., § 4]. 

It is possible, as I have shown in a paper shortly to be 
published, to extend the analysis to the case of any number 
of parameters. We have in fact 

11,-1 llr-l 

2 ... 2 ^ (a + »!,«,+.. .+ fw^(»^) 
mi=rO mr=0 

40 

where ^ {x) admits the expansion 2 a^a^ ; the n's are large ; 

#=0 

the functions ^8^ (a) are r-ple BernouUian functions ; 

^ (jr) ss I dx \ dx ... I ^{x)dx 

(the integration being r times repeated), and where Pr\^[x)]^^^ 
is a symbolic way of writing 

r 

*=l 
r r r 

+ 2 2 /(w,(»j+...»+...«+...+w^av) -...+ (-)''' 2/(ir^«J. 

In the first summation the star denotes that one of the n«'9 
is to be omitted : in the second summation every two different 
pairs of noj^s are to be successively omitted, and so on. 

When ^ (jr) is of order less than unity, the series 



»=0 



^ .+1 



is convergent. In other cases it is to be regarded as a 
Bummable divergent expansion which may be evaluated by 
the usual rules. 

An obvious modification gives a formula which is appli- 
cable to the general case when ^ (x) is given by a Laurent's 
series, and the conditions of the previous paragraph hold. 
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A NOTE ON THE CONDITION OF INTEGEABILITY 
OF A FUNCTION OF A EEAL VABIABLE. 

By W. H. Young. 

§ 1. ^HE usual mode of stating the condition of integra- 
•*■ bility of a function of a real variable is the 
following: — The necessary and sufficient condition for the 
integrability of the finite function /(a) in the interval {A^ B) 
is that, given any positive quantity k^ the points at which the 
degree of discontinuity is > A form a closed set of zero content. 

Stated in this form the integrability of the function appears 
as if it were dependent on the actual values of the function in 
the interval for which it is defined. The object of the present 
note is to point out that this is not the case, and to modify 
the form of the condition accordingly. Incidentally 1 have 
been led to a new theorem in the theory of Sets of Points, 
which, for the purposes in hand, is only required in a simpli- 
fied form, and is given in full at the eud of the paper. 

§ 2. Lemma : — 

If fl^j, (?,, ... be closed sets, of zero content, such that each 
is contained in all the succeeding sets^ the limiting set ff,* {in 
general open)^ possesses the property that every closed component 
of G has zero content. 

For, assigning any small positive quantity €, we can describe 
round every point of any set G^ as centre an interval, so that 

the contentf of the whole set of intervals is less than -^ • 

Now, P being any point of G^ we can, (by the definition 
of O), assign a definite integer i, such that, for all values 
of « > 1, and for no value of « < t, P is a point of G^» Hound 
each such point P, therefore, we take that one of the intervals 
specified above which corresponds to P, considered as a point 
of (?^. The content of all such intervals, corresponding to 
every point of (?, (being certainly less than the sum of the 
contents of all such sets of intervals, which is e(jH- J+...), 
or e), is certainly less than e. Thus the points of any closed 
set contained in G are shut up in a set of intervals of content 
less than e, so that, by a known property often taken as the 



* (7 is defined by the two properties : M) erery point of Gn is a point of G for 
values of n ; (2) no point of G exista wnich does not belong to some definite G^ 
the sequence. 

t That is, the snm of the lengths of the equiraleut set of non-cverlapping 
eryal«. Sec W. H. T., Fntc. L. M. S. 86, p 3»6. 
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definition of the content, the content of such a closed com- 
ponent of 6^ is not greater than e. But e could be chosen 
as small as we please, so that, the content of such a component, 
being smaller than any assignable quantity, cannot be other 
than zero. Q e.d. 

§ 3. Take now any set of points having the following 
property : — the complementary set is the limiting set of a sequence 
of closed sets of zero content; then we assert that any finite 
function having these points for its points of continuity* is 
integrabhy and secondly that every finite integrable function is 
of this type^ 

For, by the Lemma, the content of every closed component 
of this complementary set will be zero ; and it is known that 
the points at which the degree of discontinuity is > A; form a 
closed component of this set, hence the conditions required as 
as stated at the commencement of this note are satisfied, 
and therefore the function is integrable, That every finite 
integrable function is of this form is an immediate consequence 
of the condition in its old form. 

We may remark further, that if the function whose intc- 
grability is in question has other points o( continuity beside 
those common to both functions, the function is still integrable. 

Cor. Any two finite functions having the same points of 
continuity being given, if one be integrable, so is the other. 

With our formulation of the condition of integrability,^ 
Du Bois Reymond's impoiiant theorem — that a continuous 
function of a finite number of integrable functions is itself 
integrable — of which the only proof with which I am ac- 
quainted was given by Du Bois Heymond himself, Math, Ann. 
20, p. 123, — is almost intuitive. 

In fact, let /(u,, u^, ..., uj) be the function in question, 
Up u„ ..., u^ being integrable functions of oj, and y being a 
continuous function of the u's. Then the points of the interval 
in question for which the u^s are all contmuous, are points of 
continuity of the function. Hence the only possible points of 
discontinuity are those of the functions Up u,, ..., u^. Assume 
that they are all points of discontinuity ofy. Then the points 
of discontinuity consist of a finite number of limiting sets, of 
the kind described in the enunciation of the theorem of the 
preceding paragraph. 

* l^liat Buch f mictions alwajs exist has been proyed by me elsewhere. 
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But the sum of a finite number of closed sets of zero 
content is itself a closed set of zero content. Hence the points 
of discontinuity of y form a set of the right type, and the 
theorem follows. If the points are not all points of discon- 
tinuity of/, then the result still follows, by the remark made 
at the conclusion of the preceding paragraph. 

§ 5. The lemma stated and proved in § 2 is a special case 
of the following theorem, which may be regarded as a further 
contribution to the at present incomplete theory of the content 
of open sets : — 

If fl^p G^,, ... he a countahly infinite sequence of closed sefSy 
dense nowhere^ sitch that each is contained in all the succeeding 
setSj and I the limit of the content of O^ when n is infinite^ 
the content of any closed component of the limiting set O cannot 
exceed /.* 

Let the content of O^ be denoted by /^ and the length of 
the whole segment by /; then (I- I J is the content of the 
black intervalsf of O^. Also 

Assign any small quantity e. 

Take a finite number of the black intervals of (?j, such 

that their content lies between (l — I^ and ll- I^^-A^ and 

cut off from each end of each of these a fraction --^jj — Y\ ^^ 

e 
its length. The content of these parts being less than j 9 and 

the same being true of the remaining black intervals of O^^ 

the content of the curtailed intervals lies between (' "-'I ~ «) 

and (l—I^)^ a fortiori their content is greater than (I —I- e), 
and they contain no point of O^ as internal or end-point. 
Outside these we have a finite number of non-overlapping 
intervals, containing all the points of (?p whose content lies 

between (-^,+ 0) and 7^. 

Now, since the black intervals of (7, lie inside those of G^,, 
inside the above curtailed intervals there will be black intervals 

* Cp. Osgood's theorem that when G is closed its content is /, Amtr, Journ., 19, 
also W. H. Y , Proo. L. M, 5., 86, 269. 

t That is the non-oferlapping intervals free of points of 0^ whose end points 
are points of 6V 
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and parts of black intervala of (?„ whose content lies between 

(Z — /, — -) and (Z — 7,). Among these we can choose out 
^ . f e e\ 

a finite number whose content lies 'between (^""-^«"-5 — «) 

and (l-l^\ and curtail each at each end by a fraction 

e 
-j-rj — jr- of its length ; the content of these curtailed interTals 
2 (t — i,) / e e\ 

lies between (^"-^i~o""i) *°^ (^"-^i); €i fortiori the con- 
tent is greater than (l-I-e)^ and they contain no point 
of O^ as internal or end point. Outside them we have a finite 
number of non-overlapping intervals (consisting of the former 
ones, possibly lengthened, and possibly new intervals), con- 
taining all the points of (?„ and of content lying between 



(A-M) 



and /,. 



Proceeding thus in turn with <?,, (?^, ... we construct at 
each stage such a finite number of intervals, and since each 
interval so constructed is either lengthened or left unaltered 
at the next stage, so that it has a definite limiting interval, 
we determine in this way a definite set of non-overlapping 
intervals whose content is not greater than the upper limit of 



(r e e e e\ 



for all values of «, and is therefore not greater than (/+«), 
and containing every point of O as internal point. Now, by 
a known theorem* there are a finite number of these intervals 
containing the points of any closed component of (?, and if J 
be the content of this closed component, the content of those 
intervals cannot be less than J. Hence J is not greater than 
(I+e). Since e may be as small as we please this proves the 
theorem. 

It may be noted that this theorem indicates the existence 
of unclosed sets, such that, though every closed set containing 
them has content as large as we please, every closed set 
contained in them has content as s^nall as we please. In 
another place, [loc. cit.) I have given an example of such a 
set in the segment (0, 1), where the content of the set got by 
closing it lies between ^ and |, while, by the theorem just 
proved, it contains only closed sets of content zero. 

• See W. H. T., Proc. L. M. S., 35, p. 887, " Given any closed set of points on 
a straight line and a set of intervals so that every point of the closed set of points 
is an internal point of at least one of the intervHl;*, then there exist a finite number 
of the given intervals having the same property." 
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NOTE ON THE FUNCTION e*^'^'~*^dt. 
By O. H. Hardy, Trinity College, Cambridge* 
§ 1. TT is welUknown* that 

iinhuo; . irsin2/i7r 



t Hinhu 

J ^ sinb ^x cosh 2a7r + cos2/iir * 

f* cosh ita? , 27r cosh aTT cos uw 

r-^r- COBaxdx= r-- , 

J I cosh ^x cosh 2a7r + cos 2/A7r 

if a 18 real, and 0^fi<^. 

If we mulfipiy both sides of each of these eqaations by 
e-^«' and integrate from a = to a^aoo, with the Lelp of tho 
formula 



we obtain 



I (r^«'cosa.r(fa^J^Q)e ^^ ^ 
(1) . ■ . 6 ^^dx 



and 



Jo C08h2a7r+C08 2/47r* 



w/_ 



cosh/ijr -^ 



cosii ^x 

fe 4 V(P^) cos /ITT i 4 

^ ^ Jo cosh 2a7r + cos 2;Lt7r 

In certain particular cases these formulae take a sym- 
metrical and very elegant form* If e.g. we make /Lft = ^ ia 
(1), and put 



^»«, i0 = h 



* P«e e.g. Harknera and Morley's Introduction to th€ Theory of Analytic 
Functiotig^ pp. 226-229. 
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we obtaiQ 

J , cosb 7r$ " J ^ cosh ir£ ' 
if aisir*. SLmllarljc, by making ^i :k ^, so that 

siiih/LiO? sinhj^j? I 

siuh J-B "* siuli Jx " 1 f 2 cosh \jg * 
and putting 

we obtain 

'■^ " J, l + 2co8hir5~ J, I+acoshw^' 
if oi s (I v)*- if we make /* = ^ in (2), and put 

we obtain 

^ ^ J^ COshTT^ ^ J^ cosh 71$ ' 

ifaA=:(i7r)'. 

§ 2. These formulsB at once suggest certain formuIaB proTcd 
by Cauchy, of which 

(aJ = tt) is typical. These are, of course, special cases of the 
formulaa for the linear transformation of the Theta-functiona. 

We may transform {3\ (4), (5) in such a way as to render 
their analogy with Cauchy's formulae more apparent. For it 
is easy to prove that, if 

e-«rcoft2nrtg 

"6i 



I. ("■>'[ 



cosh TT^ 
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80 that (3) takes the form 

a>{ei«-el« + eV«-...+ (-r*e(«-4)'« + (-)%«'«/. (a)}, 
«M|rf*-el* + eV* -...+ (-)-* e(»-*)'* + (-)-e«'*/.(6)|. 

A similar transformation may be applied to (4) and (5). 
However, it seems that these formulsB cannot be themselves 
deduced ifrom the theory of elliptic functions, but depend on 
the theory of the infinite products (such as the Double Gamma- 
function) out of which the elliptic functions may be built up. 
On the other hand I have been able to connect them with 
Cauchy's theory of reciprocal functions in a way which seems 
to me interesting. 

§3. It follows from Fourier's double-integral theorem, 
that if 

^ (a) « a/(:^) J ^^^^-^ * W ^-^1 

(a) = A /(-) cosao; ;// (x) dx ; 

then 

provided ^ (x) satisfies certain conditions. Cauchy calls ^ (j-) 
and -^ (x) reciprocal functions of the first or of the second 
kind. Since 

e-4«'= ./(-j cosaxerh^^dx^ 

the function e-*** is its own reciprocal of the first kind. So 
far as I am aware, Cauchy gives no example of a function 
which is its own reciprocal of the second kind. 

This property is, as I shall show, possessed by the function 



tlien 



and if 



'W-j; 



e'^"-^dt. 



02 
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§ 4. Before proving this it is essential to investigate tbo 
behaviour of ^ (a?) for very large values of x. 
Now 



'h-i^[.7^'- 



And as 



^|^?^^, = _i^.J-J|(e^,, = ^..3^£^^ 



and 



It follows that 






where p is a quantity whose modulus is less than ^. 

This process can evidently be repeated ; in fact the asjm* 
totic expansion of 



-1. 



1 1 1.3 1.3.5 



It follows that 

I sin oar {x) dx 

Jo 

is convergent. I shall now prove that the integral is equal to 

a/Ij )♦<"'■ 

♦ E. T. WliitUker, Modtim Analysis, p. 166. 
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§5. If 

^ (a) = j sinour ^ {x) dx^ 

^4«' i/^ (a) = I e-i«' sin ax ^ {x) dx. 
We cannot differentiate this eqaation by the ordinary rule, 



Bince 



I ~ (6-4«' sin ax) ^ {x) dx 

is divergent. But we can obtain the value of the integral on 
the right by a procedure devised by M. de la Vall6e-Pou8sin.* 



If a>i8>0, 

a 



r 9 

€r4«*Binaa?— e-W"sin)3«= ^ (e-*«'siaflwr) da 

= I 6-i«' (oj cos owj — a sin aa?) da, 



and so 



4rha'^P{a)-e-i^yP{/3) 

sslim. ih(x)dx e-*«*(a:cosajr — asina^)c?a 

= lim. j e-i«*da J (a? cosow? — a ainax) ^ (j:) (&^ 



Now 



j (a? cos 0W5 — a sin our) «** cfo? I e-*<V^ 

* f cosfluc ^ (e**^*) rfo: f e-i^'i^ 

= cosflure* j e-i^c7n + j cosaxdx 



* See Stolz, GrundzHgtj iii., p. 28, 
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(on integrating by parts) 



Now 



<(«-/8)e»''|^e-»'rf<, 
the limit of which for Xa>co is 0; and* 

■f 



lim. I eri'^da^O. 



Hence 



f i.00 

Now e-*^i/.(/S)= e-i^alniSar^ («)<£», 

•'o 

and it follows from the fact thatf for large values of ^, 
*{«) = -+-, 

that lim.e-i^;/.(/3)-^. 

Hence 

ie. ^ (a) - ^(f) ^*"7l^^' = \/(^) * W- 

Hence 4>[^)^e^\ ^^dt 

19 tlf9 own reciprocal of the second kind, 

* Kronecker, VorUsun^tn Sher IntegraUy p. 69. 
t QuarUrly Journal^ Vol. xxxiy., p. ik. 
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§6. Cauchy proved that if ^(.c), i/^(^) were reciprocal 
funciioDS of the first kind, and a^ fi were real quantities such 
that ttid = TTf then 

= V/3{J)A(0) + 1^(^)4^(2)8) +...}, 

of course under certain conditions. The integral formuln, 
which I gave in § 1, can be deduced from a similar relation 
which holds between two reciprocal functions of the second 
kind. 

Suppose that ^ (x) is a function of the complex variable 
X « ^4 ti7, analytic within and on the boundary of the rectangle 
formed by the lines 

and that ^ (f + iv) tends steadily to the limit when | tends 



to Qo , for any value of 17 in (0, k). And let us integrate 



dily t 
,k). 



/; 



tMda: (\>0) 

COSIT^ ^ ' 



round this rectangle, avoiding the poles by small semicircles 
in the usual way. In the limit, when the radii of the semi- 
circles are indefinitely diminished, and ' N is indefinitely 
increased, we obtain the equation 



J, cosir(f + U-) J. 

When k is Indefiahelj dlmutished the last iutegral tends to 0. 
I sliall suppose now that the first two derivates of (^ (x) 
are continuous throughout the rectangle and vanish for fssoo , 
and that the integrals 



cosh ir^ 



♦ {x.(5+t*)}«(*'^^)'f''rf5, 



{\(5+tifc)le(2'«-')'e'V?, 
J» . 
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are uoiformly convereent for fi = 0, 1,2, ..,, and all values 
of A; in a small interra! (0, A*'). Tbcn 

. J, cosr (K-¥ik) * 

-2S(-)"«-(«»+l)»* f"'^|X(5+t*))e(*'H^'>P«^. 
• ■'o 

Now 

f'*^|X($ + i>)le(«»+»)-C«J5 

(2/» + 1) irt 

But 2 Jz^«-(2«+i)»* 

2n+l 

and S , ^~)' . g-ff'H-'M 

(2n+l)" 

are continuoas for it = 0. 
And 

2 ,./~^'v e-Ca-H-iM f * f jX ($ + tX-)} c(2»+i)*C* <f5 

is aniformlj convergent in (0, A;'), and (ticrefore continaoas 
for k — 0. Hence 

A=0 J. C08w(g + »AJ ^ . ^ Mo ^^ ^ 

§7. Equating the real and imaginary parts in (6), and 
making A ss 0, we obtain 
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and 

(8) 2(-/^j(n + J)\l = 2 2(-)" f*^(XS)Biii(2n + l)7i5rft 
These formulsB may also be obtained by other* methods. 
§ 8. If now yff [x) is the reciprocal of the second kind 

0f^(a:), 

;^(a)s= . /- Sin ou" ^ (x) flfj?, 

and j%{XD8in(2n + l),r?rf5=^y/(^)^{(2n+I)j|. 
And if \/iA = 27r, 

(9) V>.S(-)>l(« + i)Xj = V/*l(-)"^l(« + i)M}. 
If, for instaoce, 

«W=^ (o<«<i), 

72 r (1 - »«^) COS^^TT 

" V ^ oT^ ' 

and the formula gives, after a little reduction, 
(10) Sy-^-i— = (-) cos^gTrr (1-^)2 ^^ ^ \ ,_, . 

This formula was originally found by Schlomilcbf from 
the theory of Fourier series, and has since been generalised 
by various writers, notably Lipschitz4 SchlQmilch also 
showed how to deduce the general formula (9). 

It is to be observed that in the particular case in which 
^ [x) = x\ the argument of § 6 requires to be modified slightly, 
owing to the fact that ^ (a:) becomes infinite at a? = 0. 

* See a paper < On differentiation and integration of dirergent series/ Trant. 
Camb. Phil. Soc., xix., p. 297. 

t Zeitsehrijt /iir Math, und Phy$.^ ili., p. 130. 
X Crelle^ cv., p. 127. 
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§9. Now 

(11) I f—,dx=>Jir.ei^\ e-fdt. 

For if we write r for A*, and diflferentiate with respect to r, 
we fiud that the integral is a solution of 

da - /ir 

the solution of which is 

(where X> s -7-] or 

where ^ is an arbitrary constant. To determine K we notice 
that for r = 0, 11 = Jir, so that iTss 00 .• 
But 

J. coshirjj IT J. •(2n+l)* + 4»* 

ftaj. And 

SO that F{—\ 18 its own reciprocal of the second kind* Hence 
V« S (-)-i^{(n + J) -|| - V/3 2 (-)• F^n + i) ^J , 

* Bee a. F. Meyer'i edition of Dirichlet*! lectium 
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if aiS = 27r, or 

Va S i-TF{{n + ^) al = V/3S H^FUn + J) S], 
it al3 = TT. Thus, finally, 

Va — r — dx^ ^13 \ — r — <i», 
J ^ cosh TT* J ^^ cosh irx 

if a/9 = TT. 

§10. We can- also prove this in^ithout the use of the 
equation (9). For 

and since 

a J ^ a yw \a/ ' 

a 

where o^ » ^ ; and therefore 

§ 11. In the same way it may be shown that (4) of § 1 is 
equivalent to 

Va {Fiia) - Fiia) + F{^a) - ^(^a) +...| 

{olI3 ~ fir), a formula which may be found as in § 6 by means 
of the contour integral 



/' 



'(^ (ax) sin irx j 



smSTT^c 
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And (5) of § 1 IB equivalent to 
Va lF(i«) + F^la) - Fi^a) - F{ia) +...} 

= ViS lF(^/9) + F{1$) - F(^0) - Fil0) +. 
(afi = ^n-), which may be found by means of the integral 



/: 



•^(flur) 



cosirx 



erh^^dx. 



§ 12. The formul» (3), (4), and (5) of § 1, wLich were 
proved on the supposition that a was real, are easily extended 
to other values of a. For 



J COShTT^ J COShTT^ 



is an analytic function of a throughout the region for which 
the real part of a is positive. 

If we write ae*^ (a > 0) for a, be-*^ for i, where ah = w\ 
and make ^ increase from to ^tt, we obtain ultimately 

(a, 6 > 0, aJ = ir'). 

In the case in which a is the reciprocal of an odd integer n, 
the value of the 'first integral has been found by Kronecker.* 

Integrate 

C e " dx 

J COSTT^e 

round the contour bounded by 

avoiding xe^^n by a small semicircle. The contribution of 
the sides 17 » ± F vanishes when Y is made infinite* For 
consider 

j*** exp. 1^* iK±iYy\ secTT a±aO d^. 

* Cre/&, cv., p. 8i6. 
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The modulus of the subject sf integration is 

2^5 n 



205 



V2exp. (:F?^) 

V(co8h 27r r + cos 27rg) ' 

which is less than a constant H for all values of 5 in (0, Jw) 
and all large values of Y. Hence we can choose e sp that 



/•in 
J in-. 



<o- 



for all large values of F, however small be o-. And if 
£ ^ ^ ^n — 8 the modulus of the subject of integration is 
less than 

2e7rr> 



^ / 2e7rr\ 



where ^ is a constant; and this tends uniformly to for 

F=s 00. 

The contribution of ^ = is 



irxri' 



mri* 



f e ^ , . f e ^ 

J -^ cosh irtf " J ^ cosh irtf * 

when Y is made infinite. That of ^ = ^n is 



COSTT 



n+l n2ri ^oo 



-riij' 



siuh 7717 



dr) 



n-l niri ^oo ir»n* 
= (-)~2 2e •* 6 « C?17 

•^ 
n-l (n-l)Tri 

That of the small semicircle round x^\n is 

n+l fvfti 
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Hence 

where the Bommation extends from * = to 4 = J(ii-l), and 
t* = i if X: = J (w - 1), = 1 otherwise. 
Ihus 

00 COS n-i 

+i(-r..«i>{(t+j)'r}. 

If n s 1 we find 

(17) r4!:L^,=i±£(Viiii). 

^ ^ J. coshiTf/ ' 2 V2 ' 

and as 

1 + 1 rV2 - 1) -2 4- 2 V2 -I- 2/(^2 - 1) 1 -ht |^- 

this affords a verification of equation (12). 

It is evident that from (12) and (13) we can deduce the 
values of 

p coswTriy* ^ sin mrrj ^ ' 

J, coshTTiy ^^ J^ coshTTiy ^' 

for all odd integral values of n. 
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§13. If n is even and =27w, the argument is the saiu 

except that a; = - is not a pole, and the contribution of £ = 
18 ^ 

C08 7r|^- + tl,j 

J-OO cosh ITfl 

= (-)"2te'*" I e"~» <?.? 

•^ 

Therefore 

(18) I £__?:2=^(-)i»e * Vw- 2 (-)**»e 

"^ ^ J , cosh Tri;^^^ ^ jb=o ' 

^ cos — - 
^ sm 

Thus we can find the values of 

00 cos — 00 B»n — 

j^ cosh 7117 ' Jo coshTTi^ ' 

f* cosMTTiy* - r* sinwTTfy* ^ 
J^ coshTTi; * J J coshTTi; 

for all integral values of n. 
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ON THE CONDITIONS OF INTEGRABILIIT OF A 
FUNCTION OF A EEAL VAEIABLE. 

By E. W. HoBSOW. 

^HE necessary and sufficient conditions that a limited 
•*• function f{x) defined for tbe interval (a, A) of the real 
Tariable a;, is integrable in the domain of the variable, have 
been reduced by W. H. Young* for the first time to a form 
which Involves only a statement as to the properties of the 
set of all the points of discontinuity of the function. It is 
ray object here to shew that the interesting and important 
results obtained by Mr. Young are deducible in a simple 
manner from' Prof. Osgood's theorem! relating to the content 
of the limiting set of a sequence of non-dense closed sets of 
points. 

Let fl^p G^,, ..., (?^, ... be a sequence of non-dense closed 
sets of points, such that each set is contained in the next one 
of the sequence, and let O denote the limiting set, i.e. a set 
which contains every point which belongs to any set of the 
sequence, and no other points. Osgood^s theorem is that if 
/ ( Gj denotes the content of O^^ then provided O is closed, 
the content of O is the limit, when n is increased indefinitely, 
of I(^G^). In general, however O is unclosed, in that case 
let us denote any closed set which is part of (?, by i ; it 
will be shewn that the content of L cannot exceed the limit, 
when n is indefinitely increased, of /((?J. 

Since L and O^ are both closed, their common divisor 
D {L^ G^) is closed ; by the common divisor is meant the set 
of all points which are common to L and G^. Moreover, 
D(L^ GJ cannot have a content greater than I(GJj since 
-D (X, GJ is a part or the whole of G^. It thus appears that 
the sequence of sets -D(A G^,), D (Lj d?,), ..., 2>(A G^) .,. 
is such that the content of each set D{Ly GJ does not 
exceed the content I(GJ of the corresponding G^. Now it 
is clear that L is the limit of D(L^ GJ^ hence by Osgood's 
theorem, since L is closed, its content is the limit of that of 
D (L^ G ), and this clearly does not exceed the limit of 

It has thus been shewn that the content of any closed set 
whatever, which is part of G^ does not exceed the limit, 
when n is indefinitely increased, of the content o( G^. 

* See his " Note on the condition of integrabilitj of a functioa of a real 
Tariable," Quarterly Journal^ Vol. xxxv. 
f See American Journal, Vol. xix., 1807. 



Digitized by CjOOQIC 



Mr. Jeans ^ A general dynamical theorem. 209 

If (7p G,, ..., (?^, ... are the sets of those points at which 
f{x) has discontinuities which are ^ A*,, ^Ar, ..., where 
^j, A* , ..., k^^ ... IS a sequence of diminishing positive numbers 
which converges to zero, it is well known that for any point- 
wise discontinuous function all these sets are closed, and that 
the necessary and sufficient conditions for the integrability of 
the function, is that all of them have content zero. If 
/(0^J = 0, for every value of it, it follows that the limit of 
J(OJ is zero, and hence that the content of any closed set 
contained in O cannot exceed zero. 

Moreover, if the content of every closed set contained in O 
18 zero, the contents of G^^ O^. ..., each of which is contained 
in G, are all zero. This proves VV, H. Young's theorem 
that the necessary and sufficient conditions of integrability of 
f{x) are included in the statement, that every closed set 
which is contained in the set {?, of points of discontinuity of 
/ (a:), has zero content. 

I may remark that conversely it may be easily shewn that 
Osgood's theorem is at once deducible from Young^s theorem, 
that no closed set contained in O has greater content than 
the limit of KOJ. For if O is itself closed, it follows that 
the content of O is not greater than the limit of I(G^); 
moreover, the content of O cannot be less than the limit of 
/(G^), since for every value of w, I(0)^I(0^), It thus 
appears that 1(G) is equal to the limit of /(^.) when n is 
iuaefinitely increased* 



A aENEEAL DYNAMICAL THEOREM, AND ITS APPLI- 
CATION TO THE KINETIC THEORY OF GASES. 

By J. H. Jeans, MA. Trinity College, Cambridge. 

Introduction, 

§ 1. TN a recently published paper, " The Kinetic Theory 
-*■ of Gases developed from a new standpoint,"* I 
shewed how the Kinetic Theory could be based, independently 
of special physical assumptions, upon the results of general 
abstract dynamics. The paper, however, applied only to a 
gas in which the conservation of energy was supposed to be 
satisfied throughout, and it was found necessary to«end the 

* Phil. Mag. [6], Vol. r., p. 597. 
VOL. XXXV, P 
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paper hj an admission tbat this snpposition had not led to a 
satisfactory conclasion. It appeared that to obtain resalta 
in agreement with experiment the dissipation of energy must 
be taken into account throughout. 

It might be thought at first sight, by those who have 
read the former paper^ that it would be an easy matter to 
rewrite the paper, taking account of the dissipation of energy 
represented by an unknown general dissipation function. 
Unfortunately this is not so. In the former case the ultimate 
result happened to be entirely independent of the constitution 
of the molecules of the gas. In the present more general 
case, in which the gas is not supposed to satisfy the conser* 
ration of energy, no ultimate general result of this kind can 
be obtained. The objects of the present paper, and of the 
one immediately following it, are therefore tii*st to develop 
the general dynamical theory as far as possible on the lines 
followed in the former paper, and then, when further progress 
is found to be impossible on account of our ignorance of the 
structure of the molecules, to examine a single illustrative 
case of the general theory, and attempt to deduce results for 
the molecules of nature. 

§ 2. As a preliminary to the general dynamical theory, 
it must be explained how it is that a gas in nature is adequately 
represented by a system of similar molecules and a dissipation 
function, and we must investigate the appropriate form for 
this dissipation function. 

We shall assume that the complete dynamical system 
consists of the molecules of the gas and the ether by which 
these molecules are surrounded, and we shall therefore 
suppose that all energy lost to the molecules is energy gained 
to the ether. But in estimating this quantity there is a 
difficulty, for we do not know sufficient about the line of 
demarcation between ether and matter to be able to say at 
what stage precisely the energy is transferred from the one 
to the other. 

Happily there is no need to probe into this difficult 
question. The dynamics of those parts of the ether which 
do not contain any matter are, at any rate if we assume 
Masweirs electrodynamical theory, sufficiently well under- 
stood. If S^J S^ are small surfaces surrounding the molecules, 
we know that at any point outside these surfaces we havOi 
if E, H are the electric and magnetic forces, 

div. E^O, div. H^sO ....(1). 
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The total energy, electrostatic and electromagnetic, inside 
any one of the surfaces, say 8^y is known to be 

^j;;(i..+ Q' + R' + a^^ + fi^ + y^dxdydM ....(2), 

where P, Qj R and a, /3, 7 are the components of electric and 
magnetic force respectively. The total flow of energy 
outwards across the surface 5^ is known, as shewn by 
Poynting, to be 

;lj;[EH]rfS. (3). 

Now if f„ f,» ... are the generalised coordinates of 
position and velocity of the system inside 8^ we have at 
^Yerj point inside 8^ 

div.E=/(f.,f..-0| f^x 

div.H = «(f.,f....)l ^^' 

where / and ^ are functions of the coordinates which are 
theoretically calculable, the latter being almost certainly 
Eero. From equations L and 4 we can calculate E and H as 
functions of all the coordinates of the various systems, and 
from these we can calculate the Poynting flux given by 
expression (S), also as a function of these coordinates. 

Let us, then, regard the energy of the system inside 8^ 
as the total material energy of this system, if any, plus the 
total electric energy, electrostatic and electromagnetic, 
associated with the ether inside fij, this latter being given 
by expression (2), Then we may legitimately regard 
expression (3) as a dissipation function of the system inside 
<8„ and the motion of the system will be deducible from a 
knowledge of the forms of the energy function and of the 
dissipation function just defined. Taking this view of the 
system, the interaction between matter and ether is repre- 
sented by the existence of the dissipation function, which may 
be interpreted physically as evidence of the radiation of 
electromagnetic waves and *' pulses" into the ether; and the 
interaction of the various molecules inter se is represented 
by the fact that the energy and dissipation functions of 
system 1 depend not only on the coordinates of system 1, but 
also on those of systems 2, 3, ... . 

If, during the motion of the molecules, two or more of the- 
surfaces /S^ /S. ... intersect, an obvious slight modificatioa 

P2 
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must be made io the conventions just stated. Instead of 
integrating expression (3) over the surfaces separately to 
obtain the dissipation function, we must integrate onlj over 
the single closed surface formed by such as intersect. 
Similarly, instead of integrating expression (2) throughout the 
volumes enclosed by the surfaces separately to obtain the 
energy, we integrate only throughout the single connected 
volume formed by such as intersect. In this way we fail to 
obtain the energy and dissipation functions as the sums of 
contributions from individual molecules, and obtain theae 
functions only in the aggregate, a limitation which is of no 
importance as regards the main results to be obtained. If, 
on the other hand, we are willing to assume that there is a 
definite fixed line of demarcation between matter and etber, 
and that two portions of matter cannot occupy the same 
space, then these difficulties are obviated, and we can 
associate definite terms of the energy and dissipation functions 
with each molecule. 



The General Dynamical Theory, 

§ 3. We can now, in the main, follow the method adopted 
in the former paper. That method being based on Liouville's 
Theorem, we must begin the present discussion by investi* 
gating the more general theorem by which this is to be 
replaced when the conservation of energy does not hold. 

We consider a general dynamical system specified by the 
« coordinates j,, q^ ... q^ and the n corresponding momenta 
Pa\Pv "'fPn' ^^^ ^^^ suppose all possible configurations of 
this system represented In a space of 2n dimensions, corre- 
sponding to the 2n variables 

Pv Pti '" ?«» ?i) ?«i •••» in (5)- 

If E 18 the energy of the system expressed as a function 
of the q^B and j's, we have 



^•=af. (^)' 

and the equations of motion of the system will be 

Bt dp. ^^1' 

a' " • a?. ^. ^ ^' 
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%here E is dow e^tpressed as a function of 

PoPt^ •••)P»» ?!»?!' •*•» ?o 

and F is the dissipation function, expressed as a function of 
?i» •••> ?n' ?ii •••» ^n* -^^j then, a point moves in the general- 
ised space with the velocities prescribed bj equations (7) and 
(6), its motion will represent the changes in the configuration 
of the original system, started with coordinates and velocities 
represented by the starting point of the point in question. 

As before, we do not consider the motion of a single point 
in this space, but the motion of an infinite number of points 
starting from all parts of the space. We therefore find it 
convenient to suppose the space tilldd with a continuous fluid, 
the fluid being the aggregate of all these points. Equations 
(7) and (8) are therefore the equations of motion of this fluid, 
and the elimination of the time from these equations will lead 
to the equations of the paths or stream lines along which the 
fluid move8> 

The hydrodynamical equation of continuity in the general- 
ised space, expressing the permanence of the points of which 
the fluid is composed, is 



Dp 
JJt 



-'i:(i-i.)=» '"• 



where, as usual, DpjDt denotes differentiation following an 
element of fluid in its motion. 

From equations (7) and (8), we obtain 

BO that equation (9) becomes 

^r^hw^i. ^''^' 

In the special case in which F^O, this reduces to 
DplDt^O^ 

which IS, of course, the expression of Liouville's Theorem. 
Equation (10) therefore expresses the general theorem which 
must replace that of Liouville when the conservation of energy 
does not hold. 
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§4« In the former case, in which we had ^=0, the 

5rocedure . was one of extreme simplicity. Since we had 
)p/ Dt'^Oj it was clear that a distribution of fluid which was 
of uniform density at one instant would remain of uniform 
density throughout all time. Hence a generalised space 
filled with fluid of uniform density supplied a basis of 
investigation which was independent of the time. It was 
therefore possible to prove-, by taking a census of the 
different points in the generalised space, that all except an 
infinitesimal fraction of the space represented systems for 
which the well-known propositions of the Kinetic Theory — 
equipartition of energy, etc. — were true, and hence that these 
propositions would be true (except for a theoretical infinite- 
simal probability of error)'for a gas selected at random. 

In the present instance this method fails because the 
space filled initially with homogenous fluid does not supply 
a basis of calculation which is independent of the time, it 
may be (and, as will be seen, actually is) the case that the 
fluid tends to crowd just to those parts of the space which 
represent systems in which the former propositions are not 
true. To investigate these questions, we commence by seek- 
ing for a basis which shall be independent of the time. 

§ 5. For the sake of brevity, let us write 

1S35.=^^ -"'^ 

80 that we can write equation (10) in the form 



wr^"^ (^'J- 



We now have 



,=1 t=i9p.»A9?/ 



by equation (6), expressing AF as a function of the ^^s only* 
Since E and F are Dotb positive for all values of the variables^ 
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it follows that AFis positive throughout the space, and hencd 
from equation (12) it is clear that as we follow the motion 
of any element p continually increases. Also, as we follow 
the motion E decreases, so that the motion of the points in 
our imaginary space is one of concentration about minimum 
values off, and, in particular, about £=0* 

§ 6. The change in E as we follow any element in its 
motion is of course 



DE _ •=« /a^ dq. dE dpA 

^« "^iva?. dt ^dp. ht)' 



_'=^dEdF 
*=i ^P. 9?. 



by equations (6) and (7), 

"^^i^^.dp/ 

^'.I'^Tpr 

= - 22^. (13>, 

Prom equations (12) and (13) it appears that aa we 
follow the motion of any element 

D£~ ^ 2F ^^^'' 

and D may now be regarded as the symbol of differentiation 
along a stream-line in the imaginary space. The equation 
just obtained has the integral 

P^Poe^'"' (16), 

where the integral is taken along any stream-line, and p^ is 
the value of p at the lower limit of integration. 

§7. Equation (15) is an equation between p and the 
coordinates in the imaginary space: it does not involve the 
time. Hence it follows that, provided the initial distribution 
of points in the space is such as to satisfy equation (15) at 
every point, the motion of these points will be ^* steady 
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motion " in the bydrodjuamical sense. To obtain sacb a 
motion, then, we may assign arbitrary densities over any one 
of the loci E= constant ; the density of distribution of points 
IB then uniqaely determined throughout the whole space, and 
is given by equation (15). The space, filled with fluid in this 
way, supplies what we require, namely a basis of investi- 
gation which is independent of the time. 

By distributing the arbitrary densities in different ways, 
we shall obtain the various distributions of points in the 
imaginary space which are appropriate to the discussion of 
different problems — i.e. to the discussion of gases about which 
various data are given. For instance^ suppose we know that 
a gaseous substance has cooled, undisturbed by external 
agencies, from some higher temperature at which its energy 
was E^^ and that nothing further as to its past history is 
known, then we may appropriately suppose the Imaginary 
space filled with a distribution of points such that the density 
over E^E^ is constant, say equal to unity. If the present 
energy is E^^ the density of points over E=^E^ is, by 
equation (15), 

P = «P-(/^*||'^^) (16)- 

Application to a system with an infinite number of 
degrees of freedom. 

§ 8. We now introduce the simplifying assumption that 
the system consists of a very great number of parts [e.g^ 
molecules), so that n the number of momenta is very great. 
Let p' denote the mean value of /?/, p,*, ..., p ' at any point 
in the imaginary space. Then in general E is of the same 
order of magnitude as w^', while AF/2jP is obviously of the 
order of 1 /^. Hence we can write 



1 r^p af 

i '^dE^<t? (17), 

n]E^ 'iF ^ ^' 



and 4> remains finite when n becomes infinite, being, as we 
have seen, always positive. 

The distribution of density in the region E=E^ is now> 
by equation (16), 

/>=«"* ...(18). 

There is therefore a point (or series of points) of maximum 
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density obtained by making <t> a maximum, and the density 
here is infinitely greater than that elsewhere. We have now 
to examine in what way the density falls off as we recede 
from this point, so as to determine whether the whole 
aggregate of fluid for which E^E^ may be regarded aa 
.being concentrated about this point (or series of points). 

Let <I>Q denote a maximum value of <l>, and suppose that 
this value occurs at the point p',, /?',, •••j^'nJ ^^^^^ ^" ^'^® 
immediate neighbourhood of this point we can expand 4> in 
the form 



84> 



..(19), 



where the differential coefficients are all evaluated at the 
point at which <t> = 4>^. iSince 4> is, by hypothesis, a maximum 
80 long as E is kept constant, it follows that over the surface 

(;'.-y.)|^+...+ (?.-?'j| = o (20). 

Hence the region for which E=E^^ and for which <I> lies 
between ^^ and an adjacent value 4>,, is bounded by 



i(^.-/»)*P+-..= *.-*. 



•(21). 



When fp,— p'j)*, ...? are small enough, this is the equation of 
a small closea boundary, an '' ellipsoid " of 2n dimensions. 
The volume of this ellipsoid is a Dirichlet integral, of which 
the value is found to be 



^4- 



where 



A = 





(*,- I'J'-A-l 


8'* 

cp,dp,' 


8'* 

a** 

bp: ' - 



•(22). 



.(23). 



The equation of the plane E=E^ is equation (20), hence the 
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maximam normal distance isr of the ellipsoid from this plane 
is found to be given by 






(^.-*.) (24). 



The intersection of the plane (20) with the 2n dimensional 
ellipsoid (2 1) determines a (2/t - 1) dimensional ellipsoid. This 
latter ellipsoid contains all points for which 

E^E^ and <I>j<4><4>,. 

If fl be its volume, the volume of the original ellipsoid (21) 
is proportional to Her, and is equal to expression (22). Hence 
we see that the volume 12 may be written in the form 

a=C(ci>,-.4>ji("-'), 

where C does not involve 4>p being given by 



(7= 



(2n-)^"A"^ 



r(i + i/i) 



(^)"- 



-li 



8*///?)''* 






.^ih). 



By diflFerentiation, the volume for which E=:E^, while <I» 
lies between *, and 4>, + rf*, will be ^ (n - 1) (7 (^, — *)*<"■*>. 
Hence the aggregate mass of fluid representing systems for 
which E^ £'„ and <Sf lies between $, and *„ is 



J (n - 1) C [*%»♦ (*. - <P)i«»-»W* 



.(26). 



The integrand vanishes at <^ = <^^. After this, as ^ decreases, 
the integrand increases until it reaches its only maximum. 

which occurs when <^,-<^ = jri — j, and then decreases. 

In the limit when n = oo , this maximum is given by 

^ = <E».-i (27), 

and if this value lies between ^^ and ^„ the whole value of 
the integral (26) is given by contributions from the immediate 
neighbourhood of this maximum, and is equal to 



Cr{Hn + l)}w-*f:'}e"*. 



.(28). 
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This resalt, however, only holds subject to the condition that 
we may neglect terms of order higher than the second in 
equation (19). 

§ 9. Assuming for the moment that this condition is 
satisfied, our result shows that all the fluid for which E=^E^^ 
and which is in the neighbourhood of the point of maximum 
density <P = ^^^ may be supposed to lie within the boundary 
defined by equation (19). In other words, the fluid is seen to 
flow into small clusters of stream-lines, a cluster surrounding 
each maximum value of ^. All except an infinitesimally 
small proportion of the fluid for which E=^E^ will lie in one 
or other of these clusters. 

The amount of fluid surrounding the maximum <^ =s ^^ 
is given by expression (28). In comparing the amounts 
surrounding two difierent maxima <^^ and ^^ the ratio of 
the two factors c"*«, e"*'» will of course be infinite or zero 
according as ^, - ^\ is positive or negative, but it is 
unfortunately impossible to determine the ratio of the two 
C's, given by equation (25), for the ratio of the two A's 
(equation 23) may be infinite or zero. We therefore see that 
in general the ratio of two expressions of the form (28) will 
be either infinite or zero, but it is impossible to determine 
which. In other words, we can see that all except an infinite- 
simally small amount to the fluid will be in a single clusterj 
but it is impossible to identify the particular cluster. 

§ 10. An exception to the statement that all the fluid will 
be in a single cluster occurs when there are a number 
of clusters which are similar in every respect, so that 
expression (28) is identical for all. This will, for instance, 
arise in the case of a gas, owing to the possibility of inter- 
changing the rOles .of the difierent molecules. 

§11. We now revert to equations (19) and (21) and 
examine whether or not the condition is satisfied that we 
may neglect terms of degree higher than the second in 
{P\ " Pi)t ^^^' Upon the assumption that we may do so we 
have found the value of ^^— <E> at the boundary of a cluster 
to be equal to ^, (equation 27). Let us suppose that the 
corresponding value of />, — p, is of the order of magnitude 
Ip^ then the first term which has been neglected is 
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Failing definite knowledge, it is natural to sappose that 

^—5 is of the order of magnitude of ^ , and hence that the 

neglected term is of the same order of magnitude as J. la 
other words, the neglect of the remaining terms in equation 
(21) cannot be justified. 

But this only affects the detail of the result we obtain : 
the main result remains. The value 4>, being still a 
maximum for 4>, the locus <^ = ^^ will surround tho point <P^, 
althougli it will only be ellipsoidal when ^^-^P^ is very 
small. The integral in expression (26) must be replaced by 
an integral of the form 



J4», 



in which f{x) is an unknown, but always positive, function 
of a; which become identical with x^'^'^^ in the neighboudiood 
of a; = 0. The integrand in this integral will, as before, 
have a maximum, and the integral will derive its whole 
value from the contributions supplied by values of ^ in the 
neighbourhood of this maximum. Also, as before, the value 
of the integral involves ^^ merelv through the factor e*»*«. 
Again, then, it appears that the fluid will flow into clusters 
surrounding maximum values of <&, and the strength of such 
a cluster will be proportional jointly to «"♦ and to' another 
factor. All except an infinitesimal fraction of the fluid will be 
in a single cluster, or, in cases such as that contemplated in 
§ 10, family of similar clusters; but, as already explained, it 
is impossible to identify this cluster or family of clusters by 
general arguments of the kind which have so far been used. 

§ 12. Under the special assumption that we may neglect 
terms of degree higher than the second in equation (19), we 
have at any point inside a cluster (equation 21) 

(p.-/.)*|^.+2(p.-p'.)(/>.-/Ja£|;+.-<2(*.-*.)<i, 

by equation (27). 

In the most general case it is obvious that the quadratic 
expression on the left hand is finite. The expression is, 
however, by hypothesis, positive for all values of (/?, -/?',), •.., 
and as it contains the 2n variables p\p\^ ..., ^'^, it may be 
expressed as a sum of 'In squares of linear functions of these 
variables. When n is infinite each square will therefore be 
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vanishingly small, so that p, -Pi^Pt -p',, -., will be iufinite- 
Bimal. VVe may say, then, that inside any cluster the 
coordinates p\^ p\^ ..., of any point are indistinguishable 
from the coordinates />,, p,, ..., of the corresponding point on 
the central line of the cluster. 

§ 13. The analysis has supposed the system to have 
started from an initial value of the energy E^E^^ and has, 
moreover, supposed all configurations for which E= E^to have 
been equally probable as the starting point. In nature it is 
not easy to find any value of E^ which shall represent the 
conditions of the problem. If, for instance, our system is a 
gas, we may probably assert with confidence that the gas has 
cooled from some higher teniparature at which its energy had 
some value E^^ but we cannot say that at this temperature all 
configurations for which E^E^ were equally likely. For 
obviously if it had previously cooled from some still higher 
temperature this statement would not be true. Again the 
value E^^co does not supply a solution of the difficulty, for 
in taking this value we should not only have to suppose that 
the gas had cooled from a temperature in which it probably 
could not exist as a gas, but we should also have to suppose 
that it bad cooled undisturbed throughout infinite time. 

§ 14. An escape from this difficulty is found as soon as we 
examine the way in which our work has depended on E^. 
It will be seen that E^ has entered only as a limit for 
integration in the definition of <S>, namely (from equation 17), 

* = l| •^d^=-i( 'AFdt (29). 

In this equation the integral has to be taken tentatively 
along all stream lines starting from E=^ E^ and the course of 
the cluster or family is determined by the maximum values of 
^. The integrand contains a factor F in the denominator. 
From its nature F cannot be negative and in general will not 
vanish. If at a special point, F does vanish, then the 
integrand in the first integral becomes infinite, but the value 
of the integral taken over any part of the path which includes 
this point remains finite, because so long as F^O'we have 
also dEs=zO, The same result is of course obvious from the 
second form of the integral. If, however, F remains very 
small over a finite range of values of E^ the contribution to 
the integral from this range of values will be very great. In 
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this case the definition of <^, for values of E below a finite 
range of small values of F^ becomes approximately inde- 

(pendent of the upper limit of integration, so that the stream 
ines on which ^ is a maximum become identical for all such 
upper limits. Thus so soon as a value of the energy is 
reached so small that it is possible for ^to remain very small 
over a large range of values of E^ we see that the 
positions of the clusters tend to become independent of their 
starting point. In other words, all clusters tend to combine 
into a single cluster ; or again, all stream-lines tend to 
combine into a single stream-line. 

The values of the energy at which the condition just 
stated is satisfied are the only values which are of much 
importance in nature. They correspond to temperatures 
at which a substance can remain in appreciably the same state 
for a considerable interval of time ; and in considering this 
question it must be borne in mind that the unit of time 
appropriate for comparison is the interval between successive 
collisions of the same molecule — say 10'* seconds. For 
obvious reasons, the state of a system which changes appre- 
ciably in 10"'* seconds is not of much interest to us. 

When the condition in question is satisfied the system may 
be said to be in an *^ approximately steady state." It is then 
infinitely probable that it will be represented by a point on the 
single cluster (or family of clusters) just discussed. In this 
case it may be said to be in the " normal state," this state 
being analogous to the normal state previously found for 
a conservative gas. 

Application to Statistical Mechanics* 

§ 15. It has already been assumed that the system possesses 
an infinite number of degrees of freedom. The application of the 
results must therefore be solely to ^' statistical mechanics," and 
not to dynamical problems of the ordinary type. A dynamical 

Eroblem may, in accordance with accepted usage, be said to 
e one of statistical mechanics when the data and objects of 
inquiry are not the actual values of the various coordinates, 
but the law of distribution of these coordinates. Since the 
data of a problem in statistical mechanics do not completely 
specify the dynamical coordinates of the system, we are, in 
a problem of statistical mechanics, discussing an infinite number 
of difi'crent systems at once, and without differentiation tnter 
sCj and tbe~ motion of these systems will naturally diverg^e 
in the course of time. It may be that after the motion a 
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single statistical specification can be given which covers all 
except an infinitesimal fraction of the systems. In this case 
a solution may be said to have been found to the problem. 
It cannot be that a solution can be given which covers all the 
systems ; the reason for this {not the formal proof of it) is that 
even after the initial system has been fully specified statistically 
there are still an infinite number of undetermined variables, 
and, by giving suitable values to these, we can obtain any 
chosen infinite number of relations between the coordinates of 
the final result, and can therefore cause this final result to 
disagree with any single statistical specification. It is there- 
fore clear that a statistical problem must always have an 
element of uncertainty in its final solution, although in virtue 
of the infinite number of the variables, this uncertainty may be 
represented by an infinitesimally small probability of error: 
it may, in the terminology previously used, be "infinitely 
probable " that the result is true. 

§ 16. This view of statistical mechanics is in accordance 
with the development of the former paper already refeiTed to, 
and also with the development of the present paper. Leaving 
out of mention the infinitesimal probability of error, it being 
understood that this is inherent to any problem of statistical 
mechanics, it may be said that we have found that of our non- 
conservative systems, started from unknown configurations, 
all will, by the time a sufficiently low value of the energy has 
been reached, be represented in our general space by points 
on a single cluster or family of clusters. 

In the case of a gas it is obvious that we must take the 
second alternative and say " family of clusters " rather than 
^'single cluster." For, as has already been pointed out in 
§ 10, by interchanging the roles of any two molecules we get 
two distinct clusters, which are identical in so far as the 
elements which are of importance in the dynamical problem 
are concerned. In other ways, too, it is clear that we shall 
get fuiiher distinct clusters which are identical as regards the 
important elements of the problem. Let M be the number of 
clusters in any such family, and 8 the strength of each, given 
by an expression of the form of (28). Then the strength of 
the family of clusters is MS. Comparing two families of 
clusters, we have already seen that the ratio of the two S^b 
will be infinite, so that whether or not the ratio of the two M^s 
is infinite, the ratio of the MS^s is, in general, infinite. Thus 
all the fluid belongs to a single family. It is clear that systems 
in all the 3f clusters have the same statistical specification. 
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Hence we may sum up as follows : 

Out of a number of systems which have a given value for 
the enerp^y, this value beinp^ sufEciently low, and which have 
had their energy reduced from hiurher values by dissipation, 
the systems meanwhile being unaffected by external disturb- 
ance, all except an infinitesimal fraction will have the same 
statistical specification. 

For a gas, then, we may sum up as follows. If nothing is 
known about a gas except that it has cooled undisturbed from 
some higher temperature, and is now at such a temperature 
that its changes of state are not very rapid {by " very rapid ** 
being meant comparable with 10~^*^ seconds), then it is infinitely 
probable that it will have a definite statistical specification^ 
which depends solely on its present energy. 

The way in which this specification has, in theory, been 
arrived at shows how profoundly different it must be from 
that arrived at on the assumption of conservation of energy, 
namely, that which leads to equipartition. 



ON THE PAETITION OF ENERGY IN A SYSTEM OF 
LOADED SPHERES. 

By J. H. Jeans, M.A., Trinity College, Cambridge. 

Introduction, 

§ 1. rpniS paper is intended as an illustration of the 
■^ general dynamical theory developed in the paper 
immediately preceding. The precise connection between the 
two papers can be explained in a few words. 

The preceding paper was, primarily, an attempt at an 
extension of the general dynamical theory of gases to the case 
of a non-conservative gas. The general dynamical theory of 
a conservative gas indicates that after a sufficient time a 
^^ normal state '* will be reached in which the coordinates will 
be arranged according to a definite statistical law. This 
general theory can be illustrated by particular examples, and 
of these the simplest is that in which the molecules are 
regarded as elastic spheres. In this case the spheres can, so 
to speak, be followed throughout their motion, and it is found^ 
as the result of the analysis due to Maxwell, Boltzmann, and 
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Loreniz, and given, for example, iu Boltumann^s Vorlesungen 
iiher gasthvrie^ that the result can in this way be obtained 
which is predicted by the general dynamical theory of a 
conservative gas. 

The present paper aims at supplying a similar illustration 
and confirmation of the general theory of a non-conservative 
gas. We attempt to find a sufficiently simple non-conserva- 
tive gas, trace the changes which occur during the motion, 
and examine whether the results are in accordance with those 
predicted in the preceding paper. 

The ideal gas chosen for discussion is, as before, one in 
which the molecules are elastic spheres, but we shall now 
suppose that the spheres are " loaded,'' «'.«. that their centre of 
gravity does not coincide with their gcometriciil centre. It is 
now necessary to take the rotation of the molecules into 
account, this not being necessaiy in the simpler case, as the 
collisions were not then capable of influencing the rotation in 
any way. In order to make the present analysis illustrate 
the theory of the last paper we shall nltimatcly suppose the 
rotation to be subject to dissipation, the retardation being 
proportional to the angular velocity. An iudic;ition of the 
method to be followed has been given in a paper published 
some time ago^ ; in the present paper the calculations will be 
given in detail. 

§ 2. Let us suppose the distance of the centre of gravity 
from the geometrical centre in each molecule to be r. In the 
tinal result it is obvious that only even powers of r can occur, 
for we can replace r by - r without altering the nature of tlie 
gas. The solution of the whole problem when r = is known, 
for the problem then reduces to that of the symmetrical spheres 
already referred to. Jn the present paper we shall be content 
to assume that r is smiUl and to find the solution as far as r' 
only, neglecting /, r*, etc 

In addition to the rectangnlar axes iT, ;/, r, fixed in space, 
let US suppose there to be a system of rectangular axes f, 17, f 
fixed in each molecule, having the centre of gravity for origin, 
and such that the coordinates of the geometrical centre are 
0, 0, r. The mass of each molecule will be taken to be m, 
the radius a, and the moment of inertia about the axes |, 17, ^ 
will be iWK*, iw«', mK* respectively. 



* "The dbtribution of molecular energy," PhiL Trans. 196, p. 297. 
VOL. XXXV. Q 
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§ 3. Let us suppose that for any single sphere tlie dircctioifs 
of the axes f, 17, j are connected with those of the axes x,y, 4 
by the following scheme of direction cosines: — 

i V K 



X 


\^ h. h 


(0* 


y 


7??., Wj, tn 




z 


»,, n„ », J 





The condition of the sphere at any instant may be regarded 
ns determined by m, v, it, the velocities of the centre of gravity 
parallel to x^ y^ z] «r,; w,, ©-,, the angular velocities of rotation 
about the axes f , 17, f, and the nine direction-cosines of scheme 
(1) of which three only are independent. 

There are therefore nine independent yariables necessary 
to determine the condition of a sphere. The kinetic energy 
is given by 

2r=m[a' + v' + «;» + A''(i!r/ + i!r/) + AV] (2). 

In discussing a collision between two spheres, it is necessary 
to know not only the conditions of the two spheres, but also 
X, fi, V, the direction-cosines of the line of centres at impact 
referred to the fixed axes ar, y, z. This introduces two mora 
variables, so that a collision requires twenty independent 
variables for its complete specification. 

§ 4. Let us examine first the changes in the nine yariablea 
of a sphere, which are produced by an impulse /acting along 
the radius of which the direction cosines are X, /a, v. 

Referred to f , 17, f axes, the point of application of this 
impulse may be taken to be 0, 0, r. The components of the 
impulse will be 

(/,\-hw,/;A + w,v)/, etc (3), 

and the components of the resulting couple 

-r (/,\ H- m^fjL + w,v) /, r (/,\ H- «i,/Lt + fi,v) /, 0...(4). 

Hence, if variables after the impulse are distinguished by 
a^ horizontal bar, the new velocities of translation will be 
given by 

I\ 

" = ''"*'i;;' ^^^ (^)f • 



m 



Digitized by CjOOQIC 



in a system of loaded spheres^ 227 

aod those of rotation by 

cr = sr — * ■ - * i — / 



r(?,X.fin,^ + ti,v) I (6), 



«««;' 



§4. Let us next regard this impulse as arising from a 
second sphere, of which the condition is determined bj ac- 
cented variables u\ v\ %o\ ..., the line of centres at impact 
having direction cosines X,, fij v. 

Before impact the components parallel to x^ y, « of tha 
▼elocitj of the first sphere are 

Hence if a, Pj y denote the components of the velocity of 
the centre of the second sphere^ relatively to that of the first, 
we have 

a = •*'-» + r (Z>; - Z>/ - l,tT, + IjBT,), etc ...(7), 

The components of relative velocity after impact can be 
deduced by writing », u\ .•• in place of w, u% ..« • The 
quantities u, ... are given by equations («^), (6); the quantities 
u\ ... are given by similar equations, except that i must be 
replaced by — 7, since the impulse on the second sphere in the 
direction X, ^, f is — /. Substituting this value, and com* 
paring with equation (7) we obtain 

+ Z;(VX + </A + «» + V («> + m> + n»} (8), 

and there are similar equations for ^9, 7. 

Multiplying these three equations by X^ /i, y and adding, 
we obtain 

- 2/ 

Xa-H/*i8+v7 = ^a + A*^ + »'7--(l+^^") -(U 



^2 
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where 

+ (//X + i«> + n>/ + (V^ + </*+«»'} (10). 

At the momeDt oP greatest compression, the components of 
relative velocity will be ^(a + a), l[8-\-ti)^ i(7+'y)» *"^ 
therefore the relative velocity along the line of ceuires will 
be 

^ (\a + /i^ -I- V7 + Xa + M/5+ i^). 

'J'his vanishes, and therefore by equation (9) 

Xa+ /ii8 + 17 =- (X5 + /a;5+ •'v) = (1 + A/^) - . 

Hence, since we are neglecting r\ 

^ = {l-A,^{\oi+fiifi + py) (II). 

Substituting this value for / in equations (5) and (6]| we 
obtain the velocities of the iii*st sphere after impact. 



§5. Let us now pass to the consideration of impacts in 
which the two colliding spheres are in given conditions, but 
the direction cosines K /a, v may have any values which are 
consistent with a collision. 

The path dc-^cribed by the centre of the second molecule 
before collision relatively to that of the tirst is, since the 
spheres are loaded, not a straight line ; but since the relative 
velocity a, (3, 7 is the same for all the impacts now being 
considered, this path is always the same as regards shape and 
direction. 

Imagine the centre of the Hi*st sphere reduced to rest and 
surrotmdcd by a sphere 8 of radius 2a. Let the centris of 
the second sphere describe its path relatively to the first 
sphere, tlien whenever an impact occurs this centre must lie 
on the sphere S, 

Let us start from any point P on 8 and trace the relative 
path backwards. This patli, being a curved line, either may 
or may not intersect the sphere again in some point S. 
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In the former case an Impact at P will only be possible if 
an impact has occurred at some point in PR, In the latter 
case there is no limitation of this kind, po that (lie probability 
of an impact occurring on any small region surrouudiug P is 
simply proportional to the projection of ibis area, on a plane 
perpendicular to the direction ot the relative velociiy at 
impact. 

Owing to the smallness of r, the relative path will, in 
general, be only slightly curved. If the maximum curvature 
of this path is less than that of the sphere 8^ then obviously 
80 long as the angle between the normal at Pand the relative 
velocity is acute, the relative path will not intersect the sphere 
fi^ except at P. 



§ 6. For the present we shall assume the velocities of the 
two spheres to be such that this latter condition is satisfied. 
In this case the proportion out of all collisions, of those for 
which the angle between the directions of the relative velocity 
and line of centres lies between ^ and ^ + c7^, is easily seen 
to be 2 sin^ cos^ ^0, the limits for ^ being and lir. 

By [^] we shall denote the average value of q taken over 
all collisions in which the two spheres are, before impact, in 
certain specified conditions. 

From equation (5) 

_ 2/ /» 

f?4i;* + «?' = tt*H-t;* + to' + — (XM + /i«? + vM?' +-, ...(12). 

Before averaging this equation, we must calculate 

If F is the relative velocity 

Xa + A*^+V7« Fcos^ (13); 

hence by equation (11), we have as far as r\ 

p 

-5 = P cosV - 2rM P COS**. 

JNow 

[ P cos^] = P 2 sin * cos** <7* = ^ P. 
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l^^'hy^-^r'iAV'coi^]... (U). 

Agtimy from cqaatioii (11), 

- r' {2 [^X'] am- 2 [Afir] {8w + 7^)1 (I*)- 

§7. If we take the direction of tbe relative Telocity fer 
pole, and denote the coordinates of a point on a unit sphere, 
referred to this pole, by 0, ^, then the probability that the 
direction (\ /i, v) meets this unit sphere within linMta dSd^ 

is ~ sin cos dG d^. Hence 

[X»] = i [** p'x*sin0cos0rferf* (16). 

If we take the coordinates of the axes of op to be (^, 0), 
we have 

XbCOS0 coa0^sin0sin9co8# ........-(IT). 

Substituting this value for X in equation (16) aod inte- 
grating, we obtain 

= J(l-f cos*tf> 

= i(l+yi) ^1»), 

•nd siTOilar equation* give [ft'], [v*]. 

If we suppose the axis of t/ to be [6\ ^'), then 

/i s cos cos 0' - sin sin ff cos (* — ^'), 

and multiplying this by the respective sides of e^^uatioD (17) 
and integrating, we obtain 

[X/i] = |cos<?eos«'=^. Cl*>» 

and similar equations give [/*v], [fX]* 
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§8. Substituting these values in equation (15), 

where 

2> = 2[4\']aw+2[^H (^«' + 7«') (20). 

Or, simplifying, 

I - (^tt + /*t? + v«>) J = i («« + ^^^ + 7"^) - »•'' A 
and hence from equation (12), 

[t? + o' + i^'] = u' 4- 1;' + w' + aw + ^y + 7U> + iF* 

-2r'(Z)+[4F'cos'#]) (21). i 

On the right-hand side the upper line 

= i|u* + i;' + M?*+(i* + a)'4-(« + i8/ + (tr + 7)«j , 
= i2u' + ^2 {a' + r (Z.W/.^ />/ - /.«r, + 7,t^J}« 
bj equation (7), 

« J 2 (u' + ti") + r2u (7/cr; - ?>/ - ?,i!r, + ?.isr.) ^ 

+ K« + «'/+<• + 
^r'2(/.7,Br,t^. -/,/», +...). 
If therefore we write 

tt" + «• + «?"= c', 

«* -»* tj' 4 w' = ?, 

and adopt a similar notation in accented symbols, equation (21) 
may be written 

[?] = i (c' + O -h ir' (cr- + tr'O 4 r2u' (Z/cr/ -...) 

- r'2 [IJ^tj^^, -•..) - 2r* (D 4 [^ K' cos' ^])... (22). 

§ 9. We must now carry the process of averaging still 
further, so as to apply to all possible positions of the axes of 



Digitized by CjOOQIC 



232 Mr. Jeans^ On ike pai'tiHon ofenergtf 



the colliding spheres ; that is to say, we mmk average orer all 
eollisioDs determiued by giTen values of the twelve ooordioates 

ic, V, IT, u\ v\ w\ w„ iy„ «r^ cr/, «r,', «f/ (23). 

Let the result of averaging in this manner be denoted 



"^'i 



^hen we reqaire to average any quantity p over all 

Essible positions of the axes of the first sphere, all positioos 
ing regarded as equally probable, we shall denote the result 
by Jpdw^ and the same quantity averaged over all pomtioos of 
the axes of the second sphere will be denoted by Jpdta. The 
probability of an impact occurring for any given positions of 
the axes is, however, proportional to F, and this depends oo 
the positions of the axes. Thus averaging over all colliaioos 
for which the coordinates (23) have given valuea, we shall 
have 

bi-f^' ("1- 

To calculate lo'j from equation (22), we must first evaluate 
{/,}..., |V/|-*'i }^!» *"d l-^F'cos*^}. Since, however, we 
nre neglectmg r*, we requii'e {/,}••. only as far as terms in r, 
and {/,//)... and the remaining averages only when r=0. 

From equation (7) 

BO that if we write 

U' = (u' - tt)" + [v - v)^ 4 (w - w)^ 
we have, as far as terms in r, 

Now obviously fJpJvd<a' = Oj when p has any of tbe values 
/p ?„ ..., V» h'y •••> Vi'» -M etc., so that SiVdwdto^VzA far 
as terms in r, and hence, from formula (24), 

[lA jj > 

and since obviously J/Z, VwJeo' = ^, this becomes 
**' 3l7' 
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With the help of this and similar other expressions, we 
have as the averaged value of one term in equation (22) 

The remaining averages are required only when rsO. 
We may therefore write C^for V, and m' -m for a, etc. 

It is obvious at once that when r = 0, {?,7j'j = 0, and hence 
that as the averaged value of a further term in equation (22) 
we have 

As regards the remaining terms, putting rs=0, 

\D] = 2 {[A\'] au] + 2 {[Afiv] {Bw + 71;)) ...(25) 

by equation (20) ; and since the various systems of quantities 
may now be supposed to vary independently 

etCy etc., and from equation (10) 

Subst'itating these values in equation (25), we find that 
and in a similar way we have 

{^F'C08>} = {J} £P{C08>} 

Hence, averaging equation (22), we obtain 

{?}= i (c* + O + ir» («»+«'•)- ^^^^^^ 2«' («'- ») 



•ik* 
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There is an exactly similar equation for {q(^ and by 
addition of these two equations we obtain 

{? + c"} - c* + c'* + %t' («r' + ^'^ - 1^! t7' .,.(26). 

If we use the symbol A to denote the increase, caused by 
collision, of the quantity to which it is applied, we have 

lA{c' + 01:i=r'{*(a'4«r'V^} (27). 



§ 10. So long as we remain in ignorance of the law of dis- 
t^bution of coordinates, it is impossible to carry any farther 
the process of direct averaging. We may, however, proceed 
as follows. 

Imagine a volume £1 in which are distributed a great 
number ^ of molecules of the kind we have been considering. 
An expression has just been found for the mean change of 
translational energy produced by collisions in which the mole- 
cules have given velocities. A summation extending over all 
eoltisions which occur during a short interval of time dt will 
lead to an expression for the total change in the translational 
energy of the gas during that period. 

From the form of equation (27) it is clear that this expres- 
sion will contain r' as a factor. But as we are neglecting 
powers of r of a degree higher than the second, we may put 
r = in all terms multiplied by r*. It follows that to find 
2 A (c' + c") as far as r*, we need only calculate 2(isr* + cr'*J 
and 2 ZT* on the assumption that r = 0, the summation extending 
in each case to all the collisions which occur in the time du 

This neglects a correction which is required by the con** 
siderations mentioned in § 5, a correction which would consist 
in adding to the expression for 2A (c' + c*), a quantity equal 
to the sum of all the separate corrections to be applied to the 
right-hand member of equation (27) in cases in which this 
equation fails. Now each separate correction will clearly 
contain r' as a factor, and on averaging this must be further 
multiplied by a factor proportional to the number of cases in 
which the correction is required; t.«. by a factor which 
vanishes when r = 0. The correction to the final result is 
therefore of a higher order of small quantities than r', and may 
therefore be neglected. 
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, !-,„ . For a similar reason we may, in calculating 2 (fj*+cr") 
'^ '^U*^ assume the law of distribution ot* velocities to be that 
iiich would obtain in the case of r =sO. We therefore assume 

the number of molecules for which c and cr lie within ranges 

dCf dxj to be 

AwAc'e-^^/Mdcdv (28). 

It is not necessary to make any assumptions as to the 
form of /(fy), but we shall suppose that J^/Mdv^l, any 
constant multiplier being absorbed iuto the constant Ay so that, 
if N is the total number of molecules, 



^-^v'lro) 



If be the angle between the directions of c and c\ we 
have 

£r' = c'+c''-2cc'cos^, 

and, keeping c and c constant, 

UdU^ccAnBde. 

The number of collisions occurring in time dt for which 
Oj c\ «j, w\ lie within ranges cfc, dc\ dw, dw\ dO is 

16^MVcV*»'(«*^/(«r)/(»') dedc'd^d^ ^^' ?1h|^ 

U 2 

= ?!^^^^cc'e-»»(<'^«^/(sr)/(«r') JPdcdc'dodvf'dU. 
Hence, we have 

X |fe-McHOcc'iricdc'rfJ7...(29), 

and 2Cr = ?^^-^^^ JJe-Mc^'^cc'PVcrfc' Jr...(30), 

If we denote by yft the mean value of isr' arranged orer all 
molecules, namely, /cry («r)rfw, then the first integral in (23^ 
is clearly equal to 2\/f. The second integral in (29) and the 
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integral m (30) can be evaluated in the asual way,* tLeir 
values being respectively 

Hence we obtain from equation (27) 

(31). 

Let us denote the mean translational energy of a molecule 
by A*, and the mean rotational energy (^^A-'ts*) by H^ so that 

and 2 A {<? + O = - 2 AiViT^ — ^^dL 

' m m at 

Substituting these values in equation (31), and writing p 
for mNjCl, the density, we have 

f=^S=^/(?»^)(^-w m. 

§ 12. This equation gives the rate of change in TT, this 
change being produced by the energy transfeiTed at collisions 
between molecules. All this energy is transformed into 
rotational energy, so that the value of H experiences a change 
equal and opposite to that of K. We are, however, supposing 
a second cause of change in H. We suppose that the 
rotational energy is continually dissipated away, and hence 
there is loss to H equal to twice the average value of the 
dissipation function averaged over all the molecules. This 
function may be taken to be sJ?. Hence we obtain as the 
equation giving the rate of change in H 

f-^-^-f (")• 

If, for the sake of brevity, we write 

^_ 16/Vp //2ir\ 
'^■" S/nA« \/\Sm)' 

* Of. Boltimann, Vm-Jeiunffen eber ffastheorie, p. 64. 
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eqpatioDS (32) and (33) become 



^=y8v/r(5-§jr) 



dH 
dt 



= - ZtH- fi^K{H- ^K) 



.(34). 



§13. In the special case in which sssO, we have, from 
these equations. 

It is therefore clear that from whatever condilion the gas 
starts, it will ultimately attain to a steady state in which 

H- 'iK^O (35). 

Since ^is the energy of two momentoids, and if of three, 
this state is one of equipartition of energy. Thus, by putting 
8 = 0, our calculations give an illusti-ation of the general 
dynamical theory of a conservative gas. 

§ 14. Our aim is now to obtain from the general equations 
(34) a similar illustration of the general dynamical theory of 
a non-conservative gas, given in the preceding paper. Let 
us write 

t» = 2efl-§/Sii:^ (36), 

so that 

du dH dK 

= -JUs' + 2e/SVir4-/3'ir)-i^ (^7), 

on substitution from equations (34). The general theory does 
not lead us to expect to find a definite steady state except for 
.small values of K. 

Now as K decreases, the relative importance of the three 
terms of the bracket (4e* + 2s/3 V^+/8*A) changes, until ulti- 
mately the term 4e' is of preponderating importance. When 
these values of K are reached, the last term in equation (37) 
becomes negligible, being of the same order of importance as 
the term fi'K of the bracket, so that equation (37) assumes 
the form 

du 
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It therefore appears that for these values of Kj the gas 
tends towards a state given by u = 0, or 

tS^^ffK^ (38). 

In this state H/K^zQ in the limit when ^=0, so that 
the whole energy tends to become translationaL 

Thus in the generalised space of the preceding paper, it 
is clear that the stream lines will tend to form into clusters, 
and the equations of these clusters will be such that equation 
(38) is satisfied. 



$ 15. The solution of equations (34), in the general case 
in which K is not small, can be represented graphically. If 
w^ eliminate the time between these equations, we have 



dK tip^K{R^lKy 

Thus dH/dK vanishes when 

Pp^JK[H'-lK)+2tH^(^ (39), 

is infinite when 

H^IK^O (40), 

or Jr=0, and is negative, being" equal to — 1, when ^7=0. 
If, then, we measure H^ K along rectangular axes, the 
quadrant in which H and JR[ are both positive will be divided 
into three sections by the axes and the two curves given by 
equations (39) and (40). Starting from the axis of K^ the 
signs of dK/dB in these three sections are respectively 
negative, positive, and negative. The curves are, therefore, 
roughly as represented in fig. 1. It will be seen that they 
tend to converge, for small values of H and K^ into a single 
stream line for which, as the origin is approached, we have « 

Lt. ^ = and Lt. -j^- 0. 

This, then, is In accordance with the results previously 
obtained. 
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A GEOMETRICAL CORRESPONDENCE IN SPACE. 
By G. B. Mathcws. 

TN Jacobi's Collected Worka^ Vol. VII., pp. 42-68, will be 
•*• found the notes on quadric surfaces which were first 
published after his death in Crelle's Journal^ Vol. LXXIII., 
accompanied by a commentary by O. Hermes. In the 
present paper 1 propose to show that Jacobi's construction 
18 really a case of an analytical point-to-point correspondence 
in space, which can be expressed in one or other of two simple 
forms. As one point describes any algebraic surface the 
corresponding point describes another algebraic locus, the 
order of which is, according to circumstances, either the same 
as that of the first, or else the double of it. The transfor- 
mation is, in this respect, similar to inversion. 

For the sake of comparison, the notation used will be, on 
the whole, the same as that of Jacobi ; but it has been found 
convenient to make a few modifications. As Jacobins con- 
struction is seldom referred to in text-books, I have thought 
it advisable to discuss the matter in detail; of course this 
involves some repetition of Jacobi's and Hermes' work, but 
the analysis here given is, I think, rather simpler and more 
direct than theirs, and leads incidentally to some interesting 
algebraic theorems. 

The fundamental problem is this : any two fixed triangles 
ABGy ABC being taken in space, two points P, P' are 
said to correspond when 

PA, PB, PC=FA\ P'B, P'C 

respectively, and it is required to determine the locus of P' 
when that of P is assigned. It is clear that to each position 
of P correspond, in general, two positions of P\ and con- 
Tersely : also that P' is not always real when P is. Again, 
we may, to simplify our analysis, suppose the triangles ABCj 
A'BG' placed in any relative position that is found to be 
convenient. 

Ivory's theorem about corresponding points on confocal 
quadrics leads at once to Jacobi's first proposition, that when 
P describes the plane ABG the point P' describes a quadric 
surface. To prove this we have only to show that ABG^ 
A'BG' can be so placed that (^, -4'}, (jB, B), (6', G') aw 
three pairs of corresponding points on two confocal co-planar 
conies.. 
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Let a, &, c, ^ bo the Bides and area of ABG^ the con^e^ 
sponding parts of A'UC being denoted by accented letters: 
tliese are the primary data upon which everything el:M» 
depends. Assume as the equations of two confocal conies 



with 



' m n 



fit — m asn — n =^ , 



.(1), 

.(2), 
.(3). 



Let a, ;9, 7 be the eccentric angles of any three pointa 
A, Z?, on (1). and let A\ B^ C be the points on (2) which 
Lave ihc «nine eccentric angles. Then, if the irianglt» 
ADCj A'lfC are congruent to the given bases, we mu»t 
have 

a* = 4 sur — -^ i at mi' ^—^-^ + w xaon' ' 
2 ( 2 ;! j 

c = 4 siii — - - < m sin - — ^1- w cos - 1 

with three similar equations obtained by accenting the italics. 
Put, with Jacobi, 



a»-a", 6'-4", c'-c'' = f/, », w (5); 

then from (4) and the other set 

ti=:4j?*8m* , t; = 4p*siu*-i-— -, ti?s=:4;/8in'— — ...(6). 

iB ^ ifi 

Again, 

^'»<i«»' -«««.'• _ I ^*««*.'» -«"^»\ «:«• ^ "" 'y /»yv«« ^ "^y fT\ 
owl— ant =4^»in — mnj sm — - — cos — - — ••- 1* /» 

with two similar equations, and hence 
^{a'W - a'm'') ± ^[VW ^ *W) ± V(c 'm' - c"m") =0, .. (8), 
an equation to find mlm\ which, on being rationalised, is 
A'V-.(A'+ A'*-^)mW+ AV* = ......(9), 
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^rbere ^ 

16/* = 2t;w7 + 2«7M + 2ut; — tt*— v'—w"... (10). 

(This A* 18 l-16th of Jacobins fj). 
The discriminant of (9) ia 

ii={(A + A7-/*}{(A-Ar-M} (11), 

and it has been shown by Jacobi that B is positive, so that 
the roots of the quadratic are real. Moreover, the ratio of n" 
to n" is determined by the same equation, as it ought to bcj 
since 

AiA'^mnimn. 
We have 

A' = 4m V sm' sin' ^— sm — r-* 

2 2 2 

mWn» , . 

~16^ ^^^^ 

by (6). 

Now, by (9), 

/mW = - (w' - m") ( A'W - A V*) 



yA" = ;*mV I ^j3j^ 

/?*A* ^fitn^n^ j 



hence p*A" = AimV 

and similarly 

Therefore, by (12) and (13), 

16/*^" = MUM?, 

, ^ w'v'm7"A' „ ,, u'v'w^A'* 

256/^' ' 256/a" 

Finally, «.'4 «' = "'"""'. " ""^ 

uvio 256/*'^ " -t-W 

VOL. XXXV. B 
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Thus m'y n' are the roots of the equation 
256/aV- 16/iicw (A"- A" + m) « + MV«?'A'=a..,(l4), 
while m*y n* are the roots of 

256i*V - 16/twrw (A* - A'"- m) » + iiVw7'A"=0... (15). 
From either of these equations, we get 
256/Ay* = ii'i;V-B > 
where -/• = w»-»' = m'^- «" j ^^^^^ 

The required conies, then, are completely determinei}^ 
except in the case when /li = 0, which ba& to be discussed 
separatelj. If /* > the conies are both ellipses, while if 
f(< thej are both hyperbolas. Jacobi has proved that they 
are never circles except when ABC^ A'BC are similar. 

We have now to determine the angles ot, /8, 7. The 
simplest way is to use equations (4) and the associated set^ 
together with (6), Thu» 

. , /g — 7 _ J^ « If^ 
2 ip* vw 

y ...(17). 

^ 2 " m^d*— m^a^ m*u + a'j;* 

Or we may adopt Jacobi's geometrical construction : thus 
if is the common* centre of the conies 8^ S\ and OD^^ ^^n 
OD^ are the radii of 8 drawn parallel to BGy GA^ aIs 
respectively, 

Oi>,*=»w'sm'-^' + n'cos*-^ = — ...(18), 

and the lengths of the radii 0Z>/, OD^^ OD^ similarly drawn 
for the other conic are given by 

OD.--'-^ (I») 

with two similar equations* 
Hence also 

on:- 01);'= JP=p*= od:- od;'=od:- od,".. (20), 

and in the case when fi is positive the points on the auxiliary 
circle of 8 which correspond to -4, B, C form a triangle of 
which the sides are proportional to a/m, »jvy 's/w. 
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We shall now regard the conies 8^ 8' as being ffiven^ and 
consider a transformation from which Jacobi's theorems follow 
as particular cases. Let [x, y, «), (a?', y\ z) be the coordi- 
nates of two points P, P' in space, and let (f, 17, 0), (f, fj\ 0) 
be the coordinates of any two corresponding points A^A' on 
S and 8' respectivelj. 
^ The fact that P-4, P'A' are equal is expressed by 

(^'-rr+(y'-v)'4«"=(^-«"+(y-i7r+«"-..(2i), 

and in virtue of the relations 

»if=iwf, wi7=:»ii7, -. + -i = ;rr, + -7.= 1, 
m 7i m n 

this is satisfied by putting 

ny = wy 

..(22), 



m x = »w;j?, ny =^ny 


' 


*•-.'•_ x* .v' ,_'",y 


1 


m'-ot""*!" ' n" m' ' n' 



- •••••> 



equations which, though redundant, are consistent, and in 
which the coordinates of A^ A' do not appear. It is supposed, 
of course, that m^-^v^ — m^^n^i this is the only condition 
that the constants have to satisfy. Accordingly these relations 
are the analytical expression of a correspondence in space, and 
it is easily seen that its properties agree with those stated at 
the beginning of this paper. 

Suppose, in particular, that z = 0\ then P' describes the 
surface 

^ + !'+^?~^- = ' (^)' 

m n m —m 

of which 8 is A princip<il section and 8' a focal conic : this is 
Jacobi's first theorem. 

Again, if P describes the plane-pair 

A.c-^By±Cz^D=^0 (23), 

P' describes the locus 

(Am'iC Bn'y _,\' 
+ ^ + Z>) 
m n J 

. C'{.'+(m«-.m-)(^ + -?;-l)} = 0...(24). 

On the whole, it seems best to consider (24) as corresponding 
to each of the planes (23) ; thus, if P describes both the planes, 
there are two points P', in general, corresponding to each 

K2 
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position of P, and these describe (24) twice over. We might, 
of course, make the convention that to a real positive z a posi- 
tive z (if real) should correspond ; but this seems to lead to 
unnecessary complication. 

It will be noticed that the quadric corresponding to any 
plane touches (£) along a plane section ; also that the distances 
of P' from points on the focal conic of JSTare equal, each to each, 
to the distances of P from the corresponding points of the 
principal section of E, 

The size and shape of the surface represented by (24) 
depend upon the position of the plane (2a) with reference 
to E\ or, from Jaeobi's point of view, upon the position of 
the plane with reference to A BC^ as well as on the constants 
of the two given triangles. Jacobi obtains some very elegant 
results by placing the given triangles not in the same plane> 
but in another properly chosen relative position. But, before 
going into this, I propose to consider the normal form of the 
equations of trausfoimation in the case when /i = 0. 

Led by analogy, we start by taking two confocal parabolaa 

z = 0, /=47«(x-f 7w) I 

« = 0, y« = 4m'(x + «i') j ^ ^' 

and consider the points A^ A' where they are cut by 

£; = 0, y' = 4\(X,-:r) (26), 

the quantities m, m\ X^ to fix the ideas, being taken positive. 
1 or the coordinates of A we find 

with corresponding values for A\ Suppose now that two 
other such pairs of points (P, B')^ (0, C) are found by 
changing X, into \, X, respectively; then expressing that 
ABCy A'B'C are congruent to two given triangles, we have 

«'= (X.-\J'+4m lX. + \,-2 V(\X;} ) . 

with two other similar pairs of equations. 

Keeping our previous notation as far as possible, we have 

w, r, ?^ = 4 [m - m) y\ - ^\)\ | 

4(m-»/2')(V\-A)', 4(m-7«')(V\-V\)' j'"^^'*^* 
so that, with a proper choice of signs, 

Vm ± ^/v ± js/w = 0, 
and hence M = 0* 

as it ought to be. 
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Now 



2A = 



and hence 



\, — w, 2V(\«t), 1 



muvw 



and similarly 

Zi-«=,^^'^^^,. (29). 



64(wi-m)" 



Hence 



fn = 



A' 's/iuvw) , J\'*^{uvv)) 



m =- 



8(A»-A"')*' 8(A'-A"0*' 



.(30), 



equations which determine the parabolas ; while from (27) we 
obtain 



(\, - xj'= ^._^'. 



(X.-X.)' = 
(X.-X.)' = 



t"A'-6'A" 
A'- A" 

c"A'-c'A" 
A'- A" 



.(31), 



from which X,, X^, \ can be found. 
If now we write 

(« - X + my +{y-2 ^i\m)Y + e* 

= {x'-\ + m'y + |y' - 2 VCXwiO }• + z'\ 

this ia satisfied for all values of X bj putting 

x — m = x-m\ y s/7n=y' ijm' 

»»-«' = 4(m-OT')(a: + m') ^r-y 

= 4(»«-m')(.T' + »0 ^p-y'. 

and this is the normal form of the transformation when /* = 0. 



.(32), 
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If P describes the plane is = 0, P' will describe the paraboloid 

^' + — ^ = 4{x' + w) ((?), 

and the transformation may be taken as defined by this sur- 
face, last as the other transformation may be taken as defined 
by [E), The constants m^ m are now independent. 

Let as now return to the case when /a does not vanish, 
and when P describes a plane different from that of ABC, 
It is evident that the locus of P' is symmetrical with respect 
to the plane oi A'B'C ^ hence there will be a gain of simpli- 
city if we put A'B'C in the plane which P describes and 
take this as the plane » = 0. By shifting A'B'C about we 
may expect to be able to make the quadric locus go through 
A^ Bj (7, and then a consideration of the first and simplest 
case suggests that {A, A'), [B, B'), (C, C) will be pairs of 
corresponding points on the ouadric and the degenerate surface 
in i5 s= which is bounded by the focal conic in that plane. 
Hence, we start by assuming 

x' v" «• 

-1 +-. + -,= 1 (33), 

m n p ^ '' 

^. + ^=1, « = (34), 

with «i' — m'* = n' — n" = p', and try to determine three sets of 
direction-cosines (a, /8, 7), , , such that, taking the coordinates 
of -4 to be (wttp n)9„ py^)\ and those of A' to be {ma^y w'/S,), 
with corresponding values for the other pairs, we may have 
ABGy A'B' C congruent to the given triangles. 

The distances of -4, B^ G from » = are given ; let them 
be z^^ 2;,, z^ ; then the conditions to be satisfied are 



ni-(a,-a,r+ n» (yS. - iS/ + p' (7, - 7,)" = «' 



...(35), 



with two other pairs which need not be writtten down. 
We find 

^ = «'-«" = 2/ (1 - a,a,- ^,5,-7.7j, 
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whence 

and similarly a,a, + <8,/8, + 7,7, = !--£. \. ,^ (SC). 



a,a, + /8,/9, + y,7,= l- 



Tbas tbo six quantities 



to 
2p 



to 



?! ?? fa , ^ , V_ 

P' P' P 2p- ' 2/ ' 2/ 

are the cosines of the six arcs joining four points en a sphere; 
»iid applying the identity which connects them (Salmon, Solid 
Cffe4?meti'i/^ p. 34) we get an equation for ^, namely, 

ii 1. S 

P ^ P ^ P 
to V 

' 2/' ^ 2/ 



fl 1-2^ 



I 



' ^""§7 



= 0, 



which reduces to 

'^ip'* .{4/i - M4f/ — 1?«/ " wz^ + (y + K? — ») 2,^4 

+ (k? + M - V) «a«^ + (w + r — w)«i^J 

«= («rw7— m'»/- !;'«/— M?\*+2ru«?/g+2wttr,«j + 2Myj5j«,)... (37). 

With Jacobi, let us introduce the triangle A^B^C^ which 
IS the projection of ABC upon « = 0; and let a^ A,, etc., 
denote for it the values corresponding to a, d, etc, for -4flC/. 
Further, let 

and 16/Aj = 2Vj«?j + 2m7^Mj + 2WjV^ - u," - Vj' - tt>j' J "^ '' 
Then it is fonnd without difficulty that 



16/i,;?' = «*i^i«^i + 2t^i«^iV3 + 2e(?,?/j«3ij, + 2Wji?,«,^, 



- K, «, - 0, 2, - IP, «, 



■(39), 



in agreement with Jucobi's result. 
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Having obtained p*^ the required direction-cosines are found 
either by calculation or by a construction on a sphere, making 
use of (35) and (36). It does not seem worth while to work 
out their analytical values. 

To find m', n", we may proceed thus. We have 



4A'" = in"«'* 






V + 2z^sf^ 



2p* 
u + 2g^g, 






=«»'Vi:, 



ip' 



2p- 



where 



y ^ 8/* - 2 (ug,* + t)g,* + wa,') + 2 (tf + to - «) g,g, +...+.., 

_ 



on redaction. Hence 



and 



_ A'y 



m n = 



by similar reasoning. Consequently m^ n' are the roots of 
the quadratic 

while m", n" are the roots of 

fi,x' - (A/ - A'' - A*,)/« + A V = 0. 

In comparing these results with Jocobi's, it must be 
remembered that in this context he writes 16/a, A for fip A,. 
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ON A aUASI-QEOMETRICAL VIEW OF THE SOLUTJON 
OF A PFAFFIAN EQUATION. 



By J. Brill, M.A. 
Pabt II * 

§ 7. TN the First Part I gave some discussion of the 
-L equation in 2m variables with its first conditioned 
case. As a preliminary to a general discussion of conditioned 
cases it will be necessary to treat in a similar manner the 
equation in 2m + 1 variables. In this case the normal form of 
the Pfaffian expression, on the left-hand side of equation (I), is 

where the a's satisfy m equations of the type 
[234...(2m + 1)] ^ - [134...(2m + 1)] ^ +... 

+ (- ir [123...(2m)] ^^- =0...(15), 
and ^m (m - 1) equations of the type 
S±[0123...0>-l)(p+l)...(?-l)(j+l)...(2m+l)]^^ 

= (16), 

where it is understood that any particular term under the 2 
is affected with a positive or negative sign according as the 
number of displacements required to restore the numbers 

p^ ?, 1, 2, 3, ..., p - 1, p + 1, ..., J - 1, ? + 1, —I 2m + 1 

to their natural numerical order is even or odd. 
The equation determining ^8 is 

);234...(2m + 1)] 5^ - [134.. .(2m + 1)] ^ +... 

+ (- ^T [123...(2m)] 5^ = [0123. ..(2m + 1)]...(17). 
* For Part L Bee Quarterly Journal qf MaihemtUicsy Vol. xzxiii., p. 267f^ 
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la addition, )9 is connected with the as bj in eqoatiom of 
the type 

2±[0123...(p-l)(j,fl)...(j-l)(j+l)...(2m+l)]^^ 

-0 (18), 

the same rule obtaining, with regard to the sigo of anj 
particular term under the 2, aa in the caae of the eqoatioia 
of the type (16). 

For the auxiliary system of the equations of the type (15) 
we have 

«^^^ r ''•'■. = - (-'r«^^ .. 

L-^34...(,a«i+ U] Ll34../(2w + l)] "* [l23...(2iHJ] 

(19), 

aud for that of equation (17) 

^^. T^^i _ (-ir^^.. 

[234. ..(2w + 1)J [134. ..(2»i + 1)] '"' [123... (2m)] 

* [0123.. (2m + 1)] ^^^' 

Equations (19) determine an (n - l)-tuply inOnite set of 
curves, whicli is quite definite. We, however, encounter 
a striking difference from the state of affairs in the former 
case, as these curves are not solutions of equation (1). In 
fact, taking account of the relation 

X^ [234...(2m + 1)] - J, [134. ..(2m + 1)] 4... 

+ (- ir ^H.M [I23...(2m)] = [0123...(2m + 1)1, 

we deduce from equations (20) 

X^dx^ + X^dx^ +...+ X^^^dx^^^^ = d&, 

as is otherwise evident from the normal form, since the a*s sre 
constant along the curves of the system. 
If we take the symbols 

Hi} Pj» •••> Ptm 
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to denote the n— 1 independent aolations of equation (15)| 
we have 

[234...(2m + l)] = k If-^' /-^ \ 

[.84...(2m.H)] = t ff;"^; y 

O V*P '8> *4' "M ^1«+1^ 



9 (''"i) ""^i* •••> ^t«) 



...(21); 



/ 



[I23...(2»n)] 

and, combining these with the relation 

X, [234..,(2»i + 1)] - Z, [134.. .(2m + 1)] +... 

+ (- !)•" X^„ [123.. .(2in)] = [0123...(2m + 1)], 
we haTe 

[0123...(2m + 1)] - ft ^a^f/:; ^" •••' V . 

Further, since 

^ [234.. .(27W + 1)] - A [134.. .(2m + 1)] +... 

we obtain from equations (21) 



Thus 



d (Jc, ffp ff„ ..., g^,) _ ^^ 



and, since the iS's determine our (n — l)-tuply infinite set of 
curves, as defined bj equations (19), we see that k is, in 
general, the parameter of an (n - l)-tuple locus formed by 
an (n — 2)-tupl7 infinite set of the curves of the system. It 
is clear that the y3's may be so chosen that k becomes unity. 

Since [0123. ..(2m + 1)] is in general finite, the locus whose 
parameter is /9 will not belong to the ensemble of those that 
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can be formed from the Bjatem of carves defined by eqaa« 
tious (19). However, the locus 

[0123...(2»i + 1)] =^ (22) 

will be Buch that, at any point of it, the particular curve of our 
system passing through that point will he tangential to the 
locus of parameter /3 passing through the same point. 

If we suppose u to be the parameter of an (n— l)-tuple 
locus within the n-fold continuum constituted by the system 
of independent variables, then we obtain, as in Part I., 

and, by equations (21), each of these equal ratios is seen to 
be equal to 

S [234...(27n4- 1)] e^„...(,^) (a?,, x,, ..., a^^,) ^ 

9(^p ^j5 ^»> •••> ^im+i) 

Thus, if the locus whose parameter is u be constituted by 
an (n - 2)-tuply infinite set of the curves defined by equations 
(19), we shall have 

2[234...(2m + l)]ef„...(,^(^., a?„ ..., x^J = 0. 
As in Part L| we shall obtain 

9 (g, g ) ^ _ 9 (g, a ) 

19 (a:,, a,) d (jv,, x^ 

and thus equation (16) becomes 

2 [0123...(|?-l)(p+ !)...(?- 1) (2 + l)...(2m + l)] 

«=0 (23). 
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Further, it is clear that eqnatioo (18) will lead us to the 
same result. 

It is thus evident that the a^s must be so constructed that 
their elements cause to vanish the last but one, and the last 
but two of the Multilinear Differential Covariants of the 
Pfaffian expression forming the left-hand side of equation (l)^ 
Further, although the elements of will satisfy equation (23), 
they will not, in general, cause the last but one of the co- 
variants to vanish. This will only be the case at such points 
as fall within the locus defined by equation (22). 

If 0^ be a special solution of equation (17), then the general 
solution is given by the equation 

Thus if we have two possible values of 0, the intersection of 
the corresponding (w — l)-tuple loci will be an (w — 2)-tuple 
locus, which may be considered as an (n — 3)-tuply infinite 
system of curves selected from the set defined by equations 

We must now consider briefly the condition imposed upon 
u and V, the parameters of two (n- l)-tuple loci, in order 
that the elements of the intersection of the said loci may 
satisfy equation (23). We have 

[0345...(2m + l)] 

_. ^ 2 If— ly^ I 9(^) •"> V-l1 ^r<-l1 "M Si»> Q^il ^t1 '*') O 
I "^ 9 (^3» ^4) ^6) ••') ^»iil+|) 

I ^ (^1 ^11 "'I ^r-T< >4-|t •••> ^m^ ^l1 "M ^r-l^ ^r»l^ •"> ^iit/ f 
^(^a? ^4? 'ft? •••) ^im+l) ) 

and so on. Thus the required condition is the vanishing of 
the expression 



f/ J^r-^ I 9(^1 Ci^ ^.1^ — > L^ «p «»i "■> «m^ ^1 ^) 

P "•> ^m^ ^\^ "M «r-l 

[234...(2m-H)]=± ^'^^-- ^-; '"- ^-- ^'- °^>- '7 ^ , 
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and 80 on, it is evident that we may take the qnantities 

/,, 7,, ..., /^, Op a,, -., a^ 

an a special set of solutions of equation (16). Thus if u and v 
are solutions of (15) and (16), in addition to satisfying (23), 
we maj write 

« = ♦ ('i> ^8> —J L^ a^ a„ ..., 0> 
v = xP(l,y /,, .-., l^, a,, a„ .-, aj, 
and our condition reduces to 

a(xp .r„ ..., ^„.J 3(C^aJ ' 

or, as it may be written, 

Thus, except in the conditioned cases, we have 

§ 8. The next question for discussion is the possibility of 
obtaining a superficial locus satisfying the system of equations 

[U345 (2m + 1 )] - [0245 ..(2y/i + l)J 

±[0123...(;>-1)(;?+ !)...(?- l)(2+l)...(2m + l)] 
= &c (24), 

where the sign of the typical term is to be determined by the 
number of displacements required to restore the numbers 

p,q, 1, 2, 3, ...,;?-l,p+l, ...,2-1, j+1, ..., (2m 4 1) 

to their natural numerical order, according to the usual rule. 

The existence of the set of equations (24) would require 
the existence of a set of relations of the type 

[0345...(2m 4 1)] [01256...(2m 4- 1)] 

-[0246...(2m4 l)][01356...(2m4 1)] 

4 [02356...(2m 4 1)] [0l456...(2»i 4 1)] = (26), 

We have first to determine the meaning of these relations. 
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We have tbe two ideutities 

+ [%iy.-y..*.][>2y,y.-y,.] 

= [>j.-yJ[i23y.y.-.-y«J (26), 

and 

- [2j^.y, ••y«.J [I34y,y....y„„] 

+ [3y.y,-y„ J [124y,3/,...y„„] 

- [4y,y,-y«...] ['23y,y,...y^„] 

= Ly..y,-y,..,] [«234y,y,...y^^,y«.J 

-[>.y.-y,.*.y«J[»234yjr.-y«,J (27).» 

Now, if in tlie identity of the type (27) we replace 
1, 2, 3 4 by 2, 3, 4, 5 respectively, and make 

y»...='. y««=6, 

and rearrange, we obtain 

[•26y,y....y,.„][345y,y,...y^,,] 

- [136yj^....y^,] [245yj, . y^,,] 
+ [I46y,y,...y^,] [•-J35y,y....y„,,] 

- Cl56y.y,...y^„] L234y.y,...y^,] 
= -[ly.y,".y.«*,][23456yjr,...y^,,] 

+ [6y.y.-y«.,] [12345y,y....y^.]. 

Further, by interchanging 5 and 6 in this result, w« 
obtain 

[125y,y,...y„,,][346y,y,...y,.,,] 

- [135y,y,...y„,J [246y.y,...y„^,] 
+ ['45y,y,...y„„] [236y,y,...y^„] 
+ [I56y.y,...y^„] [234y,y,...y^,,] 
= [ly,y,-y«.,] [23456y^,...y„„] 

-^ [%.y.-y>. J [I2346y,y,...y.,„]. 

• See "Note on the Algebraic Propertiea of PfafQaus,'* Mutengtr of Math*' 
molicf, Vol. XXXI I , pp. 88-92. 
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Adding together these two identities, we have 
[125yjr,...y^„] [346yj^,...y,.„] 

- [135y,y,...y,„,] [246y,y,...y.„] 
+ [145y.y,...y^,] [236y^....y^„] 
+ [I26y,y,...y„„] [345y,y,...y„„] 

- [136y,y,-.y„«] [245yj,...y„^,] 
+ [»*6y.y,-y«.*] C235y,y,-..y«.,] 
= [5y,y.-y««] [12346yj^,...y„„] 

+ [6yj^.-y*...][12345y.y....y„J (28). 

Kow, coDsider the expression! 

[01256.. .(2m + 1)] [03456...(2m + 1)] 

• - [01356.. .(2m + 1)] [02456.. .(2m + 1)] 

+ [01456..-(2m + 1)] [02356... (2m + 1)]. 

If we expand the various expressions contained in it, w^ 
readily verify that the coefficients of 

-i,X,, -AjX,, X^X^^ x^x^^ X^X^^ x^x^ 

all vanish. 

For the coefficient of X^X^^ where r > 4, we obtain 

(- 1/-' {[256. ..(2m + 1)] [3456. ..(r- 1) (r + l)...(2m+ 1)] 
- [356.. .(2m + 1)] [2456. ..(r - 1) (r + l)...(2m + 1)] 
+ [456. ..(2m -f- 1)] [2356...(r - 1) (r + l)...(2m + 1)] 

= (- ly [56...(r - 1) (r + l)...(2m + 1)] [234.. .(2m + 1)] 

by means of the identity of the type (26), This result may 
be obtained by replacing the numbers 

^2, 3,y,,y„...,y,^, 

of the identity, n being taken as m — 2, by the respective 
numbers 

2, 3, 4, 5, 6, ..., r - 1, r + 1, ..., 2m + 1, r, 
and rearranging. 

\ 
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Similarly we obtain for the the respective coefficieDts of 
i^,-3f^, -^a-^r) ^^^t ^^^ expressions 

(^ 1)- [56...(r - 1) (r + l)...(2m + 1)] [l34...(2m + 1)], 
(- IT' [56...(r - 1) (r + l)...(2m + 1)] [I245...(2m + 1)], 
(- ^y [56»..(r- 1) (r + l)...(2w + 1)] [12356.. .(2m + 1)]. 

For the coefficient of J[* we obtain 
[I256...(r-.l)(r+l)...(2wn-l)][3456...(f-l)(r+l)...(2m+l)] 
"[I356...(r-l)(r+l)...(2wifl)][2456...(r-l)(r-fl)...(2»i+l)] 
+[1466...(r-l)(r+l)...(2»i + l)][2356...(r-l)(f+l)...(2m+l)] 
« [56...(r-l)(r+l)...(2»i+l)][1234...(r-l)(r+l)...(2m+l)]. 

Lastly, for the coefficient of X^X^, where r and 8 are both 
greater than 4, we have 



(-l)»^'^{[l256..(r-l)(r+l)...(2m+l)][3456...(«-l)(«+l)...(2wi+l)] 

-[I366...(r-l)(rfl)...(2m+l)][2456...(a-l)(«+l)...(2m+l)] 

4l466...(r-l)(r+l)...(2m+l)][2356...(a-l)(«+l)...(2m+l)] 

+[l 256...(5-l) («+ 1) ...(2m+l )] [3456... (f-1) (r+1) ..'. (2wt+l )] 

-[l366...(5-l)(«+l)...(2m+l)][2456...(r^l)(r+l)...(2m+l)] 

+[l456...(«-l)(a+l)...(2»i+l)][2356...(r-l)(r+l)...(2m+l)]} 

*(-ir'-*|[56...(r-l)(r+l)...(2m+l)][1234...(a-l)(5+l)...(2w+l)] 

4[56...(i?-l;(«+l)...(2m+l)][1234...(r-l)(r+l)...(2m+l)]}, 

by means of the identity of the type (28). 
Thus, for the coefficient of 

[56...(r-l)(r+l)...(2m+l)] 

in our expression, we obtain 

(- 1)-* X^ {Z. [234...(2m + 1)] - X, [I34...(2m + 1)] +... 

+ (- ir'JT, [123...(r ^ 1) (r + l)...(2m + 1)] +..* 

+ (^ ir^Z. [123...(5 -!)(«+ l)...(2»i + 1)] +... 

+ eirJ^^.[123...(2^)]} 

«(-l)'^j;[0123..(2m + l)]. 
VOL, XXXY. S 
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Thus our expression beeomes 

[01'i3...(2r/i + 1)] {X, [67...(2fm + I)] - Z, [578... (2m + 1)] +.- 

= [0123..-(2m + 1)] [0567...(2ni + 1)]. 

We thas arriTC at tbe identity 

[01256...(2m+ I)] [03456...(2w+ I)] 

- [01356... (2m+ 1)] [02456...(2wi + 1)] 

-V [01456.. .(2m 4 1)] [02356... (2m + 1)] 

= [0567... (2m + 1)] [0123...(2« + 1)] (29). 

We thus see that the conditions of the type (25), and 
therefore also equations (24J, require the evanescence of tbe 
•s&pressioD 

[0123...(2m + l)]. 

Writing, for brevity, 

ti„ = [0345...(2m+l)], 

K„ = [0245...(2m + l)J, 

and 80 on, we see that the relations of the type (25) can be 
written in the general form 

where je?, 9, r, $ are four numbers, standing in their natural 
order, abstracted from the set 

1, 2, 3, ..., 2m +1. 

Further, we know that the w's are connected by the 
following set of differential relations.* 






i9'«i( 



""'**"^^i^'^=m[234...(2m+l)] 






^5?^^i±i*=m[134...(2m+l)] 



3m 



'l(>m-n) 



du. 



djc^ 



»(»m-n) 



+...+(-ir 



f«+l 9«*itm)(f^M) 



= m[l23...(2m)] 



•(31)- 



* Proc, Lond, Math. 8oc.^ Vol. 3LXXX , p. 816» 
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As before, we see that, should our superficial locus existi 
%re have to obtain it as a solution of the set of equations 






.(32). 



Further, taking account of the equations of the type (30), 
we know that the necessary conditions for equations (32) to 
constitute an exact system are of the type 

or 

[0145...(2m + 1)] [234...(2m+ 1)] 

-[0245...(2fii + l)][l34...(2m + 1)] 

+ [0345...(2m + l)][1245...(2m + l)]=0 ...(33). 

If we expand the expression on the left-hand side of 
equation (33), we obtain fur the i^espective coefficients of 

^J5 -^1» -3^t> 

[45.. .(2m + 1)] [234...(2m + 1)], 

^ [46.. .(2m + 1)] [134.. .(2m + 1)], 

[45.. .(2m + 1)] [I245...(2m + 1)]. 

The coefficient of X^, where r > 3, is 

(-l)*^'{[145...(r-l)(r+ l)...(2m+ 1)] [234... (2m + 1)1 

- [245...(r - 1) (r + l)..<2m + 1)] [I34...(2m + 1)] 

+ [345...(r- l)(r+l)...(2m+ l)][l245...(2m+ 1)]|. 

02 
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In the manner in which the identity of the type (27) was 
obtained, we may readily establish the further identity 

[iy,.y,-y,i..,][234y,y,,..y,,,,] 

and thus the above coefficient becomes 

(- ir* [45.-.(2»i + 1)] [I23...(r - 1) (r + l)...(2m + l)j. 

The expression on the left-hand side of equation (33) 19 
thus reduced to 

[45...(2m.+ 1)] |X, [234...(2m + 1)]-Z,[134...(2m + 1)] 

+ &c. + (-l)-X,^,Jl23...(2m)]{ 

= [45.. .(2m + I)] [0123...(2m + 1)] ; 

and consequently all the conditions of the type (33) are 
satisfied by the evanescence of the expression 

[0123...(2m+l)]. 

Thus, in the first conditioned case, the equations (^2) will 
possess 2m— 1 integrals, which will determine a definite 
(n — 2)-tuple family of superficial loci. 

If equations (24) are satisfied, equation (23) will then 
rednce to 

which indicates that the elements of the displacement sym- 
bolized by d^^^ are linearly expressible in terms (5f those of 
the displacements symbolized by 

a„ »,» •••> «,„,• 

Now in the first conditioned case it is seen (hat the curves 
defined by equations [\9] satisfy our Pfaffian equation. Further, 
from the above, the intersection of each pair of a a cuts a sur- 
face of our system in a curve. At this point, however, wo 
find a divergence from the analogy to the case discussed in 
Part I. ; for, if we treat equations (32) in a manner similar ta 
that in which we treated equations (13), we obtain 
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The surfaces of our system are thus solutions of equations (1 )• 
Further, combining equations (19) with equations (32), we 
obtain the equations of the type (33). Thus, though the curves 
defined by equations (19) lie upon the surface defined by 
equations (32), they are no longer the only curves lying .on 
these surfaces that satisfy equation (1). It is, however, cleap 
that, as the curves defined by equations (19) are still deter- 
minate, all the as through a given point will meet the surface 
of our system, passing through the said point, in the samo 
curve. 



THE ASYMPTOTIC SOLUTION OF CEETAIN 
TRANSCENDENTAL EQUATIONS. 

By Q. H. Habdt, Trinity College, Cambridge. 

I. 

The equation (x) e^ W = \f, (a?). 

§1. TIT BIRGER LINDGREN, in a recent paper,* 

■^- has proved that if ^(a:), xp{a^), ff (x) are 

polynomials, the last of degree p, then the series formed by 

the (—/?)"* powers of the moduli of the roots of the equation 

(1) 0(^)e^W = ,^(.r) 

is divergent, provided that neither ^ nor ;/» vanishes identically. 
He has also proved that we can construct certain angles whose 
vertex is the origin, and whose magnitude a is arbitrarily 
small, and choose S that all the roots whose distance from the 
origin is > R lie within them. 

1^ find that it is possible to obtain considerably more 
precise information concerning the roots by the elementary 
methods by which I obtained the asymptotic solution of the 
simpler equations 

er^P{x), 8in4r=P(^) 

in two papers which appeared recently in the Messenger of 
Mathematics (Vol. xxxi., p. 161, and Vol. xxxii., p. 36). 



* Sur lafoncli<m wHkrt a^ (»> P, (,) + p {z) {Bihang till K. Sv€n$ka Vei. Akatk 
Eandlxngar^ 25, Aid. I., No. 9). x ^ -i^ 
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§ 2. I suppose for the present that p^2. It is clear that 
we can, without loss of generality, suppose that the polynomial 

G{x)iB 

where neither a, nor b^ is aero. For if this is not the case we 
have only to transform the equation (1) by a suitably chosen 
linear equation 

x:^Ay-hB. 

Moreover} we may express the rational fraction 
in the form 



(o + «)*'(l+^), 



where p is a function of x which is less than a constant ff for 
all values of x whose modulus is > B. 
If then 

we obtain, on equating the moduli of the two sides of (1), 
(2) exp. [- 7* Bwp0 + a,r*-* cos \l3, + [p- 1) 6} +.,;] 



'7r'(l+j), 



where p now is a function of r, whose modulus < R for all 
values of r> JB. I may remark that in what follows I shall 
generally use p to signify a quantity whose modulus < H for 
values of r greater than a certain value, and 6 for a quantity 
whose modulus may be made as small as we please by suffi* 
ciently increasing r ; these quantities />, € will of course not be 
the same in different equations. 

It is evident that if |sinp^|>i; (however small be the 
positive quantity v) we can choose B so that the equation (2) 
IS impossible for r^B. Now the inequality 

\B\np0\<n 

Implies mir —p<T <pO < mir + po", 
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where m is an integer and /9crssia~*^. Hence satisfies one 
of the sets of inequalities 

fnv . f. ^tnjT r /w * «\ 

— -<r<0< — + «r (m-0, 1, ..., p-l). 

J/ p 

As a matter of fact this consequence holds for the more 
general equation in which ^, xp are any integral functions 
whose apparent order is <jp ; or, more generally still, for any 
fnnction whose modulus 

<^> 

however small be c, for all values o( r>B. 

§ 3. I shall now consider more particularly the roots of (1) 
(if any) for which M is large and j 6 1 smalL For such roots 

V 
is large ; and (2) maj be written in the form 

(3) exp. (-;.i?r'+...+a.r*+-l = 7(f + V']" (l + ^) 

and it is easy to see that this is only possible if ^ is very nearly 
equal to 

a, 

P ' 

Taking logarithms and arranging the result in powers of f > 
we obtain 

- ipn - a,) r* + {- (P - 1) *.7 + «.} I*' +... 
-72logf-|=0. 

If I is large and 9 not large the sign of the left-hand 
obvionslj depends on that of 

-(P9-«.); 
and Its differential coefficient with respect to tj is 
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which is negative. Hence it vanishes once and once only for 



«. 



a value of 17 in the neighbourhood of «; = — ' . 

Suppose that the result of substituting - for ff in the 

coefficient of p"* is a quantity A differing from (as will 
generally be the case). Then it is clear that an approximation . 



'-^ 


A 
'pi 




P 



for ff — * b given by 



Again 
where* 

p=-p(j,-i)(i7-^)r'+(i'-2){-(p-i)M+«.}r*+.... 

The dominant term in P is 

so that dfjjdi is small (of order 1 /{'') and has the sign of — ul. 

§ 4. We have now to consider the equation obtained by 
ezpressini^ the fact that the amplitudes of the two sides of 
the^equation 

differ by a multiple of 2ir. It is 

(4) ^'^l>,r'+{-^^^v' + (P'l)a,v^h^r^ 

+...- (2*ir + 2^ + /a) - I = 0, 

where k is an integer, which must be large and positive if ( 
is large and positive and ff not large. 

The differential coefficient with respect to ^ of the left-hand 
side of (4) is 

* It ii easy to bm that the partial differential coefficients of the imall qoantitj 
^ aie also smaU. 
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which IS certainly positive for large values of $. Hence the 
lel't-band side vanishes, when rj is given any value not far 

from -i , for one and only one large value of £. This value 

of S is determined by an equation 



or 



or 



b ■ 



5 

.((.^)5.£}(i-i|.|) 



- b 

= (2for> - -^ + €. 
. P 

Finally, along the part of the curve defined by (4), which 
lies in the part of the plane under consideratioui 

dv_ P 
where 

= -(p-l)^r-+-, 

00 that df)ld^ is large and has the sign of ^. 

If we compare the results of this and the preceding sectioDi 
we see that in this part of the plane the equations 



fc^(«)| 



^(^) 



and amp. e^(*) = amp. 2Af/ + 2^7r 

define, the first a single continuous curve asymptotic to the 
line 

the second an infinite series of curves each of which cuts the 
former in a single point. And these points are roots of tho 
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equation (1). Thus the equation (1) possesses a series of 
roots which tend asymptotically to the points 

We assumed that the quantity 

p 

did not vanish. If it vanishes the investigation is slightly 
more complicated, but the result is the same ; and of course 
we can always ensure that it does not by making a suitable 
preliminary transformation of the type 

« = i; + J9. 

The equation (1) has also p other sets of roots which may 
be determined similarly. If we make the substitution 

2mir» 

it is transformed into an equation of similar form which 
possesses a series of roots lying in the direction d = 0. These 
give the roots of the original equation which lie in the 
direction 

P 

§ 5. To verify our results let us calculate those roots of 

(5) ei«*4^(a+i*)x-H-a « ^, 

which lie at a great distance in the positive direction of the 
real axis. They are given by 

«'• + (*• ta)**-2iir+fi^=:0, 

where ^ is a constant and k a large positive integer. We 
must take 

= V(2Air) + i(ta-4) + 6 
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(tf being small when k is large). If m = 1, 

(6) x=:»J(2kir) + ^(ia-b) + €, 
but if nt>l, 

(7) x = *7(2A7r) + 8, 

the result in either case agreeing with the preceding section. 
We might apply this method to the more general equation 

§ 6. We have so far supposed p ^ 2. If p = 1 the results 
are of a different character. In my former papers I investi- 
gated the roots of 

e- = P(x), 

or (what is the same thing) those of 

6-^ = P(;r), 

I, however, imposed certain unnecessary restrictions on the 
coefficients of F(x). The general asymptotic solution is 
as follows, if 

P(;r) = (a + f/3)*" + ..., 
fj = log V(a' + iS") + n log I 2*7r I \ (n even), 

(* = — 00, ..., +oo) 



g = 2A7r + /* 

ff ^ log V(a' + /90 + w log 2Air 
(A;=,..+ oo) 

5 = 2A7r + M' 

i7 = logV(a* + i8') + nlog|2*7r| 
(Xrss — 00 ...) 



(n odd)| 



; 



/i, fi being angles between — tt and + tt, and such that 
coB/jk :sin/n : l::a: — iS: V(a' + )8'), 
cos/u' : sin/*' : 1 : : - a : iS : V(a' + i8'). 
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It 18 quite easy to write down the more general sokitioD of 

'^ (')«■*• =♦(*). 

I shall not trouble to do this, but I wish to point out the 
essential difference between the solution of (1) in the cases 
ofp>l and p = l. In the former case the solution is inde- 
pendent of the form of ^ and \p ; in the latter it is not. This 
is not in the least difficult to understand. For it is clear that 
the divergence between the types of the series of roots of 

for different forms of ^ and xp is likely to be lessened by ao 
increase in the disparity between the rates of growth of the 
transcendental function e^(^) and the polynomials. 

§ 7. The equation 

\p (x) sin 0(x)^^ (x) 

may be solved similarly. In the simple case of 

Binx=:P(x) = (a + i/9)x"+..., 
the solution is 

«7 = log2 V(a* + jS') + n log ] 2k'jr \ 

(A = - 00 ... + QO) 

5 = 2*w + X 

17 = log2 V(a" + )8') + n Xogikv 

(*=...+ 00) 
5 = 2A:7r + V 
i7 = log2 V(a"+:i8*) + n logl 2kir \ 

(A = — 00 ...) 

\ V being angles between — tt and +^, and such that 
cosX : sinX : 1 : : a : fii V(a' + i8'), 
cosX' : sinX' : 1 : : - a : -^ : V(a' + /8')- 



(n even), 



(n odd). 
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§ 8. I may add that in many cases we can find similar 
solutions for the more general equations 



in which /(x) is any integral function which satisfies certaia 
conditions, of which the most obvious and important is that 

for all sufficiently great values of r« 

11. 

The equation e"* sin bx = P(x). 

S 9. 1 shall now consider another equation, 

(8) 6-*sinJa; = P(aj), 

•where a, J are for simplicity supposed real and positive, and 
P(x) is an arbitrary polynomial. The solution of this equation 
presents features which which have been absent from those 
which I have considered before. Theso peculiarities appear 
quite clearly in the particular equation 

(9) e'^sinJ-c^o 

(where c is any constant but zero), which I shall therefore 
consider first. 

The equation e"*sin5a: — c. 

§ 10. If a, J are real and positive, c = 7 + iS, a; = f + iiy, w0 
obtain at once, on equating real and imaginary parts, 

e"l-h cos {arf + Jf ) — e^B-^ cos [arj - tf ) « — 25, 

ei^B-^n sin (aiy + Jf ) - e«f +*'» sin {arj - tf ) =» 27. 

From these two equations, or by equating the moduli of 
the two sides of (9), we deduce 

cosh 2J17 - cos26| = 2 (7* + 8*) e-^^^. 

It follows that if f is large and positive 

cosh2^-cos2df 

is small. This can only be the case if v is small and h^ nearly 
equal to a multiple of tf. 
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Thus the roots for which f is large and positive approach 
asymptotical Ij to some or all of the points 

flTT 

i.e. to the zeroes of e'^sinix. On the other hand if ^ Is large 
and negative 17 is large and 

where e is small, and in fact less than a constant multiple of 
Hence 

where 4 satisGes the same condition as before. 
First, suppose ty > 0. Then 

and also 

^ cos (ai7 - b%) = 286-«f (1 + «) 1 
6*^ sin (aiy — ig) = — 27e--«£ (1 + c), 

BO that 

Let X be the angle between ^ tt and 7, such that 

cosX : sinX : I : : S : - 7 : V(7' + ^)» 
Then ai7-ig = 2pw + X+ €. 

But, since 

i«; + ag = Jlog4(7' + S') + e, 
It follows that 

( (a'+ i') 5 = a log2 | c | - (2;>ir + X) i + «, 
t (a* + h") 17 = J log2 I c I -I- [^pTT + X) a + €. 
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The roots for which g ia large and negative, and 17 >0, 
tend to the points 

-^^i-jj[alog2|c|-(2;w + \)i + t{ilog2|cU 

where p is a large positive integer. 

On the other hand, if 17 is negative, we obtain 

c-*n = 2 V(7* + S") fi^£ (1 + e), 
6-^n COS [at) + Jg) = - 2Se-«5 (! + «)> 
e-^ sin (ai? + Jg) = 27^-"^ (! + «)> 
— 8 

COB(ai? + ^g)= ^^^,^g^ (1 + €), 

Bin(aiy + tg)= ^^^,^_^y^ (l + e), 

ai; + ig = - 2p7r - X + €, 

-ii7+ a£= ilog4 (7»+S') + (-, 

f (a* + A*) $ = a log2 I c I - (2;?7r + \) A + «, 

I (a' + A*)i7=— 61og2|c| — (2^ + \)a+ e. 

Thus the points to which these roots tend are the conjugates 
of the former set. 

Finally, we observe that *; can only be large if g is large 
and negative. Thus all possible roots at a large distance 
from the origin are included in one or other of the three sets 
which we have investigated. 

The question remains : does one and only one root corre- 
spond to each of the points of the three sets to which we 
have proved that the roots asymptotically tend? 

In order to settle this question we begin by tracing the 
curves 

le^'sinJ.r | = | c |, 

or cosh 2bfi - cos 2bK = 2 (7* + S*) e-^B, 

in so far as they lie in the part of the plane for which % \b 

large and positive. 

The preceding analysis shows that all points of any such 

nir 
curve lie very near to one or other of the points -j- . 

Let cos2j£ + 2 (7* + S») e-2«f = ^ ($). 
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Then from 

C08h2ii7 = tf(g), 
ive deduce 

e^hn =<?(5)±V[{^(g,r-l], 

In order that these equations should be satisfied we must 
have ^ (£)>!, and then we must take the upper or lower 
sign according as t; is positive or negative* Thus to each 
value of S which lies in tne small range of values of % on each 

Bide of -T- , for which fl (S) > 1, correspond two and only two 

values of 17 which coalesce in for the values of ^ for which 
^(^)sl. It follows that the curves consist of an infinite 
number of simple closed curves surrounding each of the 

points -r-^ and shrinking up into these points as n tends to oo • 

And from this it follows by a well known theorem that for 
large values of n there is one and only one root of the 

equation (9) near each of the points ^ , these points giving 
the roots of (9) asymptotically. ^ 

It remains to consider the other two sets of zeroes associ- 
ated with the essential singularity. 

Suppose first that ^ is large and negative, 1; large and 
positive, and 

|e*"8in5jr| = |c|» 

Then fc^ + a5 « log 2 I c I + e, 

BO that the part of the curve at a great distance from in this 
direction is asymptotic to the straight line 

&i; + a$«log2|c |. 

Moreover, since 

cosh 2hri == cos 2i? + 2 (7" + 8*) e-M, 

2 J sinh 2btj^^- 2b sin 2 J$ - 4a (7" + S*) e-H 

so that -7Z. is ultimately of constant (negative) sign, being in 
fact nearly = — J. 



I 
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Now suppose 

<u»i.c. = r, 

and consider the curves 

am, e'^ smb. 



t^rhose Intersections with tbe former curve give the zeroea 
This gives 

__ S _ e^ cos [arj - JS) — e-*i cos (at; H- bZ) 
^ fy ~ €*n sin {at) — 6g) — ^-*^ sin {arj + 4S) 

tanh ^i; + tan h^ tan ai; 
taub br) tan a?; — tan bt ^ 

tari i5 = tanh iiy cot (t — aiy). 

This equation represents a family of parallel curves, the 

distance between them (measured parallel to %) being -j- • In 

the region of the plane which we are considering thej are 
nearly coincident with the lines 

afj-^b^^pTT-i-T- J?r=^7r + X- 

Of these lines those for which p is even correspond to 
^m.e^ainb;t=iTf those for which p is odd to 

am .e"* sin Jjr = t + ir, 

and it Is easy to sec that when fj is large -j^ is certainly 
positive along them. "^ 

It follows that each of the lines cuts the former curve 
I e^'sinJ.r | = j c| in one and only one point for which 17 is 
large, and hence that one and only one root of e** sin 6a? = c is 
associated with each of the second set of points previously 
determined. 

Similarly for the third set. The roots of e"*sinSj: = c 
for which | « | is large are therefore completely represented 
asymptotically by the three sets of points, 

§ 11. The result of the last paragraph enables us to give 
an affirmative answer to the following question. 
Is it possible that, if a^ (c) is the ri'^ zero of 

VOL. XXXV. T 
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(the zeroes being arranged in order of moduli), then 

linT.|^>| = ?, 



where I is not = 1 ? 

For consider the three seta of zeroes of (9), c being not = 0. 
The first set tends to the points 

pTT 

the second set to the points 

and the third to the points 

S, S' being quantities which do not increase indefinitely with n. 
The moduli of the three sets of zeroes are roughly 

pTT 2p7r 2p'ir 

and the number of zeroes within a large circle of radius B is 
roughly 

IT IT ' 

whereas for e'^mibx this number is 

2hR 



If, e.g. a — b V3, the moduli of the p^ zeroes of the three 
sets are roughly 

pir ptr pir 

so that the modulus of the 3^^ zero is roughly ^ , whereas 
for e'^ssinbx the modulus of the 2^^ zero is roughly ~ . 
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§ 12. M« Borcl^ has Buggested that the foUowiog theorem 
ifl probably true. 

1/ a^ (c) is the modulus of the n**" zero of F{x) — c, and one 
particular value ofcis excluded from consideration^ then 

It is easy to verify that the example which we have been 
tllscussing obeys this theorem. In this case, of course, c=0 is the 
particular value of o; it is what we may call the Picard case, 
if we interpret this expression in a more general sense. In all 
the particular cases which I have examined there is at most one 
such exceptional case. At the same time it seems to me 
liighly improbable that the general theorem above stated ia 
true. But there can be no doubt that is true for large classes 
of functions ; but it seems exceedingly diflScult even to verify 
it except when we know at least some asy mptotic expression of 
the function under consideration* It seems to me clear from 
the evidence of the particular cases which I have studied that, 
/or large classes of functions^ one can go much further and 
assert that the actual zeroes a^ (c,), a^ (c,) — not merely their 
moduli — can be arranged in a nnmber of groups such that 
within each group 

lim. ^ = 1. 

It is, indeed, quite easy to see in a general way why this 
should be so ; but to formulate precise conditions under which 
it is so and to give a formal proof for functions satisfying these 
conditions is quite another matter. 

The equation ^ sin hx = F{x), 
§ 13. I shall now consider the more general equation (8). If 
^ sin Jo; = P(ir) = a^** + ...+ a^x + a^, 
we find at once that 

cosh 2 J17 - cos25f = 2 1 P(x) 1 6-2«e. 

If f is large and positive, the righf-hand is certainly small, 
unless 17 is very large compared with f, in which case the 
equation is plamly impossible. If | is large and negative, 



• Legotu tur les/onctiont entiereSf p. 100, 

T2 
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1 17 1 IB large. If 1 17 1 la large, f is large. Wo have thus three 
sets of zeroes to consider corresponding exactly to the three 
cases of § 11. 

(i) f large and positive. Then cosh 2&19-* cos 2i{ is smaU^ 
and X is close to one of the points 

nm 

as in § 11. 

(ii) { large and negative, 17 large and positive. Let 

a,«|a.|c»«. (j«0, 1, ...,fi), 
a + t& = V(a" + i*)e»x. 
Then 

^l-^ cos(ai7 + 5£) - e"^+*i cos(ai7 - SQ = - 2\^, 
€«e-*i| sin {cLfi + Jg) - c«e+*«i sin (aiy - J$) = 2^, 
cosh 2 J17 - cos 2 J5 = 2 (^* + ^^) e-2«e, 
from which it follows that 

and hence that 

(^'+,^') = I «»!'(? + ';')" (1 + 

6»n - 2 1 aj (1 + 2;y"| 5 (•«-<.? (1 + e), 

J7=-ag + nlogl5H-log|2|aj(l + pj*"| + «. 
Also 
P(«) = |aje.e.r(l-i)"(l + ,) 
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tto that 

= 2|aj(l + ^;y"r«-fBin{5. + n(x-i»)}(l + «). 
€*^ Sin (af) — jg) 

or, if we suppose n even, 

C08(ai7-i5)= 8in{^^4M(x-J^)}(l + e), 

«in(ai7-iS) cos{^„ + n (x- Jtt)} (1 + e), 

aiy - J$ = 2ji7ir + X + e, 

where ^ = ^n~i^ + ** (X"" i^)- 

Also Jiy + ag-nlog gl + logJI+e, 

if ^=2laj(l+|;)*\ 

Therefore 

(a' + 4'')$ = a(nlogl5l+logir)-ft(22?7r + \) + e. 

The dominant term on the right of the expression for 
(a* + b*) S is — 2bpiry and it follows that 

log I £ I = log (2ftjt?ir) - log (a* ^b^ + e. 

Substituting in the former equations, we obtain finally 

(a' + 60i7 = a(2;?7r+X) 

4 i {n log2p7r -- w log V(a* + i*) + log 2 | a^ 1) + e, 

+ a {« log2/>7r - n log V(a' + J") + log2 | a^ \} + e. 

If we make n = 0, a^ = o, these equations reduce to those 
obtained in § 11. 

In the same way we may determine the corresponding 
points for which 17 is negative. The case in which n is odd 
may be treated similarly. But it is hardly worth while to 
work out all the different cases in detail. 

We have still to prove that one, and only one, zero is 
associated with each ot these points. But before entering on 
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thia discussion tlie following remark should be made. The 
character of the roots of e** sin Jo; = is completely altered by 
writing c for on the riglit-hand side of the equation, the 
disturbance of a root being of the same order of greatness as 
the root itself. But the further disturbance produced by 
writing, say, c-k-x instead of c is quite analogous to the dis- 
turbance produced in the roots of siux = by writing Ji instead 
of on the right-hand side. 

It is very easy to see how this must be the case. Draw 
the lines 

where * is any small fixed positive quantity. Then in the 
region between the first of these and the positive part of the 
real axis, |e"'8in6x| grows exponentially with \x\, while in 
the region between the second line and the negative part of 
the real axis it decreases exponentially with \xl, Alon^ 
the real axis, it on the whole increases exponentially, but 

decreases with very great rapidity near the points -^ . Now 

we have been considering points for which it is comparable 
with some power of I or [, and it is clear that these must lie 

ultimately very near to the zeroes -^r- , or oo curves which 

ultimately lie entirely between the linea 

and this however small be k. 

We proceed now to the proof that one, and only one, zero is 
associated with each of the points which we have determined. 

T\)\9 is easily shown for the points -r-, for it is clear that 
when n is large the curves ^ 

' sin S-^ I w- 



(where K is a positive constant > 1), which He in this part of 
the pliinc, form a scries of small closed curves surrounding 
these poiwls. There are therefore as many roots of 

as of c"* sin bx = 

within this contour, that is to say one. 
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We consider next the part of the curve 

c"* sin bx 



P{x) 



= 1, 



for which ^ is large and negative, ij large and positive. Along 
this 

cosh ibt) - C082J^ = 2 (^* + 1^') e-2«£. 
The curve is asymptotic to 

J.7 + a? = nlogUl + log|2|aj(l+^]y"|, 

and, moreover, since 

siuh 2btj . 2bdi) + sin 2b^ . 2bd^ 

and lgl±#> 

dtt 
is ultimately very small, -r^ is ultimately of constant sign 

(being nearly = — 7 j . 

Again, as we go along this curve am.P(a) is ultimately 
always very nearly eq^ual to ^^ "•■ ^ (X " i^) ~ /*» ^^7* ^^^ 
amplitude of e^^smbx is, as we saw, equal to ft along certain 
curves nearly coinciding in this part of the plane with the 
lines 

arj — l^ = ^ptr - Jtt + /a, 

which cut the curve \e'^sinbx\ = \ P(x)\ each in one point 
nearly coinciding with one of the points to which the zeroes 
were shown to tend. At one of these points of intersection 
the amplitude of 

e"'Bin&jr 

is nearly equal to a multiple of 27r. 

Let ^p, Jp^^ be two of these points. Then am.e'^&inbx 
continually varies in the same sense as we go along the curve 
from J^ to A^^^. Moreover, so does 

ef'^Binbx 
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for if it were stationary we should meet with a zero of 

d e-'sinJjT c" f . , . , F(x)%mbx} 
dx Fix) Fi,^) \ F{x) j 

But the leading term in the bracket is 

BO that this ia impossible. The amplitude therefore varies in 
tlie same sense from A to A^^^ and its change is nearly equal 
that of a//i.e""8in6.r, t.e, nearly equal to 27r. And we cau 
prove in just tbe same manner that at a point balf-wav 
between A^ and A^^^ it has changed by nearly ir, and at 
a point hah-way between A^^^ and A^^ by nearly Sir. There 
is a point between these two points at which it is exactly 
equal to an even multiple of tt. This is a root of 

€*^BinJx = P(^). 

We have thus arrived at the desired conclusion. 

The equation lip (a")'fe= F{x), 

§ 14. I have carried out a Mmilar investigation for the 
equations 

(10) n,ix)^c, 

(11) np(a:)=P(^), 

where F(x] is as before a polynomial, and U^{x) is Mr. 
Barnes' function 



ii,{x)=n(i + ^^ (/,>!). 



It would take too long now to give the details of mj 
investigations, hut 1 take this opportunity of stating my 
results, as M. Wiman has in a recent note* indicated results 
somewhat similar to mine. I iiave only seen the abstract of M. 
Wiman's memoir, and as far as I am aware it has not been 
published in full, so that it is impossible for me to say exactly 
what is the relation between his results and mine; but 1 am 
inclined to think that, approaching the matter from a different 

♦ A. Wiman, "Sur U genre de la fonction derivee d'nne fonction entiert ft tur 
U cat d'exception de M. Pkard/' Comptes Hendus^ Jan 18, 190i. 
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point of view, he has considered more general cases than I 
have, and so naturally obtained less precise results. 

Mr. Barnes and other writers (among whom I may 
mention MM. Lindeiof and Wiman) have proved that lip (x) 
is represented asymptotically by the expression 



(27r)-i^ar-iexp. f xA , 



sm- 
P 



provided a certain region including the zeroes is excluded from 
consideration. My first object has been to find an expression 
which represents Pp{x) asymptotically within this region, and 
especially for real negative values of n. 1 find that such ao 
expression is given by 

(27r)-*/» (— a:)-* 2 sin j tf (— x)p \ exp. j w cot -(—«)/>[ . 

This expression must be taken real for negative real values 
of a*, and applies at any rate within an angle which has its 
vertex at the origin and includes the negative real axis. 

Using these two asymptotic expressions I find that, if 
I </><2, the large roots of the equation 

P, (a:) =aX +•••+«. 
form two series lying in the directions 

one set being given by the approximate formula 

. tr 
sm — 

[~ir) "*""" {(2?")" -••(« + i) P* (2/»<- log (2;,) +...}, 

and the other by the conjugate formula, p being an integer 
which takes all large positive values. If 2<p, however, the 
roots approximate to tlie points —p*> The case of /> = 2 is of 

f articular interest. For p — 1 the product Up becomes divergent, 
f we make it convergent by introducing the proper exponential 
factors we are led to the inverae Gamma-function. This case 
I have considered in a paper which will appear shortly in the 
Proceedings of the London Mathematical Society, 
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It will be observed that, if N is the Dumber of roots within 

a circle of radius r, we have roughly N=^rP cosec- , whereas 

1 P 

the same number for Dp [x) itself is N= rP. The ratio of these 
is sin - . This agrees with a remark made by Mr. Barnes 
and M. Wiman. 

§ 15. It is evident that the equation f{x) =0 will present 
similar peculiarities in large classes of cases; whenever for 
instance the zeroes of /(x) are all real and negative, and the 
inequality 

l/W !<«:*- {8,a>0) 

is satisfied throughout an angle which includes the line of 
zeroes. Thus it can be shown that the function 

/(a:) = n(l+|) (ajP<a,<AV), 

//, K being positive and 1 < p < 2, is such a function. 
Moreover, we can easily construct cases in which the eccen- 
tricity of the equation is more complicated; we might consider, 
for instance, the equation 

To the equations (10) and (11), and the assertions which I 
have made about their roots, I hope to return on some future 
occasion. 

1 hope also to consider certain functions, defined by Taylor 
series, whose zeroes can be determined asymptotically by 
transforming the series into an integral of the type 

The function 

is such a function. It is a generalisation of the exponential 
function and possesses very interesting properties. 
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ON THE NEWTONIAN POTENTIAL. 

By Prof. A, C. Dixon, Sc.D. 

T^IIE object of tins paper is to discuss the question whether 
-^ there is a theory bearing the same relation to the 
Newtonian potential, as that of the functions of a complex ' 
variable bears to the logarithmic potential. The functions 
discussed are variable quaternions or vectors destroyed by the 
operator V. The theory is made comparatively narrow by 
the fact that such functions cannot as a rule be combined, 
except by addition, without losing the characteristic property. 
Another restriction is that infinity cannot be treated as an 
ordinary point, for, while v' is not seriously affected by 
inversion, v is quite altered. Much of the discussion relates 
to certain functions with triple periodicity, whose properties, 
BO far as they go, are strikingly like those of elliptic functions^ 



§ 1. Let TF, X be any two potentials, that is, functions of 
;r, y, z, such that v*IF=0, v'-3l = 0, where v is Uamilton^a 
operator 

ox '^ dy cz 

Let two functions F, Z be taken, such that 

9r^9X__9^ dZ^dX dW^ 
dx dy dz ' 9*c dz dy ' 

this is just a matter of integration with respect to x, the other 
variables y, z being treated as constant, 
li follows at once by differentiation that 

d'Y d'z _ ^^Y 9^ _d'x 



an 



d that 



du:dy d.cdz dy' dz' dju' ' 

yr d'z ^ d'w d'w_ 9'Tr 

d.rdz dxdy^ dz' dy' " dx' ' 

97 dZ ^ 9TF dY a^ 
oy cz cx dz dy 



,. dX dY dZ ^ 9TF dY dZ 
thus ^ + T- + K- and -;^ + 
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are functions of y^ z onlj. Let 

Now 17, (f, fuuctioDs of y, i9, can be so determined that 

For, if we put 

y + t« = M, y-t« = i;, «? 4 *?= ?/, i7-iC=r, 

And take y/, v as independent variables, these conditions xnvcf 
be written 

and the solution a^ain is only a matter of integration. 

If then we take F— <7» ^—^ io the place of Y, Z^ we 
have four functions W^ Xy F, Z, such that 







- 






=0, 






dx 

dz 


- 


dZ 


=0, 




■ 8« 


8y 


8^ 




:0, 








^^4 


dz 


= 0, 


that is, 


such that 












ViW+tX+jY+kZ)^ 


= 0. 
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We shall call a quaternion such as W + iX ■{■ jY '\- kZ^ 
"which is destroyed by V) ^ Hamiltonian function ; it appears 
to be the analogue of a function of a complex variable in the 
plane. 

The four functions TF, X, F, Z must all be potentials, 
since 

v' ( Tr+ tZ+y r+ *z) = V = 0. 

§ 2. Hamiltonian functions may be constructed in another 
way, as follows. Let P, Q^ jB, S be any four potentials, then, 
since y" (P+ « Q +^\B + A/S) = 0, it follows that 

is a Hamiltonian function. The theory of these functions 
will thus be little else than an arrangement of what is known 
about the Newtonian potential. 

The product of two Hamiltonian functions will not 
generally be another ; even when a function is multiplied by 
a constant, the constant must be the second factor or the 
Hamiltonian character is lost unless the constant is a pure 
scalar. 

§ 3. There is a process corresponding to that of integra- 
tion round a closed curve, depending on the theorem that 
hda.U) «= 0, where I7is a Hamiltonian function without singu- 
larity within or upon the closed surface over which the 
integration is taken, and da is an element of the surface 
treated as a vector, that is, the area of the element multiplied 
by the unit vector in the direction of the outward normal. 
The proof of this depends on the ordinary formula for the 
change of a surface integral into a volume integral, for we 
have at once 

^SSJvU.dxdyda 

since Z7is Hamiltonian. 

In the same way fKU.da^O^ KU being the quaternion 
conjugate to 17, for we have 

. ^ KU.U ^ KU.J-^l KU.k^O. 

d*v dy ^ de 
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Again, if P ia any scalar potential, wc have, for any closed 
iSarface within and on which Uj P have no singularity, 

+ I {KU.jvP) + I {KUMP)\ dxdydz 
^SJj{KU.v'P)dxdydz 

+ Jffr^ii:i7.i+| KVJ-^^^KU.k\vP.d.cdydz 
= 0. Similarly /yP. da . 27= 0. 

§4. In these results we may put P=- = (a:'+y* + £5')^, 

and thus f ^?7.rfcr. v-j , for instance, has the same value 

when taken over any closed surface enclosing the origin, as 
it has when taken over a small sphere with the origin as 
centre. But on such a sphere 

dS being the area of the element, 

T T 

thus (fo-.v ' is scalar, and its value is in fact the solid angle 

subtended at the origin by the element of area. Hence 

— If ^?7. Jcr. V ~) IS the mean value of KU on the spherical 

surface, which must coincide with its value at the centre since 
the sphere may be as small as we please. 

It follows that if p=!C^-ar') +(y-yT+(«-0'l*) ^ 

the value of V at (jx'y y\ «') is equal to 
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the integral being taken over any closed surface enclosing 
(d:', y\ »'), but not any singularity of U. Since v - is a 
function o{x~x\ y- y\ z-z only, we have 



9 



i^\ 






" ^ ^ aa;'%'^a;8'^ " i;? J dx-dy'dz' V yaa.u. 

By expanding - in ascending powers -and products of 

a:', y', «' we have an expansion for IT analogous to Maclaurin's 
theorem, holding good within a sphere with the origin as 
centre; there will in the same way be a double expansion 

analogous to Laurent's, since - may be expanded also in 

ascending powers and products of ^, y, z. This will hold 
within the region bounded by two concentric spheres. 

§ 5. Of the rational integral algebraic Hamiltonian functions 
of degree w, w + 1 are to be counted distinct. The most 
general expression of degree n contains ^(n + l)(nH-2) 
quaternion coefficients or 2 (w + 1 ) (n H- 2) numerical coefficients. 
If U is of the degree w, then ^U is of the degree n - 1 and 
contains 2n (w + 1) numerical coefficients. Each of these must 
vanish, and the number of numerical coefficients in 27, if it is 
Hamiltonian, is thus 4(n4-l). This must be divided by 4, 
since ZJmay be post-multiplied by an arbitrary quaternion 
constant. 

For the degree 1 we have the functions x-ky^x ^jz ; 

For the degree 2 we have the functions 

A-* - 2kxy - y*, x^ -h 2jx z - «', y" - 2iyz - «' ; 

and so on. 

The expressions x — ky^ z-^jx^y^iz are ordinary com- 
plex variaoles and the functions derived from each in "the 
ordinary complex theory will be Hamiltonian functions: the 
same holds for monogenic functions of such a complex 
variable as 

{\x + /A^y + v^z) + (i\ +JfA, + kv,) (\ x + fij/-{ y^X 
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where (X„ /i*,, r,), (A^, /i„ i^,), (\,, a*,, O «re the direction- 
cosines of three mutuall/ perpendicular straight lines so 
arranged that 

Among functions of negative degrees we have for the 
degree - 2 the function 

for the degree — 3 the functions 

{i (y' + «" - 2x') - Sjry - 3/rxz} /»^, 

{y y + x'- 2/) - 3ia:y - 3%«J /r», 
and so on. 

Let (- «) be the number of such functions for the degree 
-«; these arise from operating with v upon i^«_,/»**"~', where 
F^ , is the general surface harmonic of degree n — 2 and 
includes 2n — 3 constants, quaternions, or 4 (2n ~ 3) numerical 
constants. But there are 4^(— n + 1) expressions, included 
in y^.j/r**"', which V destroys; hence 

4^ (- n) = 4 (2n - 3) - 4^ (- n + 1 ), 

and ^(— n) = n— 1, since 0(— 2) = 1. '^^"^ 

These are the functions of negative degree that will enter 
into the expansions referred to above analogous to Laurent's. 
There are others, such as for instance the negative powers 
of a; — ktf. 

§6. Any Hamiltonran function must become infinite or 
otherwise singular at some point either at a finite or an infinite 
distance, for a potential cannot have a true maximum or 
minimum in empty space. 

When a one-valued Ilamiltonian function becomes singular 
at an isolated point, the Laurent expansion shows that its 
infinite part is an aggregate of multiples of such expressions as 

^^*' 1 

This does not hold if the function becomes infinite along 
a line, or at least in such a case the aggregate does not consist 
of a finite number of terms. 
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§ 7. There are some special features about HamiltoDian 
functions that have no scalar part; let us call them pure 
functions. It is readily verified that if Fis a pure function 
ftud a any constant quaternion then K{oi.V) is Uamiltonian. 

The elements of the surface integral — K I (-K'C/'.rfo-.v-j are 
in fact of this type. w J \ pi 

The values over a closed surface of f[Vda) and of j{d<r,V) 
both vanish if F is a pure function without singularity within 
or on the surface. 

If iX-\-jY-\- kZis a pure function, we have 

dY^SZ dZ_dX BX^dT 

dx^ dy^ dz ""^ 

thus JT, F, 2 are the derivatives of a potential P, and any 
pure function may be put in the form V-P- 

§ 8. It is easy to construct triply«-perIodic Harailtonian 
functions with arbitrary periods. Let the proposed periods be 
w„ w,, (w,, where 

Then 

+ (« - »"i7i - wi,7, - wi,7,)* )■* 

Is such a inunction ; in the place of ^-^ we may use any other 
differential operator of at least the second order, formed with 

f) o o 

^ » ^ 1 ;t- . This restriction on the order secures con- 

dx cy 3* 

vergency. 
Let 

+ (« - wi,7j - m,7, - W37,)T* 
VOL. XXXV. t; 
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be denoted by /(a?, y, «, m„ w,, m^ ; then 






-/(•*^o-P' yo-?» ^o-^j '"p ^.> »«.) 
-/(« -/>•» y - ?o> « - »•*» "'p ^f' •''.) 

IS anotber triply periodic pure funclion if 

P^ ?» ^5 'a^ y©^ ^a» Ai ?o? 'V 

lire any finite quantities. Let this function be called 
i^Xf, f^; jff^jff^^ where i = ix -\^ Ji/ -{- kz, fj=ip-\-jq-\-kr, etc. 
■J'hen i^ has the value zero when f = f^ and has isolated 
intinities ot* the simplest possible kind at nr, tj^: we may call 
«r, «Tjj the poles of F, Any triply periodic one-valued 
Haniiltonian function must have at least two poles of this 
kind or one of a higher order. For let ^ (f ) be any triply 
periodic Haniiltonian function, haying no singularity within 
the period-parallelepiped but a simple pole at 17, (a, v, «?), and 

behaving near 17 like the function v,-p .a, where a .is 

a constant qi>aternion and If -17' denotes the distance 
between the points f, 17. Then zero is the value of 

taken with respect to f over the surface of the period- 
parallelepiped, since the contributions of corresponding parts 
of opposite faces destroy each other. But jp' is a pure 
function and the only singularities of the subject of inter- 
gration occur at 17, tsr, «t^„ wliile the values of the integral over 
Biuall spheres containing these points are 

Hence by the results of § 3, 

47r<^ (tdt) - 47r0 {^a^) + ^TrF(ri, f ^ ; iy, cr^) . a = 0, 

and here tr, cr^, f ^ are arbitrary. Putting f<>=i7 we have 
4> («t) = <f> (m^\ so that <f) has the same value at two arbitrary 
points nr, tj^ and is therefore constant ; a must be zero. 

But if we take <f> to have two poles, 17, 17^ and use the 
same notation and method we have 

(nr) - ^ (ctJ = - F(i7, fa ; ^J ^'o) a - ^(%- ?o ; ^7 ^^o) «o- 
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Putting 17, 77j for f^ in turn, we find a = - a^, and 

Since BT is arbitrary this shews that <l> (f ) only diflFers by a 
constant from a post-multiple of i^Xf? ?o> V^ V^)* 

Now let <^ have a pole of a higher order at ?;, and in fact 
assum^ that ^ becomes infinite like 

and has no other pole in the parallelepiped. Since 

17 = iu -\-jv + kwy 
the same method givcB 

Thus the function F and its derivatives enable ns fo 
express all possible triply-periodic Harailtonian functions 
whose distinct poles are finite in number and of finite order. 

§ 9. Some of the properties of the function F are suggested 
by those of doubly periodic functions. For instance, 

or distinct places at which F has the same value occur in 
pairs whose mean is fixed. 

Taking any vector lA-^jB-^-kC^ we may prove as 
follows that it is the value of F at some point in the 
parallelepiped. Since yF=0 and Fis a vector we may put 
F= vP where P is a scalar potential. The singularities of P 

in the period block are those of ,— , and - -r- . Con- 

sider the surfaces upon which P— Ax — By — Cz is constant. 

For great positive values these approximate to spheres 
round the point a and those corresponding to it, and for 
great negative values to spheres round the point m^ and those 
coiTesponding to it. 

In the transition from one of these forms to the other the 
surface must pass through forms in which it has a node, and 
at such a node the derivatives of P^Ax^By-^Gz must 
vanish and 

F^iA-^jB-^kC. 

U2 



Digitized by CjOOQIC 



292 PtoJ^ Duon^ On the Neictoman potential. 

§ 10. The further theorem, that there are only two points 
in ihe period block at which F takes a particular value, if 
true at all, is subject to exception. 

For, take the periods to be 

jb + kcj kc + ia, ia +Jb 

where a, i, c are scalar ; form the function 

i^($, ; Jia + yb + ^kc, - ita + ^b + ika). 

The coefficients of j, k in this Tanish if a: = 0, and thus the 
plane ^' = contains an infinite series of curves along each of 
which F'm 9k constant multiple of t. The same holds in the 
plaufs y = 0, z = 0. The function jF in this case expresses 
the force due to an electrified particle at the centre of a 
rectangular hole in a conductor, whose ed^^es are a, b, c. 
This force at any point in the surface of tLe hole is uonual 
to the surface. 

§ 11. Tlie analogue of the elliptic function of the second 
kind is 

f^ /ai^. ^SF. ^dF,\ 

or 222[/(a;-p,y-y, «-r, w^, m„ twj 



This is a function whose only singularity in ther 
parallelepiped is a pole at 17, and it is increased by a 
constant quantity when ^ is increased by a period. 

Let Z {^ ^q) denote the result of putting fy = in the* 
function. Then we have for i' (g, %^] bt, «tJ the expression 

Z(g- «T, v) - ^(£0- «^» v) -^(K-^i.j v) +-^(£«- ^.^ V)r 

where ij is an arbitrary vector. 

The constants by which Z(g, ^^) is increased wheu £ i» 
increased by a period satiify a certain relation. 
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Let ^ (g) be the most general function having the same 
propeiiies as Z^ that is, Laving no singularity but that of 

V r-y 1 in the parallelepiped and such that 

<A($+»j-*(r=5.(«=i,2, 3), 

where .9,, .>„ 5, are constant vectors. Tbeo 

taken over \\xq 8nrfa<5e of the parallelepiped fs 4tr, but by 
taking opposite faces together we find for it the value 

where H , Xl„ 12, are the vector values of the areas of the 
laces. Hence 

5,n^ + 3,i2, + 3,n^ = 4ir- 

This qoatemion equation is equivalent to four conditions, 
and thus the three vectors 5^ ^„ .9, can only depend on five 
arbitrary scalar constants. 

Theae five are accounted for by tbe fact that 

where a, /3, 7 are constant vectors such that 

is a pure Hamiltonian function having the same properties 
as were assumed for <^ (^), but with different values of 
i9p .9,, .9,. There are five scalar arbitrary constants left \a 
a, /3, 7 when the above condition is satisfied. 

Hence the function ^ [%) can be none other tbaa 

4 an expression linear in x^y^ z) ia fact a, /7, 7 can be 00 
determined that 

ta+jfi3 + A7 = a, 
and that 

<^ (£) +ar + Pi^ + 7«-Z(5- cr, rj 

is triply-periodic ; then fliirce it has no singularity it roust be 
constant, 

§ 12. Since i^ is a Hamiltonian function we have 
JJ<r.^=0 when the surface of integration is closed and does 
not surround any of the points corresponding to the poles 
cr, cr^. Hence Jcfo* . jP has the same value over two surfaces 
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whose boundary is the same provided that no pole lies in the 
space between them. This, the surface integral of a triply 

ferlodic function, is the analogue of the third elliptic integral, 
t has two parameter points, tsr, cr^, but the place of the 
argument and zero points is taken by the curve which 
bounds the surface of integration* A change in ^ simply 
alters the subject of integration by adding to it a constant 
vector. 

The double integral is a triply periodic function of c or v,, 
since F is. If the surface of integration is deformed so as to 
pass over cr or fsr^ the double integral is increased by ± 47r| 
the sign depending on the direction in which the passage 
takes place, and on whether the pole passed over is nr or v^. 

If the surface of integration undergoes a simple translation 
represented by one of the vectors cop a>,, <o,, the value of the 
integral is unaffected. Hence the integral vanishes when 
taken over a tubular surface bounded by two curves corre* 
sponding to each other in different parallelepipeds, if no 
pole is enclosed when the ends of the tube are stopped by 
corresponding surfaces : the same would be true also if the 
number of points enclosed corresponding to w were equal to 
the number corresponding to cr^. 

§ 13. When the boundary of the surface passes near the 
point BT or «r^ there is a singularity like that of ± jrfcr.v - 
when the boundary passes near the origin. 

Now the scalar part o{ \d<r,V - is the solid angle subtended 

at the origin by the surface of integration. 
The vector part is 

J -. [« {y^ (^j y) -^^d{x, e]] +y [xd (y, x) + sid (y, «)} 

■^k{xd{z,x)+yd(z,y)}l 

where d{Xy y), for Instance, stands for dxdy and it is to h($ 
remembered that 

d{x,t/)^''d{!/,x% 
rf(a;, x) = 0. 
The expression may be written more shortly 
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It vanishes when the boundary of the surface of integration 
lies on a sphere about the origin as centre, since on such a 
sphere 1 £ | is constant: it corresponds to the logarithmio 
term in two dimensions, which also vanishes tor ^duju when 
the limiting values of the complex variable u lie on a circle 
with centre 0. 

§ 14. The periodic constants for the double integral are 
got by taking for the surface of integration a face of the perioa 
parallelepiped. Let the three constants be JS^J £„ J?, arising 
from the faces c»,«„ «,«,, «,a> respectively. 

^„ J?„ E^ are quaternions involving twelve scalar 
constants. Relations connecting these constants may bo 
found as follows. Since ^'ar -h t^ is a Hamiltonian function the 
value of 

S(j^ + iy)d<T.F; 

taken over the surface of the parallelepiped, is 4ir x the 
difference of the values of jx + iy at cr, cr^ the poles of F^ 
that is 4ir; (p - p J + 47rt {q - yj . 

But the contribution of the two faces ei),a>, i» 

Similarly for the other pairs of faces ; thus 

Another relation of this kind is given by taking ky-^-jz 
ia place of^j? -f ty, and from the two it follows that 

2a£? = 47r (p — pj + iH, 

2/3S=47r(y-ft,)+/Zf, 

27^ = 47r (r - rj + kH^ 

where H is some quaternion. 

We may reduce H to zero by adding to jF a properly 
chosen quaternion constant. For if -F -f A is put in place 
of jF, the values of E^y ^„ -B, become 

E^ + Q.fi, E^ + a,A, E^ + afi. 

= tilf, say, 



- Now2aQ«t 


«.» Pi, 7, 
a.. /?., 7. 
a,, fit, 7. 




2/90 = 


-.JM, 270 = ; 


cJf, 
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und thus the new value of lS,aE is 

^v{p-p^).+ iH+iMh. 
Thus if we put F-- HIM in place of F we have 
ScJLB = 47r(p--jp^, 

The three periodic constants .£?,, -EJ,, K are therefore now 
scalar, and depend linearly on v — w^. From the fact that 
E^y E^y E are integrals over plane areas, it may be proved 
without difficulty that the modification in F does not affect 
its scalar part, so that it is still a pure function. 

The surface of integration that gives the value E^ may be 
deformed very freely and its boundary is by no means fixed. 
It may be any surface bounded by four lines, of which the 
third is what the first would become after a translation <»„ 
and the fourth is what the second would become after a 
translation i»,. Similarly for E^^ E^. The periodic constants 
will be altered by ±iw if the surfaces are deformed over 
V or cTp, or a point corresponding, 

§15. The elliptic theta function !s that whose logarithm 
is the integral of the elliptic function of the second kind. 
The surface integral of Z(g, gj will therefore take the place 
of the logarithm of the theta function and will have analogous 
properties. I do not think it worth while to discijss these 
further, since there seems to be nothing in this direction to 
correspond with the theta function itself. 

An extension to functions of four variables suggests 
itself, these being quaternions, functions of tv^ x, y, s, and 
destroyed by the operator 

Functions of the two complex variables w + tr, 9 + iy 
would be included. 
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ON FOCI AND CONFOCAL PLANE CUEVES. 

By R. A. Roberts. 

I. On some curves with their /act connected in a 
certain manner. 

THE manner in which the points are connected is simply 
that the pencils joining the points to /, t/, the circular 
points, are both self-apolar (or equianharmonic) tetrads. 
Hence, if a plane curve be described to have the four points 
us foci, the entire sixteen foci are the intersections of the two 
tetrads. From the equivalence of the anharuionic ratios the 
sixteen points lie by fours on four circles (Salmon's Highr 
Plane Curves^ Art. 168), but four real points cannot lie on 
one circle. Let A^ B hQ two real foci, then the two other 
real foci C, D are the anti points of two points C, U on a 
/circle through AB^ and such that -4, -B, C, D' are a self- 
apolar tetrad of points. Hence, if A^ B, C, D are the real 
foci, we have 

0), 

where a, &, o, A are the sides and area, respectively, of the 
triangle A^ B, G, Taking trilinear coordinates with regard 
to the triangle ABG we see hence that the point D is the 
inverse point (inverse points are such that oa = /^/3' = 77') of 
one of the two points at which the three sides subtend angles 
x)f 120"; thus, for -D, 

gL:fi:ysscoBA±^BisinA:coBB±»jBBinB:coB C±\/3sin C 

(2). 

Or, D is the point which inverts (in the ordinary sense) 
/iBO into an equilateral triangle. . 

Now considering a bicircular quartic with foci connected 
in this manner, we have the peculiarity that there are three 
distinct con focal systems instead of one as in the ordinary 
case. I observe that If a binary quartic is capable of being 
written in the form 

{x^a) [m' {x ^ ay + n'{x ^a'Y}, 
then its roots are self-apolarly connected. Now, taking the 
differential equation 

du dv 

V(l + u'j*V(l + t;*)"^ ^^^' 
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we knovf that the integral gives a rational (2^ 2) relation 
between u, r. Putting then 

tt= 17= — — — - (^4^, 

i« \x- a) ^ »* (jy " ^ } 

(3)become8 — ^A""^ — * /y =Q Wi 

where w (a? - a) {w' (a - a)* + n* (a? — a')*} = -T, 

and ar, y are circular coordinatefl,. Hence, as Darboux has 
shown, we have the differential equation of the mutually 
orthogonal systems of confocal bicircular quartics. But it is 
to be observed that we have still an integral of (3) of the 
same form, if we substitute 6v or B'v for v^ where is aa 
imaginary cube root of unity. 

We thus have in this case three distinct systems of confocal 
bicircular quartics given by the differential equations 

dx fidy dx ixOdy dx ^.G^dy , . 

where ) /- = /a. 

mn (a — a J 

Now, recollecting the meaning of --p, namely e***, where 

Ox 

6 is the angle the tangent of the curve makes with a fixed 

line, we see that a curve of one system meets a curve of 

another system at an angle of 120°, 60°, or 30°, 

I now proceed to consider a nodal cubic with a self-apolar 

tetrad of foci in regard to the circular points. Using circular 

coordinates and expressing the curve parametrically I write 

«:i':l =/.:/.:/. (7). 

Now the tangents parallel to x are found by taking the 
discriminant of /j - xf^ with regard to the parameter X. But 
by the theory of two binary cubics, if two cubics are 
apolar, the binary quartic obtained by taking the discriminant 
otyi — xf^ is self-apolar. Taking the parameter now so that 
^ = 1 + Xr, /, = a\* + 36X* + 3c\ 4- rf, and expressing that 
/,, /j are apolar, we get c?=a. Hence, transferring the origin 
Xo x^a^ y^a\ we obtain the curve in the form 

36\* + 3c\ 3 J'X* 4 3c'\ .^. 

^= 1-Hx' >y — wtt- (^>' 
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where it is evident that the origin is the node. From these 
equations the foci are found to be given by 

a?* - %bcx^ - 4 (6» + c*) x - 36V = 0) .^^ 

y - 6J'cy - 4 (6" + c") y - 36'V = 0) 

From these equations we see that the centre of gravity of 
the foci is the node of all the determined curves. To find 
the curve when the foci are given in this case, 1 observe that 
from (8) we see that the three inflexions are given by 
X' + 1 = 0, that is, the three points of inflexion are at infinity. 
Hence using a real coordinate it is easily seen that the 
equation of the curve is 

a;i + yJ+2i = (10), 

or i^x+y -\- «;' - 2lxyz = 0. 

The tangential equation is then 

\-4 + ^-* + K-i = (11). 

Now let a,&„ a,i„ aj>^ be the circular coordinates of tlie 
vertices of the triangle formed by the inflexional tangents, 
then from (11) we see that the foci are given by 

[x - a^)-\ + (a; - aj-* + (x - a,)-* = 0| ^^^^ 

(y - ft.)-* + (y - ft.H + (y - &.)-* = o) '" 

Hence, being given the foci, we determine six curves, for, 
the two cubic equations whose roots are a,, a,, a, and &,, h^^ &, 
respectively, being given, we determine the vertices of the 
triangle formed by the inflexional tangents as follows : 
pamely, if the result of clearing (13) of radicals is 

a?* + bcx^ + ^dx + e = 0, y* + bc'y^ + 4d y + e =[0, 

then the vertices of the triangles formed^by the inflexional 
tangents are given by 

aj' + 3c;ir + rf=0, y + 3cy;+d' = 0; 

that is, there are six triangles given by 

O'K dtK «A; «!*») «A) «A; <^xK «A> «•*! ; 

^iK ^Ai %\ ; «i*t) «A' «.*i ; <^xK «A» «,*,.. .(i3). 

By inverting the preceding figures with regard to the 
node of the cubic we get results involving the quai-tic, with a 
triple point, passing through the circular points at infinity. 

inverting the equations (8) we get 

x:y:l = (l + X')(6\ + c):(1+\'j(i'\ + c'}:3\(J\+c)(*'\ + c') 

(14), 
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which represents a qusirt'ic wiih a triple point at the origin 
and passing through the circular points, ^ince the foci of 
this curve fix)ai (9) are given by 









It follows that the foci form a self-apolar tetrad. Again, 
since the coefficients of x and y are wanting in (15), we have 

2 - = 0, 2 — = 0, that is, the origin, namely the triple point 

ot the curve, a, /9, say, is such that 

2-^ = 0, J.-^ (16), 

a--»^, /3-yi 

which give nine positions of the triple point, three of which 
are real. Hence, since there are six curves, namely, the 
inverses of the six cubics, corresponding to each triple point, 
there are 54 circular quartics with a triple point corresponding 
to a given self-apolar tetrad of foci. 

In this case, it may be observed, the circular points are 
those points on the curve where it is intersected again by the 
line joining the two Hessian points of the three parameters^ 
of the triple point. 

I now consider the confocal systems of circular unicursal 
quartics, in the case in which the four foci form a self-apolar 
tetrad. Using circular coordinates, if 

_ a'/A* + 6V + c> + d' 
y Ml/A-a) 

the general confocal and orthogonal systems are given by 

X/x = ^-, \ = Aj> (18). 

Now the tangents at the cnrve parallel to x will be self- 
apolar, if aX.' + 6X.' + cX + rf and X,{X, — a) are apolar, that is, 
if 6a + c = 0, and similiarly for y, if ha! + c' = 0. 

Hence, altering the origin suitably, the curve becomes 

a\* + d ati*-\-d! .^. 

'=MK:rzyy-J[,r^^ 0«)' 

where Xfi^k^ X^^k'fi give the confocal and orthogonal 
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systems of curves. Since the equations giving the foci are 
in this case 

x-^ + (x A ■+ (a; + 3aa)-* = 0, 

y-^ + (y - %y + (y + 3aV)-i = o (20), 

W'liich are of the same form as (12), we can 6nd nodal cubics 
liaving all their foci in common with tiiis system. Again, if 
A:'W = ad or k^aa = dd', we get curves of the system with a 
triple point at the origin. 

In this case the circular points are a particular pair of 
points on the curve, namely, those points from which the four 
tangents form self-apolar tetrads. To find these points when 
the curve is written in the form 

^•y-^=/,'/.-A (21), 

where /, = a,X* + &,V'/* + c,\'/** + d^X/j,* + c,/**, 

/, = a,\* + &c., /, = a,\* + &c., 
I equate 

I/, + »»/, + «/, to {a\ + iS/*) A\' + B\'fi -\ CXn* + Dm*) 

(22), 

which gives 

Aa = /a, + ma^ + wa,, aB -k- BA = Ib^ + mh^ + nb^^ &c., 

/3-D = le^ + me^ + ne^ 

from which 

• ^^am^^^^&m-atje ^^3^ 

Again, for another line passing through the point 
ftX + )S/i=0, we put 

whence -4'a = 2/'a, B ^ , &c (24). 

Now, expressing that 

A\* + BK'ijl + CX/a' + !>/*• 
and A'K' + B\'fi + Cx,^ + Z>V 

are apolar, we have 

Z[AD''A'D)^Ba''BC, 
which from (23) and (24) becomes 
{I'lh^l'e - irblle)a' + {llaird - iralld)a' 
- {llbird' I^rblld - 2 {'2laire - 2l'alle)] a^S = 0...(25X 
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Now, observing that the point aX + Pi^ is the intersection 
of the lines 

he + my + wa = 0, Vx + my + nz = 0, 
we have 

mn - m'n ac a./S* - h^ffa + c,/3V - d,8a^ + Z^a^ 

w?' - nl cc a^ff^ - &c*, Im' — Z'«t « a,/8* — &c., 
Thus (25) becomes 
a* 1 {aeh)) ^ + {ceb) a'ff - {d^) a'fi] 

+ /3« {- (Jarf) /8*a + {cad) )SV + (earf) a^} 

^ al3 [{abd) jS" + [cbd) a«/3' + (eWj a*} 

+ 2a/8 {- (iae) fi'a + (cae) /SV - [doe) /8a'} = 0, 

which, as the coefficients o( a^/3 and a/^ vanish identically, la 

divisible by a'/3' giving 

[(ceb) - 3 {dae)} a* + {(cad) - 3 {bae)] /3* 

+ {2 {cae) - (c6J)} a^ = (26). 

This is the quadratic giving the parameters of the two 
points on the curve from which the tangents form self-apohir 
tetrads. From the theory of two binary cubics we can show 
that we have, identically, 

5 = P*-27g (27), 

where R is the sextic giving the six parameters of the tliree 
nodes, P is the quadratic (26), and Q is the sextic giving the 
parameters of the six points where the inflexional tangents 
meet the curve again. If the general trinodal quartic, 
referred to the triangle formed by its nodes be written 

ay*z* + bz^x* + cx^ + 2xyz [fx +gy + hz) = 0..(28), 
the conic 

[gh -af)yz-\- [hf- bg) zx + {fg - ch) xy = 0....(29) 

passes through the two points on the curve given by (26), 
and the anharmonic ratio of the tangents from any point 
X, y, z of the curve is a function of 

{{gh - af) yz + [hf^ bg) zx + [fg - ch) xyY 

{xyzy '"^ 

In the case of the curve (19) that we have been considering, 
if we use trilinear coordinates, in which case the circular 
points are such that aa = /8^' = 77', the conic 

aa* + J^* + C7' + 2/97 + 2^7a + 2Aa/Q = (31) 

must be a circle, as must also be the conic (29). 
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From (30) we can easily show that if the trinodal quartic (28) 
is circular, namely, such that (31) is a circle, and if the Hue 

((^A-a/) a+ (V- bg) /3 + {fg-ch) y = (32) 

meets a, /9, 7 at angles whose sum is nothing, then the foci 
lie by fours on four circles. 

If the three coefficients in the quadratic (26) all vanish, it 
is evident that the curve is such that the tangents from every 
point thereof to itself form self-apolar tetrads. From the 
consideration of the forms (28) and (29) we see that in this 
case/= 9 = A = 0, so that the curve is 

ai/^z* 4 bz'x* + CA-y = (33), 

that 18, the projection of a lemniscate of Bernoulli. 

This result was originally given by Casey, who showed 
also that the points of contact of the four tangents lie on a 
line. Hence, using triliuear coordinates, it appears that the 
foci of the curve 

/3V sin 2 A + 7V sin 2B+ a*^' sin 2(7 = (34) 

form a self-apolar tetrad. This curve passes through the 
circular points and is the inverse with regard to the triangle 
of the polar circle. It may be observed that the curve 
determined by the equations 

^ m + w\* __ 7n' 4- n'X* . . 

"""j^j^)^ y- x{x^/3) ^^^^> 

in circular coordinates is a lemniscate of the form (34) if 

a {mn + 2w n) = ^8 {2m?i + m'n) (36), 

and this condition will be found to give two sets of four 
lemniscates such as (34) belonging to the coufocal and 
orthogonal systems (19). 

I now consider the confocal and orthogonal systems of 
unicursaj quartics with the line at infinity as a bitangent and 
a self-apolar tetrad of foci. Using circular coordinates the 
equations 

6\*aj = a\* + 4JX' 4- 6c\' + Ad\-\-e \ . . 

6/A'y = afi* + ib'ijJ' + 6c>' + 4c?> + 6 j 

where X/a = A:, \ = A;'/Lftj gi^® *wo confocal and orthogonal 
systems of unicursal quartics with the line at infinity as a 
bitangent. Now to determine the foci, putting c — a: = «, we 
have 

{z*''pz + q)^ = {/'\-m)\ 
where 

ae \ 2hd—p^ ad* -\^ eb'^q, ae- ibd = 3m ; 
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that 18, 

(3m + 2p) z* - 2J^• + (3;/i' -/>') z + 2pqt 4 w' - 9* = ...(38). 

Hence, expreHaiug that the roots of this equatioa are sei- 
apolar, we ohtain 

45m* + 24/)m* - 6/?'m* - 36 jr^m +/>*-^ Upq^^O, 

which, being of the form 

(3m +;?) (I5m* + 3pm'- 3/?*to +;>•- 123^=^0.. .(39:. 

is satisfied by 

3m +p=»0, or ae-bd^O (40). 

Similarly from the value of y in (37) we have ae'-Hi^^ 
We have tlius, again, corresponding to simple relat:«Ki 
orthogonal systems of unicursal quart ics with a Belf-apcj: 
tetrad of foci in common. We may write them thai: 



flfX* + 4X')+g(4X+l ) 



6A.- 



y= 



g (<A*-f 4M') + e74M"H) 



6/i' 



..(41)^ 



where X/x^Jt, X=siVi ftod A, i' are the parameters cf tk 
orthogonal system. Or, again, we can put in place of [4. 



_ q(X* + 4X) + g(4X"4 1 ) % 
'" 6X' 

a'(/i*4 4M) + e^(4M'-H) 
^' 6/*" 



,.(421 



As a particular case of qnartics of this kind we may noii2f 
the curve with three points of undulation^ Taking wei 
coordinates, such a curve can be written 

or (x* + y f «*-2y« — 2«x- 2j'y)*~128.ry«(a:4y + «)*^' 
where a-, y, « are the tangents at the points of undulation, «- 
the line at infinity »r + y + « = 0i8a bitangent. The tangeDt;*i 
equation of this curve is 

X~f + /i-i + K-J = 0, 

or {\fi + /Av + y\y - 27 XV"' = 0. 

Henoe, if a*, y are circular coordinates and a„ J^,; fl,,^,i'^j ' 
arc thci coordinates of the vertices of the triaii;?le fonueo tj 
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he tangents at the undulations, the tangents drawn to the 
^urve from a circulal* point are 

{x - tt,)-* 4 (x *- a,)-l 4- (ir - a,H = 0, 
3r (Bjf* - ^p^t 4 p,)" - 27 (x* -p,*' + p,« - p^j* - 0, 

so that taking the origin at the centre of gravitji which gives 
Pj =» 0, we get, for the foci, if p, = 3a, /?, = i, 

3cm:* — 26x* -»- 6aV - Baijr + 6* - a' = ; 
and since the invariant S vanishes for this equation, it 
follows that the foci form a self-apolar tetrad« 

With regard to the unicursal curve of the sixth order, the 
reciprocal of a quartic with a triple point, I observe that it 
involves ten constants, so that if the four foci are given, there 
are still two indeterminate constants^ 

Taking circular coordinates^ if the equation of a line U 
ew: -h j3y + 7 = 0, the equations 

p« = ZX/„ p/3 = m^f„ py = Xm ^=^£^ (43), 

where 

/ = ^ m* (\ - fiY + Bm*\ {\ - /i/ + Cmy* (>--/*) + X*, 

/, = ^'? (\ - /i)' + ^'P/* (X -/.)•+ c7/i' (\ - m) + M** 
represent tangentiallj the reciprocal of a quartic with a triple 
point, having a focus at the origin aiid three other foci 
((iven by 

or* + C:r* + i?^ + ^ = I 

y'+Cy' + 5'y + ^' = 0j *'(^^> 

The constants Z, m are thus the two constants which 
remain indeterminate when the four foci are given. Henccf 
from (44), the four foci form a self'-apolar tetrad, if B* « BA C, 
Jf*-hA'Ci If the three tangents at the triple point 
coincide, the reciprocal curve is of the fourth degree witli 
two cusps and a double point and a point of undulation* 
Such a curve can be written 

(;ry + y« + ax)*-l6i;Vy:±=0 ..*(-*5), 

where xz^ ye are the cudps, xy is the node, and x^y = 2e is 
the point of undulation. If 8^ Tare the invariants of the four 
tangents drawn from Xj y, » to this curve, it can be showu 
that 

8* 16g'(4;g-^^y) 

Hence we see that the tangents drawn to the curve from 
any point on t, the line joining the cusps, are such that their 
VOL XXXV. X 
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invariant 8 vaDishes, so that if the cusps are at infinity the 
four foci of the curve form a self-apolar tetrads This curve 
maj be expressed in circular coordiuates thus 

(47), 

where the origin is the node. It is thus shown to be a 
particular curve of the system (41). 

I may observe that, the locus of points whence tangents 
to the reciprocal of a quartic with a triple point (43) are self' 
apolar being a conic, this conic must be a circle when the 
foci form a self-apolar tetrad. 

Further I notice here, as a particular case of (43), that the 
tricuspidal quartic defined tangentially by 

pa = a/„ p&^m^f^, py^XfjL^-^^ (48), 

where /, = ^ w* (^. - /*)' + Bm\ (\ - /x) + X", 

/. = ^T(\-/i)' + ^/,i(\-/i)+,i', 
has Its foci given by 

X (x* + 5x + ^) = 0) 



^"^^^^n (49X 



Of conrse the expression of this curve directly can be 
obtained from (48) by taking the Jacobians of the three 
binary cubics to which a, /3, 7 are proportional, when we have 
x:y:l =«^„-«^«««^„ i" circular coordinates. 

1 observe that it ^=3^, B* = 3 A in (49) the three foci 
form an equilateral triangle. 

From (48) we can obtain the equation of the confocal 
system of cuspidal cubics. We express that (48) is a cuspidal 
cubic by making the parameters of the points of contact of 

the bitangent coincide. For the latter points - and - hav« 
the same values, respectively. Hence, if ^^ ^^ 

X,= ^, /i=l, A7n''-AT + Bm + l=p^ 
yJT-^»i«-^7+l=j, 
we must have, for the point of inflexion, 



do{ pB^-q ] ' 

d ( AT{0'-\y+B'l{ 
d0\ 0[p^^(l) 



£ f ^^f (^-l)'-^^'^(^'-0-^^ ] ^ ^ 
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and these give two quadratics in ^, from which, by the elimi» 
nation of 0^ we obtain a relation connecting l^ m* The 
equations (48), then, subject to this relation give the singly 
infinite system of cuspidal cubics with foci determined by (49)* 
The simple form assumed by the system (41) or (42) with 
la self-apolar tetrad of foci depends upon the algebraic theorem 
that, if we take the discriminant of U + XP^^ where ?7 is a 
binary quartic and P is a quadratic, the condition that the 
resulting biquadratic in X. should be self-apolar has for a 
factor Bd' — A/9, whei^e A' is the discriminant of the quadratic 
obtained by substituting differential symbols in P and oper« 
ating on U, A is the discriminant of P, and 8 is the invariant 
of U of the second degree in the coe£^cientSi We may 
mention another case in which we can have a confocal system 
of unicursal quartics with a self-apolat tetrad of foci, but in 
which there is no such algebraical simplicity^ Consider a 
unicursal quartic of which the line at infinity is an inflexional 
tangent, then the equations in circular coofdiuates ( 

4\«=*a\* +4J\' +6c\" -f 4J\ +e \ 

ifjiy = aV + 44y + 6cy + 4c/ V + e' j '""'^^^^' 

\7hete \ = Jefiy represent a system of unicursal quartics with 
their four foci in common, k being the parameter of the 
confocal system. In this case the conditions that the foci 
should form a self-apolar tetrad are 

86 (iV + a*ce - ac* - aeb^ 

='(3ac*-46'c+a*6){a(ae + 3cY-8i*(c*+3cw(;-2«J»)}...(Sl)> 

and a similar relation between a\ h\ c\ e\ 

It may be observed that for no other relation connecting; 
four foci is there the same algebraic simplicity. We may 
notice, however, a peculiarity for bicircular quartics, in the 
case in which the pencils joining the four foci to the cirtulwi* 
points are harmonic. Let these pencils in circular coordinates 

Jr=m* [x-a)*-n' (a;-aV = 0^ 

r=tn'*(y-6)^-n'*(.y- iV = ) *^^'^^^ 

then it is evident that the intersections of these pencils lie on 
the eight cii*cle8 

mm (a; — a) fy-^J) — enn' [x^a) (y- J')=:0 \ 

mn (^ - a) (y - ?/) - e'm'/i [x - a'jfy - Jj = ) *" ^^^^* 
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where 6* = e'*tsl. Four of these circles selected so as to be 
mutually orthogonal are the Jacobiaii circles of biclrcular 
quartics with -1=0, y=Oas foci, namely, the fixed circles 
cirttrng orthogonally the four systenta of generating circles of 
the quartics. Then the four other circles are Jacobian circled 
of another system of bicircolar quartics, cutting the first system 
«t an angle of 45^, the differential equations being 



«,a(a-a');^±«V(4-J');^=0 
mn\a—a)-j^±mn \p-b) — -rp — = 



-...(54). 



I now proeeed to mention a case rn which the foci of a 
ctibic U form two triangles and the foci of the Hessian H^ 
which is circular, are the points, which with the triangles, 
respectively, form self-apohir tetrads. A cubic U being 
written in the form 

l7=aa?*+J/+^+^«' = ^ (55)» 

where a;-fy + i?4 u = 0, identically^ the point xy is a point 
on the Hessian whose equation is 

1 1 1 * .V 

ax by ca d» 

We can then easily show that the tangents from xy to U 
are 

(Vc + V<i/ (ax' + J/) - c(i (« + y i" = 

and the tangents from xy to ^are 

1 1 Wc+^d) _ 1 1 Wc^^fdf 
ax by cd{x + y) ax by cd{x-^y) ^ ' 

Now the latter quadratics are the Hessian covariants of 
the binary cubics (57), respectively. Hence taking circular 
coordinates and making the Hessian a circular cubic, if a 
triad of tangents to U from a circular point 1 be written 

tw(a;-a/ + w(a?-ay=0 (50), 

the corresponding tangents to R are 

(a:-a)(:r-a') = (60), 

and the same is the case for the other triad of tangents 
frona /, and this proves what we have stated above. 



] («^)» 
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It may bo observed that the two triads satisfy the combU 
nantive invariant relation Q=sO (Salmon^s Higher Algebra^ 
At\. 199) with each other. 

I may conclude by noticing a case in which the three foci 
of a tricuspidal qaartic form a self-a polar tetrad with a point 
on the douole taneent of the curve. It can easily be shown 
that the tangents from a point P to the tricuspidal quartic 

V(y«)+ VM + V(j5y) = (61), 

together with the line from P to the point l^ fx, n on the 
double tangent a; + jr + « = 0, where Z + m + ft =s 0, form a self^ 
apolar tetrad^ if P lies on the conic 

mnyz + nlsx + Imory s •' (62), 

which passes through the cusps and touches the quartic. 

Hence putting Tai, wi'/tf, ny^ respectivelv, for x, y, «, where 
a, i8, 7 are trilinear coordinates, and making th^ conic (62) 
coincide with the circle passing through the cusps^ wo seo 
that the foci of the tricuspidal quartic 

//lBmA\ . //w»sinB\ . //nainC\ ^ .^. 

where 2 + «» + a « form witb the point 

Tsin^, m*8inP, n*sinC (64)^ 

A self-apolar tetrad of points witk regard to /, J. The 
quartic (63) touches the circle through the cusps, and the 
point (64) ia the pt)int of contact of the double tangent 

Zsin^ tn sin jB nsiu£7 
with the conic 

II. On the foci of certain curves of the third and fourth order, 

I propose to determine here the foci of the cubic with the 
line at infinity as an inflexional tangent, and of the bicuspidal 
quartic subject to certain conditions. In all the cases con- 
sidered the curve has four foci. Now, to find the foci of 
a curve, the obvious plan suggests itself to investigate the 
equation of a confocal curve. In each case, then, we should 
seek the eouation of the simplest curve having the same- 
number of foci as the given curve, and this being obtained,. 
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we may conBider the problem as solved. Of course, this does 
not refer to special cases in whiph there may be simpler 
solutions owing to the foci being connected by certain relations. 
Now the nodal cubic, involving eight constants, is the simplest 
curve with four foci, and if the four foci lie on a circle the 
simplest curve is a ciircular cubic or a bicircular (}uartic. Now 
I observe that the cubic with the line at in&nity as an in-: 
^exional tangeqt involves seven constants, so that the four 
foci hve connected by a single relation, which, however, does 
not seem to be capable of expression in a simple form, 

In order to obtain the equation of a confocal curve I make 
pse of a theorem that I have stated elsewhere, namely, that 
in general the locus of the foci of a system of curves involving 
a smgle parameter is confocal with the envelope of the system, 
I thus consider the system of parabola 

^ {^ (oj? + by) + Co: -h rfy}* = /x + my 4- n .,...,..(1) 

expressed in circqiar ^^ordiqates. The envelope of this 
system is 

27 [aa + by) (tu + my + n) + 4 (ex 4- dyY = 0...,(2), 
which represents a cubic with the line at infinity as an 
inflexional tangent, ax + by and l^-k-my + n as Inflexional 
tangents, and ex 4 dy the line passing through the three 
corresponding points of inflexion, l^ow, for the focus of (I), 
w© have 

_ rii'-f 4w((d4ftO* 
^■" ^t{d^bt){p + qt) 

t»'4-4m<(c + a<)' ^ '"'"^ ^' 

^ 4t[c-k-at)(p + qt) 

where me^ld^p^ ma-Ib^q,. This represents a unicursal 
quartic passing through the circular points at infinity, so that 
we have thus found a circular unicursal quartic confocal with 

the given curve. Now let us make the substitution t = j^ — y 
in the value of x in (3), and we get AtF — o 

_ m'{ie-b)' + Ank'd'ff 

*"" 4,kd'9{J-^yQ) '-^^^^ 

where g = *p, /= dq — bp^ m [ad — be) ; 

also, making the substitution t^jrr in the value of y, 

we get kfp'-a 

y^^ M-'cvi/'+z^j ^^^1 
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where g^^k'p, f ssl[ad- be). Now these transformations do 
not affect the position of the foci, as they leave the discriralnants 
unaltered. Hence, considering the confocal curve given by 
^ = ©, and determining k, k\ so that fg* ^/*g^0^ we obtain 
lie - mk' = 0. Thus, taking A = w, k' = /, we have the confocal 
curve 

(n,Q - by + 47id'r \ 



« = 



Ad'O [ad - Ao + (mc - Id) 0} 
{IQ - ay + 4nc*fl^ 



.(€)> 



* ** "* Ac'Q {ad - Ac + (wo - Id) 6] ) 

which represents a nodal cubic Now I observe that from (2) 
there is no loss of generality in the expression of the given 
cubic if we take c=^= 1. The three points at infinity on the 

cubic (6) are then given by 9 = 0, qo, and j-— respectively. 

We thus easily find that the asymptotes of (6) are 

_ 3 {ma - I6y ' 

3 ^., Za'b'ima^li) I ,. 

. S^m" (ma - lb) + An (l* - m") 

^' + ^^y = 4(J-0 ^ 

mlso for the node we have 



jf = 



where 



(b'-km'Y-^Ankb* 
4Jc{km''{a-b)-ib^{m- I)} 

{kV^a^y-Anka'' 
*"4Jfc{W*(a-A) + a*(w-01 ^ 
, a* 4 i' + a& 



^(8), 



and the line of inflexions S is parallel to 

j4rt {a - J) -f 3ia (ft - ma)) jr 

+ {471 (a - 6) + 3wi (ft - »ia)| y = (9)» 

and there is no difficulty in finding any lines or points funda- 
mentally connected with the cubic (6). 

Now suppose we want to find the condition that the foci 
of (2) should lie on a circle, we have to express that the foci 
of (6) are concyclic. This condition 1 have shown elsewhere 
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is satisfied in the case of a nodal cnbic U^ if CT+XS'ssO is 
capable of being made a circular cubic, where 8 is the line of 
inflexions and X is a parameter. Bat we have the asymptotes 
of 27 from (7) and the direction of S from (9). Thos, taking 
only the highest terms, 

, - 4n (a - J) 

IDU8t be divisible bj xy. 
This gives 



(ft^)"^ ('«)• 



As a particular case la^mb^ and then a;— y = is an axis 
of symmetry on which four foci are situated. Omitting, tbep, 
tbis factor we get 

(V^e)lmab 
eia^O'mb ' 
where is a cube root of unity. Now making 

. X 1. ^P sing c V3 

""^e^t *--3 3iu(a-/9)-^ . / ^p^*^^\' 

whence 16/? sin a sin (a + + |w) =5 3c V^ sin (ct - /9), 
or 16S sina sin)8 sin (a + /8 + |7r) - 3^ V^ sin (a - i8) = 

(H). 

where S is the distance between the inflexions 

fl.i? 4 Jy = a: + y »s 0, h + my + n = x + y = 0, 

and a, /3 are the angles a? + y — makes with the curye at 
these inflexions. 

From the equation (I) we see that the cubic (2) is generated 
AS the envelope of a system of parabolffi touching a fixed line 
Z = ?ar + Twy + n = 0, the two points of contact with th© 
envelope being coUinear with the fixed point 

aa? + 5y s= a? + y r? 0. 

J^ow we could evidently generate the cubic (2) as the envelope 
of a parabola obtained by interchanging 

a^ + by and Zr + «y + «. 
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In this case, in order to preserve the same form, we should have 
to transfer the origin to the point given by 

a?' 4 y' = 0, Ix' + fwy' + n = 0, fi' = ax + ly. 

Now, transforming the nodal cubic (6) to this origin, we 
h«ive for x 



4d|a-4-»-(m~Z)fll"*"/-m 



I -ft)' 4 4.-0 
- 40 |a - ft + (m - /) fl} ^'^^' 

which, by the substitution of -^ for ^, and 7, «i, a, ft for a, ft, 7, m 

respectively, simply reproduces the same coufocal nodal 
cubic (6). 

Now it is to be observed that a cubic with the line at 
infinity as an inflexional tangent can be written in the form (2) 
in four ways. The cubic can be written in the unique canonical 
form 

(\a;+My)' = *'+A + ^ (13), 

where, the coordinates being rectangular, X* + |iy = is the 
harmonic polar of the point of inflexion at infinity, and the 
origin is at the centroid of the three points in which the 
harmonic polar meets the curve. But if we put 

;r'+/r+^ = (x-A)'+(a + )9j:)' (14), 

we have 

3A = )8*, 3A« + 2a^=/, a"-A'=^ (15), 

whence h is determined by the biquadratic 

3A*+6/4'+12^A-/" = (16). 

Now, using circular coordinates, we can write the cubic (13) 
in one of the four forms (14) determined by (16), namely, 

(i>«+?y)' = (« + y-A)'4|a+^(a; + y)}', 
that is 

j;?a:+jy4a + /S(;»+y)} |;>« + jy-a-)8(^ + y) = (« + y+ A)', 

which, by transference to the origin determined by 

as -^ y* =, A, px + jy' = a + /SA, 
becomes 

b*+?y-/5(« + y)j(l?«+jy + ^(j?+y) + 2(a+i8A)=»(*+y)' 

(ir), 
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"which 18 of the form (2). For this cubic, then, if we take the 
confocal nodal cubic (6), it is easy to see that we obtain 
a different curve for each value of A and form (17). We have 
til us found four nodal cubics confocal with a given cubic of 
which the line at infinity is an inflexional tangent. 

It may be observed that from (6) we deduce that, if we 
write 



.(18), 



4rf"^ {arf- be + {me - Id) 6] 

{a-l<^Y-4.nc'<i? 
^ 4c'^ [ad-bc^- {mc - W) 0} , 

then the equations ^ » \6^ ^6 = ^, where \, ^ are parameters^ 
represent systems of circular unicursal quartics cutting each 
other orthogonally, and confocal with each other and with the 
cubic (2). 

I now proceed to consider the bicuspidal quartic of which 
the bitangeut coincides with the line at infinity. Such a curve is 
determined by eight constants and has four finite foci. It 
would seem, then, that there ought to be a definite number of 
curves corresponding to four given foci. I shall show, however, 
that this is not the case — that the foci are not arbitrarily 
placed, but are connected by a certain relation, and that there 
18 a singly infinite system of bicuspidal quartics with given foci. 

Let us consider the system of conies 

ao?" + 5/ + 2y a: + 2/y + c + 2 fl ( /;!? + wiy + n) = 0' = . . . ( 1 9) 

in rectangular coordinates, where a, &, &c., are constants and ^ 
is a parameter. The envelope of the system is 

27 (ax* + by* + 2gx ^^ 2fy + c)' + 32 {Ix + wiy + w)' = 0...(20), 

which represents a quartic with the line at infinity as bitangent^ 
and with cusps at the two points 

Hence, if we take the locus of the foci of (19), we obtain 
a curve having the same foci as (20). Now the finding of the 
foci of (19) is simplified by the fact that the axes of coordinates 
are parallel to the axes of the curve. Writing (19) in the 
form 

aX' + ir* + = (21), 

where aX ^ ax -k- g + 61^ bY^^by +/+ Om^ 

. e = 6'- i (i^ + ^0'- J (/+ ^^)' + 2«^ + c...(22), 
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we bave for the foci on F= 

by +/+ em = 0, (ax-^g ^ ^^)" = f (^ "" *) 0--(23). 

EliniiDating from the equations (18), we obtain an 
equation of the form 

\ax^g-^(by +/)|'= Ay' ^ By' + Cy + i)...(24). 

This represents a cubic with the line at infinity as an 
inflexional tangent, and the line m (ax + ff)^l (by +/) = as 
the corresponding harmonic polar. Taking the origin on the 
latter line we may put ff = kl^f= km. 

Again, fixing the origin at the centroid of the three points 
VV'here the harmonic polar meets the curve, we get 

-3A: = - + -r -(25). 

a b 

Now, making a^pl^ b^qm^ where p^ q are supposed to 

be given quantities, the cubic (24) becomes 

vrhere A; + ^^ + ^ = ; that ia, the cubic is 

(a--23^y = p"l2y+(3A'+2n)2y + A' + 2nA-c|...(26), 

^='- <")• 

Hence, if the right-hand expression in (21) is 

we bave 2/i = a — 3A;*, 

c = fc' + 2«A;-)9 = -2A'+a7c-i8 (28). 

Thus the quartic (15) becomes 

+ 4(2t» + 2?wy+a-3iy = (29), 

where l^ m are determined in terms of k by the equations 

7 = /)", - + - = -3A (30 , 

Ip mq '^ p q ^ '' 
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and k is an arbitrary parameter. If we Baake ^ ss,t the 
parameter, we have ** 

*«= — 1 ' 1 wt'— — ; Tf »*» , ■ ,, •••.(oil* 

We have thus foand a singly infinite system of bicuspidal 
quartics (29), with the line at infinity as bitan^ent, having all 
their foci in common with a fixed cubic (26), having the line 
at infinity as inflexional tangent* The four foci o£ the quartic 
ai% thus connected by a single relation, naniely, the relation 
connecting the foci of a cubic with the line at infinity as aa 
inflexional tangent. 

It is to be observed that if, in determiaing the focr of (19% 
instead of taking F«0 in (16) and (18), we took X»0, we 
should find, as the locus of the foci, instead of (26}| the cubic 

(y-£a?j «p"jpV-f(3** + 2fi);?x + *' + 2n*-cj.-.(32), 

^here p-.E[z£!? = .p-. 

Thus it is easily seen that if this curve were given, we 
should determine from it precisely the same confocal system 
(24) as we have already determined from (21). Hence we 
see that there are two cubics, with the line at infinity as atr 
inflexional tangent, having their four foci in common with 
the system of bicuspidal quartics determined by (24) and (26). 
Both these cubics, it may be observed, have the line^x— jy^^ 
as a harmonic polar. 

Since the coefficient of k^ vanishes in (29) the highest tern» 
of the parameter is of the same degree as k*l\ that is, from (26),^ 
the degree of the highest term in t is nine. 

We see thus that nine confocal curves of the system (24) 
can be drawn to pass through a given point. 

I now propose to consider another smgly infinite system of 
confocal bicuspidal quartics. Let the curve have an axis of 
symmetry and pass through the circular points, then it must 
have four foci on the axis of symmetry. The equation of the 
curve in this case may be written 

(y» + a*" + 24x + c)* - m* (a: - a)' (« - /8) = ...(32) 

in rectangular Cartesian coordinates, where y s= is the axi»' 
of symmetry. Since the curve passes through the circular 
points, we have a^mi-l^ so that (32) involves five inde- 
pendent constants. 
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Hence when the four foci are given, there is stilt an 
Hideterminate parameter. To find the foci then we express 
that 

(JC-a:)«+y'-0 

touches the enrve; that is, we take the discriminant with 
regard to x of 

lmx*+ 2jj (X+i) + c- -Y'}*- m* (»- a)" (a?- /8) = 0.,.(33)4 
which, if we put ag=a ^ , , and divide out by 1—^, becomes 

4m(a'-2aS)-2j;8-c}(«+l)+m(a-/8)'«0...(34), 
and if this be written 

p («• + «•) -?(<+!) + »»(a-/8)'«0, 
the discriminant is 

p{2p- 18J + 27/M (a-/3/P-*(;> + 32)' = ^ .-.(35), 
which being divisible by the square of infinity is of the fourth 
degree in x. We see thus, that if the biquadratic giving the 
foci is written 

(«• - pj: + j) {«• - wiar + n)' - (a:* - Xar + m)' . ..(36), 

then by identification of a* — pa; + q^ a?*— mx + n, a;*- Xr + fi^^ 
with p, ^{I8j — 2p — 27m(a — /9)'}, J(p + 3j), respectively, 
we determine the quartic (32) completelv. But a given 
biquadratic can be written in the form (36) m a singly infinite 
number of ways, as there are six constants subject only to the 
condition p + 2m=3\. Equating (36) to- v*^ (-r), where ^ (j) 
gives the four foci, if ar„ t^ are the roots of a?* — mx -f w = 0, 
we have 

<-Xa-, + M = >'^|«(a^»)}, a-,«-Xaj, + /* = FV{#(ar,)l, 
8(2-.,-X)=!:^, 3(2ar,-X)=-^^...(37); 

whence, eliminating X, /ti, f, we obtain 

{X, - *.) {-^ + -^ } 6 1 V# (:r.) - V* (:r.)}, 

• (3«)» 

namely, a relation of the twentieth degree connecting jr^, x^. 
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• From (37) then we can express X, ^i, and also p, q uniquely 
in terms of jr„ .r„ so that the curve (32) can be expressed in 
terms of jTj, x^ these parameters being connected bj the 
relation (38). It may be observed that, if ^ {x) has a square 
factor, the curve has an inflexional focus, and there is a singly 
infinite confocal system. Also, if the coefficient of x*^ in ^ (jt) 
vanishes, the curve touches the line at infinity and has three 
foci, and there is a singly infinite confocal system« 

It may be observed that the quartic (32) can be written 
S^S*^ 8^y where S^, /S,, 8^ are circles with their centres on 
a line. 

III. On the determination of the foci of the plane nodal 
cubic in a certain case. 

I propose to show here how the foci of a nodal cubic may 
be determined in a certain case, namely, when the four real 
foci are coney clic. In a communication to the Proceedings of 
the London Mathematical Society (Vol. xir., p. 99), I showed 
that the anharmonic ratio of the tangents drawn from a point 
P (x, y, z) to the nodal cubic 

(x+y + «)"-27j:y« = ..* (1) 

is equal to the anharmonic function of the cubic of the system 
(a+y + «)'-XTy« = (2) 

(X being a parameter), which passes through P, that is, as 
follows from the known theory of the non^singular cubic, tiiat 
the anharmonic ratio of the tangents drawn from P to the 
cubic (1) is equal to the anharmonic ratio of the four tangents 
drawn to the cubic (2) from P, including the tangent at P* 
I observe that the values of the invariants of either of the 
pencils are 

/S = 3 (j: +y 4 ifc) 1(j: + y + «)' - 2^.vyz\ 

r= - {(x + y + «)• - 36.cy2 (.r + y + ar)' + 2 1 Gx^V} 

Hence, it follows that if a cubic of the system (2) pass 
through the circular points, then by the definition of a focus 
and the anharmonic property of a conic, the 16 foci real and 
imaginary of the cubic (1) lie by fours on four circles 
(Salmon's Higher Plane Curves^ Art. 168). Now, putting 
fa, mff^ ny for a;, y, «, respectively, where a, /3, 7 are trilineai' 
coordinates, the cubic (2) may be written 

a3y'\'B'=^0 (4), 

where S is the perpendicular from a point on the line 
Ick -\- mjS i ny ^ 0, 
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aud if this cubic pass through the circular points, namely, the^ 
points 

a:/8:7:S = e*"''':e-*':e±''':e±''', 

where ^„ ^„ ^,, fi^ are the angles a, ^8, 7, S make with a 
fixed line, we must have 

'^'^l, ^, + <^.+ <?,= 3^, (5), 

the latter of which equations expresses that the right line 
passing through the three points of inflexion meets the curve 
at angles whose. sum vanishes. Thus, when this condition is 
satisticd, the 16 real and imaginary foci of the curve lie by 
fours on four circles, but it is to be observed that this is not 
necessarily the case conversely, for from (3) the anharmonic 
ratios of the pencils of the tangents from the circular points 
are equal, if 

X,(\-24y ^ \(\-24)' 
(V-36\,4216y (V-36X, + 216/ ^ ^' 

in which we need not necessarily take \ = A,. 

1 consider here, however, the simple case in which (5) is 
satisfied, and the equation 

a/^7 (f + ««' + n' - 2mn cos ^ — 2n? cos 5 — 27m cos C)* 

- (/a + w/3 + W7)' = (7), 

or a)87 [I cos (0, - 0^) + m cos (0, - 0.) + n cos {0, - 0,) 1* 

-(/(3( + m/3 + w7)'=:0, 

represents a circular cubic, the curve itself being 

(/a)* + (7M/3)* + (n7)i = (8). 

Now the fact that the tangents from a point P to the 
cubic (1) have the same anharmonic ratio as the tangents 
from P to the cubic of the system (2) passing through P, 
shows that the two sets of tangents are homographically 
connected, and I proceed to find the precise nature of this 
faomographic relation. 

Let 07, y be two lines passing through P, and let z be the 
line passing through the inflexions of the cubics (I) and (2)| 
and let 

« + w,, « + «*„ « + w^ 
where tt| = ^,^+^,^) w, = a,3; + J^, w, = a,aj + Jgy, 
be the three inflexional tangents, then if 

P"j + i\ + rw, = (9), 
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identically, the cobica (l), (2) are, respectivelj, 

b(«+«.)l* + {?(«+«.)}* + {'•('^ + «.)l*=o... (107, 

(e + v,) (z + tt,) (« + II,) = «*.... (11). 

Now to find the tangents drawn from ay to these cabica^ 
we take the discriminants with regard to e. We thus obtaitt 

(=f='M"-^)'-(^r-« <»>' 

(«.)■*+ («.r»+(».)*=o (IS), 

respectively. But these two equations for different values of 
the variable x:y will efidently coincide, if we have 

which is equivalent to the single relation 

pw,tt/ + }w,w; + ru,ti/«0 ,...,(14), 

and this shows that the roots of the binary quartic (12) are, 
in a certain order, the fourth harmonics of the roots of (13} 
with regard to the quadratic 

pi«,* + jM/-f ri// = w*...* (15), 

the relation (14) is thus the homographic relation whicli was 
sought. Now let us return to the coordinates Used in (1} 
and (2). For /?tt,, ^m,, rug^ we substitute ux — ra^ uy — yu^ 
uz — «'u, respectively, and we have » : j : r = .r' : ^ : «', where 
X \\f \ t are the coordinates of P^ and u^x-^ y -^ 9. 

Thus the pair of lines (Id) become 

y V {ux - xuj + « V (yiy - y'uf + x'y' {uz - z'uf == 0, 

or x^zu^-u (y«V + «Vy* + xyV) = (16); 

which, it is to be observed, represents the tangents drawn to 
. the conic 

y'aV + «'jry + a?yV = (17) 

at the points where it is intersected by the line u. 

Suppose now that we consider two points and seek the 
intersection of the diagonals of the quadrilateral formed hf 
the two corresponding pairs of lines, we may put 



-^ x^ y' «" «• 

«. y. «. «. 
«•. y. «. «, 

then taking the discriminant of Z7, + \ C/,, we have 



.(18), 



...(fS), 
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which gives 

and then 6^, + XU^ gives the diagonals, the intersection of the 
diagonals being given bj 

^1^1 ^iV. ^i*t ^t^i rn.*\ 

a::y:«:tt= ^^ : ^'v : — 4- : — lJ— ...(21). 

Now let us apply these results to the case in which the 
points are the circular points /, J. Let ^„ F^ be a pair of 
points of intersection of the pair of lines (16) corresponding 
to /, with the pair of lines corresponding to J. Then taking 
circular coordinates X, F, if 

ir'-c« = 0, r*-.c' = (22) 

are the equations of the lines IF, IF^ ; JF^^ JF^y respectively, 
the conditions that the rays (JC-a:) (X— x') =0 should be 
harmonically connected with X * - c* = 0, and the rays 
( F— y) ( 1^ - y') =» should be similarly connected wiih 
JT' - c* = 0, are 

xx'^c'j yy=»c' (23), 

BO that the rays intersect in points connected by the inverse 
relations in polar coordinates 

rr'^c\ tf+^'=:0 (24), > 

where the origin is the middle point (7, of ^,, F^^ or the 
intersection of the diagonals of the quadrilateral formed by 
the pairs of lines, such as (16) corresponding to /and J, It 
thus appears from (14) that the tangents from /, J to the 
cubics (7) and (8) are connected by the relations (23), that 
is, that the foci of the cubic (8) are the transformed points of 
the circular cubic (7) by the substitution (23) or (24). Now, 
to find the point C, we have from (21) 

where a,, ^8,, 7,, Sj ; a,, /9,, 7,, S, refer to the circular points. 
But aia, = i8i^,==7i7,— 8j8„ so that from 

B 1 1 1 

we see that C lies on the circle round the triangle a/3y, 

YUL. XXXY. Tf 
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In the Bame wAy G lies on the circle ronnd aS8, and on 
the circles P^iZ^ 7aS. Now we know that these four circles 
pass through a point, namely, the focus of the parabola 
touching the four lines a, B, 7, 8. This point is, then, the 
point sought, namely, the origin of the transformation (24). 

Again, suppose that the identical relation connecting 
a, /3, 7, S » 

7a + m3 + n7 + pS = (26), 

then the pair of lines, such as (16) passing through /, is 

«! /^. % *• 

and the pair of lines through J\s 

!l%^+!!l' + f = (28), 

a. A^. 7, K 

or 7ay + in)8,i8' + n7y + pS,y = (29), 

Zay-f w/3,i8'4 n7,7* + ;>S,8' = (30), 

respectively. That is, the pairs of lines (29) and (30) pasAing 
through I and J are the polar conies of J and / respectively, 
with regard to the cubic 

7a" + «t/3* + w7" + pS' = (31), 

so that 7, J must be corresponding points on the Hessian 
of (3J), namely 

I m n p ^ •««.N 

i+^+;n=*^ (^'>' 

and it can easily be verified that this is the case, namely, 
that (32) is a circular cubic with its double focus on itself; 
it is, in fact, the locus of foci of conies touching the four lines 
«» /3> 7, 8. The line F^F^ is thus one of the factors of the 
polar conic of the real point at infinity on (32) with regard 
to the cubic (31), and the point G is the corresponding point 
of the point just rpentioned, that is, C is the double focus 
of (32). Also, the points F^^ F^ are the foci of the Cayleyan 
of the cubic (31) which touches the line at infinity. To find 
the equation of the line F^F^ and the perpendicular to it at (7, 
we take the origin at C and the axis of the parabola touching 
a, /3, 7, 8 as axis of x. Then the lines are 

2- (arcosa-f ysina-pi)' = (33), 
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where ^l{x cosa + y aina— j!?,)=»0, identicallj. Ako we have 

j5j cos a =/>j C09/3 =/?, cos 7 ^p^ cosS, 

since the origin is the focus of the parabola toaching a, /3, 7, S. 
Thus (33) becomes 

S — (ar cosa + y sinaV = 0, 

or, finally, 

(a**— y*)sm*-2:ryco85=a0 (34), 

where « = a + /3 + 7+8, which is equal to 48, since the line 
of inflexions meets the curve at angles whose sum vanishes* 
That is, F^ F, is one of the lines 

X cos2S 4 y 8in2S » 0, ^ sin28 - y cos2S » 0...(d5). 

Again, F^^ F^ lie on the conic 

Za* sin (a - 8) + wij3' sin (/3 - 8) + n7'' sin (7 - 8) = 0...(36), 

which reduces to 

111* 

(a?*-y) COS38 + 2xu Bin 38 + -^ =0 ...(37), 

^ ^^ ^ co8aco8pcos7 ^ ^ 

where p^^- — for the parabola touching a, /3, 7, 6. But 

in — 2 fi cos a cos j3 cos 7, where B, is the radius of the circle 
round the triangle a, /3, 7. Hence if we substitute x^p sin 28, 
y =sp cos 28 from (35), where p=a JF^F,, in (37), we get 

p'=-4ff^2!l^^|f£!2 (88). 

Hence, finally, it appears that, if the line through the three 
inflexions of a nodal cubic TJ meet the curve at angles wbose 
sum vanishes, there is a circular cubic K having three inflexions 
and inflexional tangents in common with the given curve, and 
tbe transformed points of the foci of V by the substitution (24) 
are the foci of the nodal cubic TJ, The substitution (24) is 
determined by the origin being taken at the focus C of the 
parabola touching a, /3, 7, 8, and the points i^,, F^ at tbe two 
foci of the Cayleyan of the cubic (31), or the points determined 
by the equations (35) and (38). Or thus, taking the trans' 
formation of the circular cubic F by the substitution (24), we 
get a bicircular quartic W^ and this bicircular quartic has all 
Its foci in common with 27. This bicircular quartic W 
evidently passes through (7. Also, it is to be observed that 

Y2 
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the three points of inflexion and the vertices of the triangle 
formed by the inflexional tangents^ namely, the points 

a8,07; (i&,yai 7«, «/5 (39) 

are three pairs of corresponding points on the cubic (32). 
These pairs of points are, therefore, conjugate with respect 
to all the polar conies of (31), and therefore with respect to 
the polar conies of i, J, namely, the pairs of lines (29) and 
(30), or (22). From this it follows that the pair of lines (35) 
are the double lines of the involution determined by the lines 
drawn from G to the pairs of points (39), or are the tangents 
to the conies drawn through G to touch the lines a, j3, 7, S. 

Thus the pairs of points (38) are connected by the relations 
(23) or (24), from which it follows that the vertices of the 
triangle formed by the inflexional tangents are on the 
quartic W, and, moreover, that the circles round the triangles 
py8, 7aS, a/3S are the osculating circles of the quartic at 
/Sy, 7a, a/3, respectively, which, thus, all meet the quartic 
again at G, Hence we see that if S.^ /S,, S^, S^ are the 
circles round the triangles flyS, 7aS, apS, a/Sy, respectively, 
and p^j p^y p^, R are their raaii, the equation 

after having been divided by the square of the distance from 
the point common to the four circles, gives the bicircular 
quartic W. The results with regard to the quartic W may 
be verified by means of elliptic integrals, namely, by means 
of the arguments of points on a bicircular quartic and Darboux's 
differential equation of confocal bicircular quartics. Now by 
a particular application of Abel's theorem, if 

♦, ^ (41) 

are two binary quartics, and 

^ + X)// s a perfect square (42), 

identically, then 

^^idy-^^^ («)» 

where the summation refers to the four roots of )// = 0. 

Then from (1) I observe that the tangential equation of 
the nodal cubic is 

a"* + i8-* + 7-* = 0» 
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which, being cleared of radicals, can be written 

2 = |7 (a + iS) - a/3}' - iaffy' = 0, &c (44), 

or {27* + 7 (a + /9) - a/5}' - 47' (a + /3 + 7) = 0...(45). 

Now, if we combine the tangential equation with the 
equation of a point P, 

x'a+y/S + «7 = 0, 

we get the pencil of tangents drawn from P to the cable. 
Hence, if the pencil of tangents coincide with ^, (41), and 
a/i97', &c., coincide with \py we see from (42) and (43), and the' 
equations (44) and (45), that 

u, + w,-2m, = 0, w, + w,-2u, = 0, tt,4 w,-2»j = 0...(46), 

3«*t = « (47), 

where u„ u^, «,, u are the integrals such as (43) corresponding 
to the rajs drawn from P to the points a, /8, 7 {y«, zx^ xv) 
and the nodes a + /84-7 = 0, or a; =^ssi?, respectively. We 
thus get 

where to (» 2m£^+ 2nt£^') is a complete period of u. Again, 
taking a point Q so that the anharmonic ratios of the penciU 
of tangents from P and Q to the curve are equal, we have 

v,-r,==Jfi?, v,-Vj = Jw?, Vj-r, = -|w...(49). 

Hence from (48) and (49) we get 

u,-t;^=:w,-t;, = «,-v, (5(f). 

Now let P, Q be the circular points, then Darbouz ha» 
shown that the equation 

u~ t;s:<r (a constant) (51) 

represents a bicircular quartic touching the two pencils of 
tangents, that is, in the case we are considering, a bicircular 
quartic confocal with the nodal cubic (1). Hence, from (50), 
we see that a confocal bicircular quartic passes through the 
vertices A^ P, G of the triangle formed by the inflexional 
tangents. Again, since for four concyclic points on the quartic 
there is 2/u » a constant, we see from (47) and (48) that the 
osculating circles at ^, P, G meet the curve again at the 
same point. Also from (47) we see that the confocal quartic 
u - 1;= 3<r passes through the node of the cubic. 
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In the precedmg investigations we have obtained the 
ecjaation of a bicircular qaartic having its foci in common 
with the curve ; thus these points may be considered as deter- 
mined, as the foci of a bicircular quartic are supposed to be 
known. The method fails if the line passing through the 
inflexions is the line at infinity. In this case we see from (3) 
that 8 vanishes for the pencils of tangents from the circular 
points, so that the foci form a self*polar tetrad of points. Now 
I have remarked elsewhere that in such a case there are three 
distinct systems of confocal bicircular quartics. And, as for 
each system there is a pair of circular cubics, we have in the 
same case six circular cubics confocal with the given curve. 
I proceed to show how to obtain the equations of these cubics. 

in this case the nodal cubic can be expressed by means of 
a pivrameter thus: 

Sjfl* + 3cd 34'^ + 3c'tf 

' — TTw^ y^ i-Kt^' (^'^' 

where the coordinates are circular, and the origin is at the node 
which coincides with the centre of gravity of the foci, the foci 
being given by 

X* - ebcx' - 4 (&• + c*) * - 3iV = (53), 

and a similar equation in y. Now, writing the cubic 

{Ix + my) xy + ax* + by* + 2cxy + 2gx -^^fy-\-h^ 0...(54), 

I observe that it can easily be shown that the centre of gravity 
of the foci coincides with the centre of the polar conic of the 
real point at infinity on the curve. This gives 

ax* -^ by* -f 2cxy ^ k {Jx + iwy)', 

so that for the tangents to the curve from a circular point, we 
have, taking the discriminant of (54) with regard to x, 

(my* + 2klmy + 2^)* - 4% + kl) {km*y* + 2/y + A) = 0, 

or my+4(wy-2^)y«+4(2AZ(7it^-Z/)-ZA}y 

+ 4/-4*rA = 0...(55). 
Similarly we have 

ZV + 4 (y- 2mg) x* + 4 {2km {If- mg) - mh] x 

+ 4/'-4Jbn'A«0...(56), 

and making these equations coincide with (53), which we 
write 

4r* + 67ir' + 4.5dr-37" = 0, y* + 67'/ + 45'y - 37'" = 0, 
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we get (54) in the form 
2lm{lx + my)xy-^^-^L^^^ 

- 21 (27Z*+ ym") a; - 2m (2ym^ + yV) y - (SZ'+ SV) = 0... (57), 
where - is determined from (J*+ 4y*) ^•=r(8'« + 47") aw*, or 
Z«(}««c')±m»(i"-^O = (58). 

From this equation it follows that the asymptotes of the 
SIX cubics are parallel to the sides of a regular hexagon. 

IV. On the foci of some nonsinffular plane cubics, 
I propose to determine here some focal properties of certain 
Don-singular cubics which satisfy special relations with the 
circular points at infinity. I commence by observing that the 
m -S absolute invariants of the pencil of m tangents drawn 
from a point P to a plane curve are expressible in terms of the 
coordinates of P and the constant, of the curve. Hence, 
eliminating the coordinates of P, we must have wi — 5 relations 
connecting the absolute invariants of the pencil with the con- 
stants of the curve. From this fact, it readily follows that if 
two points P, Q are connected with the curve by two properly 
chosen relations, then the pencils of tangents drawn from P, Q 
to the curve will have the same absolute invariants, or, in 
other words, be homographically connected. From this we 
see that the m points of intersection of the rays of one pencil 
with the corresponding rays of the other pencil lie on a conic 
passing through P, Q. Now let P, Q coincide with the circular 
points; we see, then, that if the curve satisfy two relations 
with the circular points at infinity all the foci will lie on a circle. 
Now let us apply this result to the cubic. The absolute 
invariants of the pencil of six tangents drawn from a point ta 
a cubic 27 are expressible in terms of the absolute invariant of 
the cubic and the functions {7, ff^ 9, where H is the Hessian 
and 9 a sex tic covariant. Hence, referring the cubic to oAo 
of its canonical forms, we have 

U=x* -\- y* -\- z^+Smxyz^ (1), 

and the pencils whose vertices are a?, y, « ; x'y y\ e! will be 
homographically connected, if we have 

^'4y' + g» ^ ar^»4y'-hiy^ . 

xyz xy'z ^ ^^ 

\xyzY "" {x'yzr 

(see Salmon's Higher Plane Curves), 



(3) 
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It is to be oberred that the two relations are conBistent 
with the pencils being homographically connected, but that it 
does not follow that the two relations are satisfied if, converselj, 
it is given that the pencils are homographic, 

mw, from (2) and (3), we have 



ap* y _ «' _ aryg 



•w, 



or similar relations; or again 

^ ^ V* ^ «• _ xyM 

or the similar relation. Bat it is to be observed that the latter 
sets of relations are merely equivalent to the equations (4) for 
one of the three other canonical triangles. Now, from (4), 
we have 

?"7--7" ^^^' 

where 6 is a cube root of unity, so that if we write tho 
cubic 

fa' + fn/8* + fi7"+6/Aai87 = (6) 

in trilinear coordinates, the conditions (4) give for the two 

points — * == —7-* =5 — ' , and these equations for the circular 

points evidently express that the triangle of reference is 
equilateral. Thus, if the triangle of reference is equilateral, 
the pencils of t»n^ents drawn to the cubic (6) from the circular 
points are homographically connected, and the six foci of the 
curve are situated on a circle. Further, the circle is the 
circumscribing circle of the triangle of reference ; for from (5) 
we see that rays passing through a point / intersect corre- 
sponding rays passing tlirough the corresponding point J on 
a conic circumscribing the triangle xyz and passing through /, c7, 
%.€. the circumscribing circle of the triangle (i8y. As a veri- 
fication of this result it may be noticed that if the cubic (6) is 
circular the double focus, as well as the four single foci, should 
lie on the circumscribing circle. Now the cubic (6) is circular 
if 

?+m + n + 6/A = (7), 

in which case it is to'be observed that the centre of the triangle 
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of reference is on the curve. The tangents to the curve at the 
circular points are then easily found to be 

which intersect in 

a:)8:7=(2Z-.m-w):(2m-n-Z):(2n-Z-»i); 

and this point lies on aj8+/87+7a=0, viz. the circumscribing 
circle. 

Again, by making two corresponding inflexional tangents 
pass through /, J respectively, we see that the inflexional 
focus and the four single foci of the cubic 

U^ Pa" + to"/3* + nV + Sim (I + m) a.By = ....(9) 

lie on the circle aj3 + /37 + 7asiO, the inflexional focus being 
1 J_ 1 

Vm''l + m\ 

Further, making n=0, we see that if the triangle formed 
by the nodal tangents and the line of inflexions of the nodal 
cubic 

la* + mlP + Sfiaffy-0 (10) 

is equilateral, then the four foci lie on the circle circumscribing 
that triangle. On thus, using rectangular coordinates, the four 
foci of the nodal cubic 

I (a?+y V3)" + w (x -y V3)' + n (a: - 3a) (ar* - 3^) = 0...(11) 

lie on the circle a:* + y' — iax = 0. 

I now proceed to mention two cases in which the pencils of 
tangents from /, J satisfy invariant relations, namely, form 
pencils in involution and break up into two sets of three 
which satisfy the combinantive relation Q = with each other 
respectively. 

Now the pencil of tangents drawn to a cubic from a point 
on a harmonic polar is a system in involution ; for the cubic 
can be projected so as to have the harmonic polar for an axis 
of symmetry, and it is evident that the tangents drawn from 
an axis of symmetry are in involution, the axis being one of 
the two double rays of the involution. Now the harmonic 
polars of 

U= la* + W10" + W7' + 6/iaj37 = 
are (?a* - mfi*) (mfi* - ny*) (ny' - la') = (12), 

Digitized by CjOOQIC 



330 Mr. Roberta^ On foci and con/ocal plane curves, 

80 that, making 

aW-^/3Vm = 0, aVZ-^/3V»i = (13) 

pasA throuf^h the circular points, we get Z=fn, and the angle 
C7— 60^ The doube rays of the two pencils evidently intersect 
iu the vertex a/3 and the point 

aV3 = 47sin-4, )3 \/3 = ^7 sin 5, or a:)3:7 = a:A: Jc...(14). 

If A: is half the distance between the&e points, and we take 
the origin at their middle point, the equations of the two pencils- 
of taugeuts in circular coordinates will be of the form 

(a:'+A«- 2a,a:) (a:' + ** - 2a,a:) (x' + k' ^2a^x)^0 \ . . 
(y" + *• - 2/3,y) (y" + *• - 2/3j^) (y« + i'-2^.y) = r^ ^' 

BO that the foci form three pairs of points connected by the 
relations aro;' = yy' = A', or, in polar coordinates, rr' = Ar*, 
tf + ^ = 0. 

It may be observed that from this result we see that if the 
cubic be transformed by the substitution 

«+^=2Z, y + ^' = 2r (16), 

the transformed curve will have three foci determined by 

(x-«.)(X-«.)(Z-«o=o, (r-/3.)(r-p.)(r-^^=(> 

(17). 

If we make /, J lie on the same harmonic polar, that is, if 
the line at infinity is a harmonic polar, the cui-ve has a centre 
and may be written 

(a, J, c, d)(x, yy + gx+fy^O (18), 

and in this case it is evident that the foci are determined by^ 
equations of the form 

ar'-;7^ar*+i?,a:*-ft = 0, y* + ?c = (19), 

that is, that the foci lie by fours on three parallelograms about 
the origin as centre. Hence, if we transform this curve (18) 
by the substitution x* = X, y* = F, we get a nodal cubic with 
a focus at the origin on the curve and three foci given by 

I have shown elsewhere that the locus of the vertices of 
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pencils in involution circumscribed about a cubic consists of 
twelve cubica in addition to the nine harmonic polars. Hence, 
if one of these cubica is circular, and the origin be taken at 
the middle point of the pair of points determined by the 
intersection of the double rays of the two pencils, the foci will 
be determined by equations similar to (15). 

I now consider the case in which the pencils of tangents 
break up into sets of three satisfying the combinantive 
relation Q^O with each other. I observe that if a cubic be 
written in the form 

*' + y' + «' + ^mxyz = 0, 
its tangential equation can be written 
j\* + m' - (1 + 16w') F* - 12w«\/xv}' 

-4(l+8m'j(\AA + 2mK')'=:0 (20), 

where the curves within the bracket are a curve of the third 
class and a conic, respectively, touching six inflexional tan- 
gents of the curve. From this equation it follows that if 
we draw tangents to the curve from any point P on the conic 

\fi+ 2mv* = (21) 

they will break up into two pencils of three lines each of the 
form 

ABC±I/^Q ....(22), 

where ABC are the tangents drawn from Pto the curve of 
the third class and D is the tangent at P to the conic. Now 
let tangents in this case be drawn from the circular points, 
that is, let X./Li + 2m/ = be a circle, then the cubic can be 
written in trilinear coordinates 

tr=7a' + »w^' + n(47*-8a/37) = (23), 

and the angles of the triangle are such that A = B. 

For this cubic then we have two curves of the third class, 
each having three foci in common with the cubic, whose 
tangential equations are 

#.±V = (24), . 

where ^, is the curve of the third class within the brackets in 
(20) and p is the centre of the circle (21), that is, taking the 
origin at the latter point, the foci of the cubic (23) are given 
in circular coordinates by 



>-y,±*y=o) 



where «*— j?|«*+j>,«-p, = 0, y-&c. = 

give the foci of ^,. 
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Id the case of the nodal cubic there is a modification of 
this latter result. Suppose tlie cubic S', to be giFcn in 
tangential coordinates as the envelope of the line 

3\^ + 3/ie + K{l + ^j = (26), 

then by the theory of binary cubics we have, identically, 

G'-4fl*=P«2 (27), 

where (7 is a curve of the third class, H is the conic 

(X'-yp) *•+ {v«-\;A)* + ;t^»^Xp (28), 

1 is the tangential equation of the cubic, and P is the point 
3U" + 3/Ai + K(H-A') (29) 

on 2. Now n is evidently a conic touching the curve and 
also the three inflexional tangents 

X = /AVand \:/a:f = ^:^:1 ; X:aa:»' = ^:^:1, 

80 that if the cubic is written 

xi+y* + rf=0 (30), 

the conic 27 is of the form 



©*^ ©'-£)'=» ("). 



where Z + w + n = 0. 

Now let H be a circle, then considering lines drawn from 
the circular points we see from (27) that three foci of 2 will 
be given by 

Or + 2p' = (32), 

while one focus and the square of the point P will belong to 

G-2p* = (33), 

where p Is the centre of B. 

Now using trilinear coordinates we see that in this case 
the cubic 

(7a)*+(7w^/+(n7)* = (34) 

must touch the inscribed circle of the triangle, that is, must 
satisfy the relation 

COS* ^-4 cos' ^5 cos'^G ^ ^ 
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It can then be shown that the fourth focus given by (33) 
lies on the circumscribing circle; for, reciprocating the 
equation of 

cos Jil V(/37) + cos i J5 V(7a) + cos J (7 V(ai3) = 0. . . (36) 

which represents a tricuspidal quartic passing through the 
circular points (see Salmon's Conies, Art, 311) and identi- 
fying the result with the tangential equation of (34) we have, 
smce the origin is a focus, 

sin 6, sin* J/?, _ sin ^, sin* J^, _ sin ff, sin* J^^ . . 
ST ^^ " «7 "^ ^' 

where ^„ ff„ 0^ are the angles the sides of the triangle 
subtend at a focus a', )3', 7'. Now these equations (37), 
subject to the condition (35), are satisfied for the point 

97tn sin^cos^^A, nlsmBcosl'i^B, Zmsin C7cos'J^(7..(38) 

on the circumscribing circle. 

I now proceed to mention a case in which we can have 
several curves of the same degree with all their foci in 
common. Using areal coordinates x, y, «, if a curve U can 
be expressed as a symmetric function of a, y, a, we can find 
five other curves having all their foci In common with U. 
In the same case it is evident that the tangential equation of 
U is a symmetric function of X, /x, Vj where X, f», y are the 
perpendiculars from the vertices of the triangle of reference 
on a line. To find the foci then, we substitute for X, f», v, 
x-cr,, a — a^y ar — a,, respectively, in circular coordinates, 
obtaining the equation 

/(j,-flr^, aj-a„«-a,)=0 (39), 

and, in the same way for the variable y, 

/(y-*ijy-^'y-*,)=0 (40), 

where a,, b^:a^ K'^t^ ^« ^^^ ^^® coordinates of the vertices of 
the triangle of reference. Now these equations (39) and (40) 
are by hypothesis symmetric functions of a„ a,, a, and 
ftp i,, ftj respectively. We see thus that the equations 
determinmg the foci are precisely the same for all the other 
five curves corresponding to the five triangles of reference, 
the coordinates of whose vertices are 

a,J„ a/„ a,J,; a,ft„ a/„ a^\ ; 
a/„ flr,J„ a,i, ; a/„ a,5„ aj)^ ; afi^, a,ft„ a/^ 
respectively. 



Digitized by CjOOQIC 



334 Mr. Roberts^ On foci and confocal plane curves* 

In the case of the cubic we have 
V=a{x -f y + «)' + i (a? + y + «) {xy+yz + zx) + cxy«..(4lX 
and for this curve we can show that the line at infinitj 
contains three inflexions : for putting 

x = a + /3 + 7, y = a + ^i3 + e*7, « = a + ^/3 + ^, 
{/becomes 

27a' + 9 Ja (a' - jSt) + c (a* + /3* + 7* - Sa/Sy) ..(42), 
from which it follows that a or the line at infinity contains 
three inflexions. We can thus obtain six cubics, each of 
which has three inflexions at infinity, having all their foci ia 
common. 

Again, if the equation of a curve be symmetrical in two 
of the variables, a;, y, say, in areal coordinates, the equations 
giving the foci will be symmetrical in o,, o',:^,. J,, respectively, 
so that the curves corresponding to the two triangles 

are confocal, that is, the curves corresponding to the triangles 
A^ B, C; A\ By (7, where -4', B are the antipoiuts of 
-4, -B, are confocal. 

The cubic in this case is of the form 

17= a«' + J«* (« +y) + « {c (JT + y)' + dxy\ 

+ (x + y) {e [x + yY +/ry}== ...(43), 

and this, bv putting ar = a + j3, y = a-/3, can be shown to 
have an inflexion at infinity. We can thus have two con<- 
focal cubics, each with an inflexion at infinity, a result which 
I have proved in a different manner elsewhere. 

With regard to curves of the fourth order it may be 
noticed en passant that we can have six confocal curves whose 
equations in oblique Cartesian coordinates are of the form 

ary + aa:' + Jy*+ CTy + rf = (44), 

and that we can have two confocal curves of the form 

y* + y- (a, /3, 7) (^, 1 )* + («, *, c, d, e) (x, 1)* = 0..(45). 
I now proceed to investigate a case in which when a 
cubic U is made subject to a single condition, we can find 
another cubic having its foci in common with U. If a cubic 
have a circle osculating it in two points, it must evidently be 
subject to a single condition : and such a curve can be written 

^S-B' = (46), 

where 5 is a circle and A and B are lines. 
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Now I shall generate this cubic as the envelope of a 
system of conies having double contact with the circle, and 
taking the locus of the foci of the system 1 shall obtain 
another cubic confocal with the given cubic. Using circular 
coordinates, the envelope of the system of conies 

5* [ax -f iy + c) + ^ (fa? + fwy + n) = ^/[xy - r*)...(47), 

where ^ is a parameter, is evidently of the form (46). 
Now the two foci of the conic 

(oUF-f /3^ + 7)'=:a7y-r' (48) 

which are coUinear with the centre of the circle xy s r^ are 
given by 

<'(l-4a/3)-47«-4r'=0 (49), 

Hence for a pair of foci of (47) we have 

^ _ y . n. 

be'-^m" ab'^l^ ' 
e [\ -A0^{aff' + I)[be' -^m)] - 4.0 (c5'+ n) t- 4r' = 0, 
whence, eliminating 0^ we get 

{ax - by)* - 4 (ma - lb) {Ix -my) 2^0 (50), 

where 2 is the circle 

{ma — lb) {xy •{- r'^ + n {ax - by) —c{lx — my). 

The confocal cubic (5o) is thus a curve of precisely the 
same kind as (46), having the circle 2) as a double osculating 
circle. 

Further, it is to be remarked that the lines A\ B for the 
cubic (50) are the perpendiculars from the centre of S on 
A^ B, and that the latter lines are the perpendiculars on 
A\ B from the centre of 2) ; also that S and 2 cut orthogo- 
nally. Hence, we see that the confocal cubics (46) and (50) 
are reciprocally related. 

The simplest non-singular cubic in relation to the circular 
points is the cubic with an inflexional focus and the line at 
infinity as an inflexional tangent. This curve has two single 
foci collinear with the inflexional focus. Taking rectangular 
coordinates the curve may be written 

(»-a)*-M{y' + (x-m = o. 

where /3, is the inflexional focus. Expressing now that 
± c, are the single foci, we get 

^ = ?5 (/3-2a), c'-(/3-2a) (2a-3^), 
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80 that if we assume 

we have fi » — f^^^, and the equation of the Byatem of canres 
with their two single foci in common is 

{^tx - c {se +!)}• + 27ct' {4^/ + {2tx - c<' - c)'} = 0. 

From this equation it can be shown that five curvea of the 
system pass through a point. 

It may be observed that this curve is such that being 
given four concyclic points the directrix (a? = a) touches a 
tricuspidal quartic U with the line at infinity as bitangent, 
and that the tangential Hessian of U, namely a tricuspidal 
quartic of the same kind, touches all the lines joining the 
four points and the asymptotes of all the hyperbolae passing 
through the four points. 



V. On curves conjbcal with a plane cubic* 

I propose to determine here certain curves confocal with 
a cubic, the means of investigation that I employ being the 
theorem that the locus of the foci of a singly infinite system of 
curves is, in general, confocal with the envelope of the system. 
I observe that a cubic is determined by nine conditions and 
six foci, so that the six foci are connected by three relations. 
Hence the confocal cui^ves must be subjected to the conditions 
that their six foci, or six of their foci, must satisfy these three 
conditions. I consider exclusively the case in which the 
generating curves of the cubic are conies, and I consider 
almost entirely the case in which the direct equations of the 
conies involve a parameter rationally in the second degree. 
As an exception to the latter I consider some cases in which 
the variable system of conies has double contact with a fixed 
conic 8, when by taking U\n the form ^/S the variable conic 
is expressed in such a way as to involve a parameter in the 
second degree. 

Now, if [7 is a cubic and H is Its Hessian, the polar conic 
of a line with regard to Z7 is a conic having triple contact 
with H. Hence, if we take lines passing through a fixed 
point P, we have a system of conies having triple contact 
with ^and touching the polar line L of P with regard to U. 
There are twelve such systems of conies corresponding to the 
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ibar poles of L with regard to U and the three cubics such 
aa V which have a given Hessian. 
If we put 

Z73=a* + / + «' + 6wej?y«... (I), 

we have H^ m* («' + y' + «') — (1 + 2»w") xyz (2), 

(7 = «i (a* + i3' + 7') + (1 - 4m») a/Jy (3), 

and the polar conic of the line X =» oui; + jSy + 7« = is 

r= a' {yz - «i V) + /3* [zx - »iy) + 7* [ay - m V) 

+ 2/3y {m'yz - tnx") + 27a (m'»x - iwy*) + 2a/3 (r/i'ary - m«*) 

w- 

It is to be observed that the discriminant of V is the square 
of the Cayleyan O. We see thus that when L passes through 
a fixed point| V belongs to a system of which two may be drawn 
through an arbitrary point. 

Now, for the foci of a conic whose equation in circular 
coordinates is 

fa, i, c,/, ff. A) {x, y, 1)' ±^ (5), 

we have Cx'- 2ax + A=rO, C/-2Fy + 5=0 (6), 

where A, B, &c., are the tangential coefficients. 

Hence, if L is the line at infinity, l^is a parabola^ and, as I have 
shown elsewhere, we thus obtaiu a circular unicursnl quintic 
confocal with i7, there being twelve such confocal quintics 
corresponding to a given curve H. It may be observed that 
the general circular unicursal quintic involvings as it doe^, 
twelve constants, is the simplest curve with six unrelated foci. 

Now, when L is an arbitrary line, we have from (6) 

G±B'Jb F±Bsfa ^, 

^ — c—^ y^—Q— ^^> 

where 2>s- 9', 9 being an expression of the third degree in 
a parameter 0, and a, d, c involve in the second degree, so 
that -4, 5, &c., are of the fourth degree in 0. Now a, b 
evidently correspond to the pairs of conies of the system which 
pass through the circular points respectively. Also, since V 
IS the envelope of the polar lines with regard to 17 of all points 
on the line Z/, it follows that C, being the condition that V 
should touch the line at infinity, is the product of the tangential 
equations of the four poles of the line at infinity, P,, P^, P,, P^, 
VOL. XXXY. Z 
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say, each of which in the case under coDBideration is a linear 
function of the parameter, that is, when L passes through 
a fixed point. Similarly, J, £ are the products of the 
tangential equations of the four poles of x, y, namely, the 
lines joining an arbitrary point K Xo lyJ respectively. Let 
these products be Q^Q^Q^Q^, RfiJt^R^ respectively, then we 
have 

(?»_ e'F, = P,PAP,Q,Q,Q.Q. (»). 

^_ e'F. = P,P,P,P,B,B,R,B, (9), 

and (7, Fare the conditions that Kly A^ should be conjugate 
with regard to V. Now let us consider the general cubic» 
and let L be so determined that a is proportional to fr in (5) 
the generating conic. This makes two circles, given by 
a = 6 = 0, belong to the system, and then the axes of (5) are 
parallel to given lines. It is easy to see then that the point P 
IS the intersection of two common tangents of the polar conies 
with regard to U of the circular points, that is, is one of six 
points related to {7 in a certain manner. Suppose 

U=oux^ + (i/ + yz' + Su* (10), 

where ap + y + « + w = 0, identically, then 

Hss fiySt/zu + ySazux + ha^uxy + a^xyz ....{\\\ 

and then, if we take u as the line joining 

the polar conies of /, J are 

«^i^' + ^yy + 7«,«' = 0, our.or' + /3ryy + 7«/ = 0..,(12), 
or, in tangential coordinates, 

— + ^+- = 0, — + 7^+— = 0...(13), 

BO that the common tangents are 

X V(our,jr^ ±y ^J(^y,y^ ± z ^{yz^z^ = (14). 

Hence Z, being the polar with regard to V of the inter** 
section of two common tangents, say a pair intersecting on 0, is 

a/3 {^ySI^ + y^,^,) + 8« {Vlflur^arJ ± V'i3^,y,) r - 0...(15), 
BO that, given U, there are six such lines. Hence, corre- 
sponding to three cubics such as U having a given Hessian, 
wo have 18 different systems of conies of the kind we have 
been investigating. 
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Now for tbe foci we have, when a = ft, 

^- P.P.P.i>. ' y- F,F,PA ^''' 

If a Is of the form [O — a) (d — j3), these expressions can be 

rationalised by. the substitution g=a J^, . 

Observing, then, that since O*- 0'a is divisible by P^P^P^P^^ 
which is of the eighth degree in t, we see that the rational 
expression 0±Qs/a must be divisible by an expression in t 
of the fourth degree. We thus have 

"4- "-A ""• 

'-^."•^. ""' 

where /^, ^^, //, ^/ are of the fourth degree in f, and 
^3' ^„ X»' ®s ^^® ^f ^^® second degree. These curves, being 
unicurrtai sextics with 7, J as double points, have six foci, and 
the latter points, as we see by the investigation, coincide with 
the foci of the cubic» 

The two sextics are thus confocal, and from either of them 
we can generate an entire singly infinite system of such sextics. 

If *,, t^ are the roots of ^. = 0, and we put r = ^i w® g^* 

from (17) ^~^» 

where /^, ff^ are expressions of the fourth degree in 0^ But 
this curve arises from making ^ =:= ^ iu 

BO that, taking ^ = \^, ^S = /t£, we obtain orthogonal systems 
of unicursal sextics with /, J as double points, having their 
foci in common with the given cubic. 

We can now see how we can have unicuraal quartics 
confocal with the cubic in a certain special case. Suppose 
in (20) that we have 

ff=f; (..), 

z 2 
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PL' 

then, correspondiDg to the valoes ^ = ^ d^ 

*^-'$ (22)' 

It IB evident that the quadratics a^ + /3^ + 7, a'^' + )3'^+ 7' 
coincide, so that, if the cubic is subject to the condition (22), 
i¥e have a pair of orthogonal unicnrsal qnarties confocal witb 
the cubic. In the case (22), it may be observed, the anharmonic 
ratio of ^,1//, in (17) is equal to the anharmonic ratio of ^^Xv 

I shall now show otherwise that in a certain case, that is^ 
if the cubic satisfy tk special relation, we can have a unicnrsal 
quartic confocal with the given curve* Taking rectangular 
axes parallel to the given direction of the axes of the variable 
conic in the case under consideration, its equation may be 
written 

ax^ + iy* + 2^ar 4 2/y -^ € « (23), 

where a, 5, &c., are expressions in of the second degree. 

Now, if this conic touch a fixed line L parallel to an axis, 
the enveloping cubic must satisfy a special condition ; thus, 
since the origin is arbitrary, we take Lssy=iOj and then 
«*aac, which is satisfied by a^lyC=i0\ g=^6^ so that (2a) 
becomes 

«'+(ae*+W+c)y'+2^^+2(a«'+6'tf+cOy4-fl'=0...(24X 
the enveloping cubic of which is 

(fly" + 2a y + 1) (cy + 2c') + (ay + 2a') x' 

^y{hy-\- by + 2df (iy + b%..(2S), 

whose asymptotes, being parallel to y = 0, asc^ + (o^ - J*) y"== 0, 
are such that one bisects the angle between the other two, or 
the triangle formed by the asjrmptotes is isosceles. In this 
case one of the loci of the foci is a unicursal quartic, being 
determined by 

«+«-0, y*(ae' + W + c) + 2y(a'^+y^4c') 

+ (a'tf" -h b'0 + cy = ....(26), 

which has a node at infinity. A cubic, thus, whose 
asymptotes form an isosceles triangle, has its foci in common 
with a trinodal quartic with a node at infinity. As a special 
case consider a system of conies touching the given cubic H 
at a given point. The line L is tben the tangent at that 
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point, and tbe point P Is the corresponding point on J7, for 
we know that the polar of a point on ZT with regard to Z7ui 
the tangent to H at the corresponding point. 

Now, taking circular coordinates and the ori^o at the 
fixed point on Hy we write the variable conic 

a«» + 6y' + 2Aa-y+2^(« + y)«0 (27), 

and since A, = (2A — a — J) j*, is to be a perfect square, we 
liave 2h^a + b^f^ say. We have then for the foci 



.(«). 



^t^h^/by'-a 

This gives the inverse of the carve 

Now if the given cwbic H is circular, a and b are perfect 
Bquares, and we get the foci as the inverse points of the foci 
of the pair of conies represented by (12). Tliese conies, it 
may be observed, both pass through the origin* Again, let 
6 be proportional to €e, in which case a pair of chords of 
intersection of the polar conies of /, J with regard to U are 
mutually rectangular, that is, let the cubic satisfy this 
particular condition, then from (28) we see that the foci are 
the inverse points with regard to a node of the six foci of 
the pair of unicursal quartics represented by (29). 

I now proceed to show that in the general case in which 
L passes tnrough an arbitrary point we can generate from the 
locus by certain transformations curves confocal with the 
cubic* If i is {N'oportional to (^— ^,} (^ — ^J^ then, putting 

^=^ (80), 

V& is rational in t 

Similarly if a is proportional to (^— ^,) (^ — ^J, putting 

^='4^' w. 

Va is rational in t\ 

We thus obtain for the foci two pairs of equations, each 
pair of which is of the form 






«.W 



y--?^ (32). 
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where /^, u^ are rational expressions in I of tlie foarth deg^e, 
and g^^ v^ are rational expressions in i' of the same degree. 
Now it is evident that we shall obtain cont'ocal corves it' we 
assume any other relation connecting t^ i instead of the one 
resulting from (30) and (31), as the foci depend upon the 
discriminants of the equations (3'2) in <, l\ i*c8pectively, taken 
separately. Hence if we take a homogi*aphic relation 

Ati'\'Bt'VCi-^I>^^ (33), 

say, connecting t, i^ we evidently obtain unicursal carves 
confocal with the given cubic, no matter what values 
-4, B, C, D have. 

If -4, J?, 6\ D ai^ arbitmry, the curve repiesented by 
(32) is a unicui'sal curve of the eighth degree with /, c7 as 
quadruple points. Again, if A^ B^ C\ D are subjected to the 
two conditions which make two linear faciora of V^ coincident 
with two linear fac.toro of F^, we get singly inlinite systems 
of sextics with /, J as double points. Now if we expix^ss 
that a root of a biquadratic is (connected with a root of 
another biquadratic by a homogra|)hic relation (33), it is 
evident that the resulting condition is one of 16 diiferent 

conditions, so that thero ai'e --* — ssl20 pairs of such 

conditions. It thus seems that we have 120 different systems 
of confocal and orthogonal unicursal sextics, or 240 systems, 
if we consider the pair of curves such as (32). 

Again, let A^ B^ (7, D be determined so as to make three 
factors of TJ^ ooiurJde with three factora of F^, then the curve 
(32; is a circular unicursal quint ic. We have thus, apparently, 

— ^V~i~ =560 such quintics, or corresponding to the pair 
1 • ^ • o 

(32), 1120 such auintics, in all. 

Further, if i/^, V^ have the same anharmonic ratio. U^ can 
be transformed into V^ by a homographic relation, subject to 
which (32) represents a unicursal quartic. 

I now consider a system of conies having triple contact 
with a cubic H in the case in which they are the polar conies 
with regard to U of lines touching a given conic 2. The 
coordinates a, /3, 7 of the line L are then quadratic expressions 
in a parameter, so that the conic V (4) involves the parameter 
in the fourth degree. 

Hence if we take the discriminant of Fwith regard to the 
parameter we get an equation of the twelfth degree, but this, 
as we shall verify, is divisible by the square of lly as three of 
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the points of contact with the envelope lie on i7, the 
remaining factor, which is of the sixth degree, giving the 
locus of the fourth point of contact. Let 

2= (^, 5, G, F, G, H) (a, /J, 7)' (34) 

be the conic touched by X, and let P, (?, R be the three 
differential coefficients of 2, then for the envelope of V we 
have 

dV dV dV 

da _d(i dy ^ .. , 

Now, recollecting that V considered as a function of 
ct, j3, 7 is the tangential equation of the polar conic of a;, y, «, 
and that the discriminant of the polar conic is H^ we get 

= fl^{i5/J*+y7"-2ma:P7), 
80 that we have, after dividing by H^ 

y7"+«j3'-2wia^/37=AP"^ 

ea" + a;7'- 2myya =*^* (36), 

arj3*+ ya* - 2m«aj3 = AJB* 

BO that, solving for a;, y, z^ observing that 
Pa+G/3 + 57 = ^ 

and neglecting the factor ajSy, we obtain 

px^m(R'^+ (2'7) + (2m»P"- g2Z)a \ 

py = mfP'7+i?'a)+(2m«(2'-P/2)/3 • ...(37), 

piP = m ((^a + P'/3) + (2m'R'--PQ) a ) 

which represents a unicursal curve, W^ of the sixth degree, 
that is, the locus of the fourth point of contact is a unicursal 
curve of the sixth order. 

Now, when we seek the locus of the foci of this system, 
let us consider what conditions 2 should be subject to in order 
that a simplification of the locus should take place. Since the 
discriminant is a perfect square, namely, the square of the 
equation giving the six common tangents of 2 and the 
Gayleyan, the expressions for x and y in (7) will be rational, 
if the conditions that V should pass through the circular 
points are perfect squares. In this case 2 has double contact 
with the polar conies of the circular points with regard to U. 
There are thus nine such systems corresponding to the three 
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Bjstemg of conicfl having doable contact with two fixed conies, 
and the three cubics Buch as U with a given Hessian ; and 
each of these sjstems involves an arbitraiy parameter, as a 
conic having double contact with two conies contains an nnde^ 
termined constant. We have then for the locos of the foci 
of one of these systems 

^^^^*, y-^^f^' (38), 

where/,, g^ are expressions of the eighth degree in the para* 
meters, /,, g^ are expressions of the second degree, and ^„ &c 
are quadratic expressions which correspond to the points of 
contact of the tangents drawn to 2 from the four points of 
intersection of the polar conies of the circular points, namely, 
the four poles with regard to U of the line at infinity. 

Now (/a + e./,) (/,- e./,) is to be divisible by ^.i^.x,*,; 
hence/,+ 9^/, is divisible by ^,t^ and /^- 9,/, by Xt^^ •"*<* 
the case is similar for ff^± 9^,. Hence from (3d) we havo 

""^v^^ y^vz (^^>' 

^°^ ^";^^ y^^ (^^)5 

that is, a pair of nnicnrsal sextics. It is evident that the 
pairs of factors ^^t^„ ;^,fl», of ft^fX%^9 correspond to one of 
the three systems of conies having double contact with the 

Solar conies of /, «/, the entire three pairs of factors being 
erived from the three systems. Hence we have pairs of 
unicursal sextics, confocal with a given non«singular cubic, 
both belonging to one of nine difi^erent systems, each of which 
involves an arbitrary parameter, which agrees with what we 
have already proved concerning confocal unicursal sextics 
with /, J as double points. 

In this case since the conditions that the generating 
conic V should pass through the circular points /, JT, respec* 
tively, are perfect squares, it follows that /, J are double 
points of the envelope. Hence, bb J^J are not on the cubic, 
they must be double points on the unicursal sextic (37). 

Now I have shown elsewhere that four polar conies can 
be described to have double contact with a given conic S, 
from which it appears that two other double points of the 
sextic are the two points which give rise to tne two other 
polar conies having double contact with S, 
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This sextic, then, being unicursal and having 7, J as double 
points, has six foci, and since it is an envelope of the conies V 
It must be confocal with the locus of the foci, namely, the 
corves (32), that is, the sextic is confocal with the given 
cubic H. 

Let us now apply the preceding results to the circular 
cubic. In this case it is to be observed that the coordinates 
of the foci of V are expressible as rational functions of 
OLy /3, 7, the coordinates of the line L ; fot then the tangential 
equations of the polar conies of /, J are respectively the 
squares of the equations, S, h\ say, of the corresponding points 
of /, J. Since then ((?+ 98) (G- 98) is divisible by 
P,P,P,P^, where P,, &c. are the tangential equations of the 
four poles of the line at infinity with regard to {7, we have 

^=|#, y=$§ (41), 



and 



R.R. 



where (?j, (?„ ^,, Q^ and 5p 5,, 5,, R^ are the tangential 
equations of the poles of a?, y respectively with regard to U^ 
since the condition that V should touch a line is the product 
of the equations of the four poles of the line. It is to be 
observed that the points (?,, Q, are collinear with the pair of 
points PyP^y the line being one of the factors of the polar 
conic of i. 

Similarly, R^R^ are collinear with P^P^i the line being one 
of the factors of the polar conic of •/, and in the same way 
there are similar relations for the points involved in (42). 

Bence we may write 

Bfi, - tP,' + m'P; + nP,P^, 

BO that, if we pat 

P, = P,9, P, = P,^' (43), 

we have, from (41), 

^J±±r^^ y jy-HnV-HW ^^^^ 

This gives the coordinates of the foci of a conic having 
triple contact with a circular cubic, independently of any other 
relation the conic may satisfy. Corresponding, then, to any 
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relation between ^ and we have a carve given by (43) 
touching 2/, and a locus of one focus of F, given by (44), 
having in all cases two foci in common with the cubic, the 
locus of the other focus, given by (42), having the two other 
foci of the cubic as its foci. As for the other pair of foci or 
autipoiuts of the foci just mentioned we have 

FA' ^ FA 

It thus appears that in general there is a separate locus for 
each of the four foci, real and imaginary, of conica having 
triple contact with a circular cubic and satisfying another 
condition. 

Now let ns take ^ = X5 in (46), when we get P^\P^ 
that is, the line L passes through a fixed point on tne line 
joining two poles of the line at infinity, and (44) give a conic 
having two foci in common with the curve. Also, since, if we 
put P^ = P,^' = P,^', we have, in the same case, 6^' = X^', it 
follows from (42) that the locus of the other focus given by 
(44) is another conic having for its foci the two other foci of 
the cubic. We thus have two conies, which conjointly have 
their four foci in common with the cubic. Similarly, if L pass 
through a fixed point on the line joining the poles Pp P^ of the 
line at infinity, we get from (44) another pair of conies which 
conjointly have their four foci in common with the cubic. 

It may be observed that such a pair of conies intersect on 
the cubic H\ for, considering the special cases when L coin- 
cides with one of the tangents drawn from the fixed point to 
the Cayleyan, the polar conic V breaks up into a pair of 
tangents intersecting at a point of the Hessian. We thus 
get two points on H^ for we omit the point on H arising from 
the line joining PjP^^ which is a tangent to the Cayleyan, as 
it is irrelevant. These two points are evidently at the inter- 
section of the loci of the foci. This agrees with what is 
already known; for (see Salmon's Higher Plane Curves^ 
Art. 279), the cubic can be generated as the locus of points 
whose distances p„ p,, p,, p^ from four fixed concyclic points 
2^j, P„ F,, F^ are connected by the relation 

k^ P ^ If' if' V*"/J 



Digitized by CjOOQIC 



Mr. EobertSj On foci and con focal plane curves. 347 

which shows that conies having F^, F^ as foci intersect conies 
having jF„ F^ as foci on the curve, if they have equal 
eccentricities. 

Now, if we consider the three cubics such as Z7of which H 
Is the Hessian, we get three pairs of conies, each pair having 
their four foci in common with the curve. These three pairs 
correspond to the three ways in which four points can be 
grouped in two pairs. The process, thus, that we have made 
use of, constitutes the algebraic solution of the problem : given 
a circular cubic to find the foci, the solution of the biquadratic 
involved being made to depend upon finding one of the three 
cubics of which the given cubic is the Hessian. 

We can also get a conic having two foci in common with 
the cubic by taking ^d = a constant in (44). In this case the 
line L touches the conic whose tangential equation is Pj*=A*P,Pj, 
which passes through P,, P, and touches P,P,, P^P^* But in 
this case we have no other conic with the other two foci of the 
cubic as foci. 

In the general case in which L passes through an arbitraiy 
fixed point, we see from the preceding expressions for the 
coordinates of the foci of V that the locus of the foci consists 
of four circular unicursal cubics, which may be divided into 
two pairs, members of one pair having the foci jF„ F^ of the 
cubic as foci, and of the other pair having F^, F^ as foci. 

When the line L touches an arbitrary conic, since the 
points /, e/are double points on the envelope, and /, ./are on 
the cubic, it follows that the unicursal sextic (37) touched 
by V passes through 7, J and therefore has 8 foci. In the 
same case we see that the locus of the foci consists of four 
unicursal sextics with 7, J as double points. Each of these 
sextics has two foci of the cubic as bitangent foci, and has two 
single foci elsewhere. We see hence that the 8 single foci of 
these four sextics coincide with the 8 foci of the circular 
unicursal sextic (37). 

It may be observed that if the conic touched by L touches 
the sides of the triangle formed by three poles of the line at 
infinity, the locus of one of the foci is a circular nodal cubic 
with its foci at two foci of the given curve. 

I now proceed to consider the case of the nodal cubic. In 
this case there is only one cubic U corresponding to a given 
cubic H. When the conic F, having triple contact with H 
touches a fixed line z^ its equation can be written 

F= ^aj' + 20 (pry + «m) + y* + ;2?y = (47), 

where fl'=««*' + 2ajry-a;'t; = (48), 
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fix being the node. Since, then, for s oo , one conic of the 
system (47) is a perfect square, namely, a;', the line jaiDiDf^ 
the node to one of the points where z meets H^ the tan- 
gential coefficient of V mast be divisible by this valae of S, 
and thus be of the third degree in 0, And, in general, when 
L^ax + 0y-\-yz^O is arbitrary, the tangential coefficients, 
being divisible by the equation of the node, are of the third 
degree in a, /8, 7, and the discriminant is proportional to the 
square of the node multiplied by the square of the Cay ley an^ 
which is a conic in this case. Hence, when z is the line at 
infinity and Fis a parabola, the locus of the focus is a circular 
unicursal quartic, which thus has its four foci in common with 
the given curve. Again, if two conies of the system are 
circles, and the principal axes are parallel to given lines» 
the locus of the foci consists of unicursal circular qnartics 
having their four foci in common with the given curve. 

Again, if the line touches a conic 2 having double contact 
with the polar conies of /, J with regard to U, the locus of the 
foci consists of circular unicursal quartics confocal with the 
curve. Since 2 involves an arbitrary parameter, we thus 
have singly infinite systems of confocal circular unicursal 
quartics. I have shown this elsewhere as follows. The 
equations 

atP-¥h0'4 c0 + d 



.(49) 



y" 0(a' + /»» 

in circular coordinates evidently give, if we take ^ « \0y 
^d = pL^ confocal and orthogonal systems of circular unicursal 
quartics, unicursal cubics of the systems being given bv 
ali'\ = al3, aa' = ^/3>. 

I now propose to consider a different system of conies 
related to a nodal cubic. If a conic V have triple contact 
with a nodal cubic 

«' + y' = «y« (50), 

then the points of contact are given by an equation of the 
form 

fi» - afl* + W - 1 = (51), 

where «=» ^, y = ^, « = 1 + fl* for a point on the curve, that 
is, ^j^,^,« 1| the relation for coUmear points being Ofifi^^ — 1. 
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fience a conic W having doable contact with V meets the 
cabic in two triads of points given by 

Censidering, then, one triad, we can describe through 
three points Oj, 0,, 63 on the curve a definite conic W^ namely, 

W=^ (Ir + wiy + w«)' =/F= (53), 

where Z, m^ n, p are linear expressions in the sum, sum of the 
products in pairs, and product of ^„ ^ , 0^^ p in particular 
being the condition that ^,, 0^6^ should he coUinear. Hence 
in the tangential equation of TTthe coefficients, being divisible 
by p*^ are functions of the second degree in the sum, &c., of 
^p &,, 6. Also the discriminant A is proportional to p^ 
multiplied by 

(54), 

each of the factors being the condition that the line joiuing 
a pair of the points should touch V, 

Now let ^, = ^,1 and let 6^=k be a fixed point on the 
curve, then we have a system 01 conies having double contact 
with F, passing through a fixed point on the curve and touching 
the curve once elsewhere. 

Now consider the case in which F is a circle. Since F 
is the polar conic of a line with regard to the cubic having 
the given curve for its Hessian, it follows that the line must 
be a common tangent of the polar conies of 7, /; that is, 
there are four circles having triple contact with the curve. 
In this case the conditions that W should pass through 7, J 
respectively are perfect squares, and the only factor of £i 
that is not a square is from (54), i^* — 2^ + a = t^,, say. We 
have, then, for the circular coordinates of the foci of W 

^^L±M^^ y^q^lMdh (55), 

'•4 ''4 

Rationalising V^,> tl^en, by the substitution g= . i- , 

where a, j3 are the roots of i^,=:0, and observing that the 
numerators and denominators of the fractions must have a 
common factor of the fourth degree in t we get two unicursal 
quartics. These quartics are the locus of the foci of W 
collinear with the centre of F, the locus of the foci not col- 
linear with the centre of V being unicursal curves of the 
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eighth degree. The qaartlcs have four foci at the foci of 
the given cubic and a bitangent focus at the fixed point 
^ = A\ Tliis result may be considered otherwise. Suppose 
we have, in circular coordinates, the system of conies 

ax + by + o + d ^/(xy - A*) = (56), 

namely, a system of conies having double contact with the 
circle o-y — A*' = 0, a, &, c, ef being quadratic depressions iu a 
parameter 0. The envelope of the system is a binodal 
quartic having quartic contact with a circle, that is, satisfying 
a certain condition, and so involving 12~ 1 = 11 constants. 

For the locus of the foci of this conic, which are collinear 
with the origin, we have x'yil proportional to 

b la : (c + A) (57), 

where A' = c* + A;* ((? — 4aJ) ; that is, the locus is a binodal 
quartic, and this curve must have its eight foci in common 
with the envelope of the system. 

Now there is evidently a linear relation connecting a, &, c, d^ 
la^-mb'\-nc-^pd^Oy say, so that (56) will always pass through 
a fixed point \i lim\n\p = aiyil: *J{xy — k*) or bn — p' = A*'«*, 
Again, if A as a function of the parameter has a square 
factor, the locus of the foci is unicursal, as A then can be 
rationalised. Subject to these two conditions the envelope is 
divisible by a Hue passing through the fixed point and 
touching the circle j:y=sA-', the remaining factor being a 
unicursal cubic not satisfying any particular condition. And 
this agrees with our previous investigation, that is, we have 
found the equation of a unicursal quartic with four given foci 
and with a bitangent focus elsewhere. Now a general 
unicursal quartic involves 11 constants, so that a unicursal 
quartic with a bitangent focus involves 9 constants, and this 
is the number of constants involved in a unicursal cubic and 
an arbitrary point thereof. 

Making the point 6^ = A: on the unicursal cubic variable we 
get the singly infinite system of unicursal quartics with four 

S'ven single foci and a variable bitangent focus. We see 
us, then, that the locus of the bitangent focus of the 
confocal system is a confocal unicursal cubic. Again, I 
observe that k occurs in the first degree in the expressions 
for the coordinates of a point on the quartic, so that for a 
given point, eliminating the parameter, we get an equation 
of the eighth degree in k. That is, eight quartics of the 
confocal system can be described to pass through a given 
point. 
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To prove the existence of the bitangent focus belonging to 
the quartic as given by (57), 1 observe that in such a case we 
Bhould have /c* [cP — 4a6) -t c* — [c^ /Aa)* = a perfect square for 
some value of /i. Hence, putting d=»la + mb-{^ no, and 
making 

A* (flP — 4ai) + 2fAac - fj,*a* = k* {mb + nc + pa)\ 
we get 

whence eliminating p and /a we obtain Zm = 1 + A'n', and 
this relation is by hypothesis satisfied, as it expresses the 
condition that the conic W (56) passes through a fixed 
point. 

As a property then of this confocal system of quartic^, I 
observe that since we have xiy^bia^ it follows that a pair 
of hi tangents of the curve intersect at the origin, namely, the 
centre of the fixed circle V, 

Since there are four circles such as V having triple contact 
with a given nodal cubic, it follows that we have thus found 
four systems of unicursal quartics with a bitangent focus and 
four given single foci. 

We might also consider the case in which the three points 
^„ ^j, 0^ on the cubic, through which W passes, coincide. 

TFthen osculates the cubic at the point 6^ and Z, m, n, p are 
expressions of the third degree in d, and ^ is proportional to, 
from (54), (id* — 2^ + a)'. Hence, if a, /3 are the roots of 
5^« - 2d + a = 0, and d - a = t^ [6 - ^), we get, for the foci of 

Win this case, expressions of the form 

ar:y : 1 = [af -k^bf ■{■ cf -{■ d) i[ai^ ^-b'^ -[■ df ■\- d') 

: {a"e-vb"f + ke + c"e + 0-.(58), 

that is, the locus is a unicursal curve of the sixth degree and 
eighth class. This curve must have four foci in common 
with the given cubic, but does not seem of sufficient interest 
to merit any further investigation. 

We may notice the modification of the preceding results 
in the case in which the curve is a cuspidal cubic. The 
conic having triple contact with the curve is then replaced 
by a conic passing through the cusp and having doubly 
contact with the curve. If we put a: :y : 1 = 1 : 6 : d" for the 
cubic we have 

. d^ysi + (i* -f 2ac) y^ + cV + 2abzx + 2ic.ry = F= . . . . (59) 
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as the equation of such a conic, the points of contact bein^ 
^iven by o0* + A^ + c=sO. The tangential equation of V 
involves a, 6, c in the third degi^e and the discriminant is 
proportional to the square of a (2i' + a£). If aa + j36 + 7c = O 
the conic V touches also the line 

2a/3ar-(/3' + 27a)y + 7**^ = (60), 

and there is no difficulty in finding the loci of the foci of F in 
the same way as for the nodal Cubio. 

By reciprocation then we can have the system of conicd 
2 touching the inflexional tangent and having double con** 
tact with the curve. Again, we can have a system of conies 
having double contact with Fj touching the curve and passings 
through a fixed point thereof| as the conic W^ 

W^lx + my + nz-k-p^V^O (61) 

meets the cubic in three points given by 

Z + mtf + n^±^ (a^ + J5 + c) = (62), 

the roots of which can be made to be d, 9, h. And it is to 
be observed that there are four circles such as F. 

Further, using tangential coordinates, we can have a 
system of conies having double contact with 2, touching the 
curve and a fixed tangent thereof, by reciprocating the 
equation of W (61). And since the direct equation of the 
conic 2 is 

aV + 4aJy* - 8cV + 2c [ac — 2b*) ysi 

+ 2i(26' + 3ac)«x-2a"ijry = (63), 

it follows that there are nine circles belonging to the system 
2, as we find nine values of aibxc by substituting the 
coordinates of /, J in (63). This result may be investigated 
thus : let X, /i, v be tangential circular coordinates, then 

aX + J/A + cv + rfVC^'-^i'M-O (64) 

where a, 5, c, d are quadratic functions of a parameter, 
represents a conic having double contact with the circle 
i,*_^'A,^s2, and also having double contact with a curve 
of the fourth class, with two bitangents, which has quartic 
contact with the circle S. 

Now precisely as in the direct case this curve of the fourth 
class breaks up, subject to two conditions, into a tricuspidal 
quartic and a point F on 2, and if a further condition is 
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satisfied, the tricaspidal quartic becomes a cuspidal cubic and 
2 becomes a circle having double contact with the cubic and 
passing through the cusp thereof. Now the foci of (64) are 
given by 

x:yil-a\h[c±d) .., ,,...(65), 

as we see bj putting X/a = 0. Hence for the locus of the foci 
we have two conies, and the foci of these conies must coincide 
with the foci of the curve of the fourth class. And in the 
particular cases of the tricuspidal quartic and cuspidal cubic, 
one conic (63) has two foci in common with the curve, and 
the other conic has one focus at the third focus of the curve 
and the other focus at the point F on 2. 

As a particular case of the curve of the fourth class, I may 
notice the nodo-bicnspidal quartic ; that is, if such a quartio 
has quartic contact with a circle, we can find two conies 
having their foci in common with the curve. This is also the 
case if there be a circle touching the two inflexional tangents 
and having double contact with the curve. Thus if the curve 
is 

(i'/AV + mv\ + nXfAY'-'k^XfiiP = (66), 

then if a conic of the system 

iV+ 2d(Z/*v + wiKX + nX/A) +X/A=:a (67) 

is a circle, it is readily seen that we can at once find a pair 
of conies having their foci in common with the curve. For 
the nodal cubic there will be similar relations in the case of 
conies touching three inflexional tangents and the curve, and 
of conies having triple contact with the curve and touching 
one inflexional tangent. Further, we can have a system of 
conies having double contact with such a conic 2 and 
having double contact w;th the curve ; for using tangential 
coordinates^ we have, for the common tangents of 

(t\ •¥7nfi + nvY-p'l = 9 (68^ 

IA + rn/,+nf,±p/^0 (69), 

where 2=/^, 

This, being equated to the square of a^-f^ff+y, 
gives a relation of the second degree between a, /8, 7, 
and thus makes I, m, n, p proportional to rational 
expressions of the fourth degree in a parameter t. 

I propose now to consider another system of conies related 
to a general cubic, namely, conies described through two 
YOL. XXXY. A A 



Digitized by CjOOQIC 



354 Mr. Roberti^ On foci and confocal plane carves. 

fixed points P, Q on the carve to have doable contact with 
the curve elsewhere. 

By projecting the carve so as to make P, Q coincide with 
the circular points, these conies become the generating circles 
of a circular cubic. We see thus that there are four distinct 
systems of such conies, corresponding to the four systems of 
generating circles of a circular cubic. As a simple case then 
we can take P, Q as two points at infinity on the curve. 

The generating conic in this case can be written, in 
rectangular Cartesian ooordinateS| 

aa-' + V + 2^x + 2/y + c = (70), 

where a, b are constants and y, f^ c are expressions of the 
second degree in a parameter. I have shown elsewhere that 
the locus of the foci of this conic consists of two confooal 
biuodal qnartics with the line at infinity as a bitangent. 

Corresponding, thus, to the three pairs of points at infinity, 
there are twelve pairs of such cunfocal binodal quartics. 

I now consider other cases. I observe that the discriminant 
of the conic V is proportional to /,*9^, where /, gives the case 
when V is divisible by the line PQ, and G^ gives four pairs of 
corresponding tangents drawn to the cubic from P, Q 
respectively. Hence for the circular coordinates of the fo<u 
in this case, we have 

^ c ' y ^ ^' 

where a, b are the result of substituting the coordinates of 
/, J in V^ respectively. Now suppose a proportional to 6j 
that is, suppose two circles to belong to the system, or ia 
otlier words that two conies can be described through 
P, Qy /, J to have double contact with the curve. Hence if 
we project the curve into a circular cubic, P, Q become a 

Sair ot points mutually inverse with regard to one of the 
acobian circles of the cubic, so that for the general curve 
Py Q are the pair of points where the equilateral hyperbola 
passing through the points of contact of tangents parallel to 
an asymptote meets the curve again. Also, it may be 
observed, P, Q are coHinear with the finite point where the 
asymptote meets the curve. There are, thus, three pairs of 
points such as P, Q, so that there are altogether twelve 
systems of conies such as V. We have, then, from (7 1) 

..2±^,,.i±M^ („). 
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where 

e. = ae„ G' -/.'e.- AC, r -/,'e. = bo, 

and (7, F, (7, A^ B are of the fourth degree in 0. 

We see thus that the locus of the foci consists of a pair of 
aextic curves, each having 8 double points, among which /, J 
are included. Of these sextics the points P, Q are bitaugent 
foci and the six foci of the cubic are single foci. 

In this case if we take rectangular coordinates and the 
origin at the middle point of P, Q (± a, ± ^], V may be 
written 

r= a [x' - «•) + J (y» - /S*) + 2c (/3jr -ay) ...(73), 

where a, hy c are quadratic expressions in the parameter^ and 
<ra' + b/d* is a perfect square =/^*» 9^ then equals 

(a-J)(c* + a&). 

If c* + aA, and therefore 9,, has a square factor, the given 
cubic has a node, and the two sextic loci have nine nodes, 
two bi tangent foci at P, Q, and four single foci at the foci of 
the given cubic 

Suppose the cubic to be circular and the points P, Q to be 
arbitrary points on the curve, then, for the foci of F", we have 
from (72) 

„«±^.,,..^±2^ .•(„), 

putting i = ^i', a = \p^^. Hence we find that the locus of the 
foci consists of a pair of sextic curves with 9 nodes, among 
which /, «7 are included. These sextics have bitangent foci 
at P, Q and single foci at the four foci of the given curve. 

In the case of the nodal cubic we may let P, Q coincide 
at the node of the curve, and then the system of conies having 
double contact with the curve is doubly infinite. 

Let the cubic be given by 

xij/:z=:0:0':(l + e') (75)> 

then a conic meeting the curve in the points given by 

tf(a^ + W + c)'=»0, 
is 

V= (26c - a") «• + (2aA - c*) y' + (J" + 2ac) xy + a^yt + c\z = a 

(76). 

AA2 
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The tangential coefficients of this conic are of the fourth 
degree in a, 6, c, and the discriminant is (a' + c* — oic)*. 

In this case the locus of the foci has four foci at the foci 
f f the curve, and a bitangent focus at the node of the curve. 
If we have a linear relation connecting a, &, c and we deter- 
mine the constants in it so that V^ is proportional to F,, where 
FJ, V^ are the result substituting the coordinates of /, •/ in 
F, the loci are unicursal sextics with /, «/as double points. 

I now propose to show how we can obtain binodal qnartics^ 
having six foci In common with a given non««inguIar cubic 
A binodal quartic involves 12 constants and has eight foci, so 
that six o^ its foci can be arbitrarily assigned. 

Kow, since a cubic involves 9 constants its six foci are 
connected by three relations, so that the binodal quartic is 
subjected to three conditions in making six of its foci coincide 
with the foci of a cubic. 

I commence by investigating circles having double contact 
with a cubic at two points P, Q which are coUinear with a 
point of inflexion. Let xy be a point of inflexion and z the 
corresponding harmonic polar, then the cubic can be written 

«• {fx + gy) - ((w;' + bx^y + cr/ •^df)^0 ...(77), 

from which we see that any conic of the form 

ax*+/Sa:y4 7y* + 8«* = (78) 

meets the cubic in three pairs of points, such that each pair 
is coUinear with 0. Now let (78) be a circle having double 
contact with the curve, that is, let (78) pass through two 
points 7, «/, and be such that 

(cue* + /Say + 7/) {fx + gy) + 8(aa:'+ hx^y 4 cxy'-i-dy"") = 

(79) 

has a square factor. We thus get two linear relations and 
one relation of the fourth degree connecting a, j3, 7, S, that is, 
we determine four circles having double contact with the 
cubic at a pair of points coUinear with a given point of 
inflexion 0, Hence corresponding to the nine points of 
inflexion we determine 36 such circles. 

Let S be one of those circles ; let B be its chord of contact 
and A the line joining the points where it meets the cubic 
again, then, if the inflexional tangent is lA-^tnB^O^ the 
cubic can be written 

8QA^mB)-^AB'^0 (80). 
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Now consider conies having double contact with S at 
points coUinear with 0(AB)^ namely 

r= X^ + /ii5 H- V VS= (81), 

then these conies evidently are of the form (78) and so meet 
the cnbic in three pairs of points collinear with AB, 

Thus if a relation be established between X, /i, v, we have 
a system of conies having double contact with the cubic. If 
we put la + mfi = nat*^ we may take 

X:/A:v = (^+l)":(«'-l):Ar«» (82), 

Kow taking the origin at the centre of 8 and circular 
coordinates, V is of the form 

X (ax-^ Jy + c)+/ii(aa; + iy+c)+ F V|(iq^-A*))=0,..(83)* 

Then for the foci of F collinear with the origin, we have 

« : y : 1 as (\6 + /ui') : (Xa + fia) : (Xc + /ic' + A) ...(84), 

where A* = (Xc + ficy + A" {/- 4 (Xa + fia') (XJ + fih')]. 

Hence since the square only of the variable t is involved in 
these expressions, we see that the locus of the pair of foci 
referred to consists of a binodal quartic. 

Now if we take the envelope of the tangent line to a 
nnicursal cubic, we get the equation of the curve multiplied 
by the equation of the three inflexional tangents, so precisely 
in taking the envelope of (83) we get the equation of the 
cubic multiplied by the inflexional tangent lA -^mB and that 
particular conic V\ say, of the system which doubly osculates 
the given cubic. We thus inter that the binodal quartic (82) 
has six foci at the foci of the given cubic and two foci at the 
foci of the conic r\ 

If (7, D represent a pair of lines passing through the 
centre of /S, the binodal quartic can be represented thus 

(7: D : VS = (<• -f !)•:(«'- 1):<' (85), 

where S is a circle orthogonal to 8. The c^uartic then is 
such that it can be projected into a curve with an axis of 
symmetry, that is, it has a pair of bitangents intersecting ou 
the line of the nodes. Again, it has a double osculating 
circle, namely, the circle S. 

We may notice a particular case of the preceding. A 
special relation will be satisfied by the preceding if the cubic 
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has a focus situated on the harmonic polar of a point of 
inflexion. If the radius of the circle iS vanishes, its centre 
becomes a focus F on the corresponding harmonic polar, and 
then all the generating conies have a focus at F, For th© 
locus of the other focus of the generating conies, we have 
then 

« : y : 1 = 4 (XJ + fxb') (\e + /jlc) : 4 {\a + /xa) {\c + fic") 

: {/ - 4 (Xa + fia] [Xb + /i6')| (86), 

which represents a unicursal quartie with a tacnode at F. 

This unicursal quartie then has five of its foci at the five 
other foci of the cubic, and its sixth focus at the other focu» 
of a particular generating conic of the system, namely, that 
one which doubly osculates the cubic* 

As another special case we may notice that of the given 
cubic having a node, A then in (84) has a square factor and the 
locus (84) is unicursal, having four foci in common with the 
given curve, and two foci elsewhere. There are 12 circles 
such as S in this case. 



VI. On certain curves confocal with trinodal and binodal 
quartics. 

I now proceed to consider the methods of obtaining curves 
confocal with a unicursal quartie, and I consider first the 
different methods of generating the curve as the envelope of 
a system of conies involving a parameter in the second degree. 
I have shown elsewhere that there are four systems of conies 
having quartie contact with a trinodal quartie. Suppose the 
curve to be expressed in the form x\yiz\f^ if^ if^^ where 
/„ /,, /, are rational expressions in a parameter of the fourth 
degree, then, if a, a', )3, )3', 7, 7' are the pairs of parameters 
ef the three nodes respectively, we have, for four collinear 
points, 

^ («)--*,« (a) = 0, ^(/3)-^.*(/3')=0, ♦(7)-^.«(7')=0-(Or 
where ^ (t) = (t- 6.) (« - fl.) (t - fl.) (t - fl.), 
^ii ^r K *^^ Constanta, and 

i I* («) ->^.* («')) + ^n 1* (/3) - >i.« 0')1 + n {« (7) - *.♦ (t')}=0 

(2)» 

l^ 2», n being constants, Is an identical relation. 
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In the same way we find for eight points on a conic 

0(a)-V*(a) = O, &c (3), 

where ^ (0 = (t- 0,) (t-0^...{t'^0^. 

Hence, for the four points of contact of a conic having 
quartic contact with the curve, we have 

♦ (a)±^.^(a') = 0, ♦(/3)±*,0()3') = O, ♦(7)±*.«(7') = 0. 
which leads to three systems given by 
«(a) + *.*(a') = 0. ♦03) + M(/3') = O, « (7) - *.♦ (V) = 

(4). 

and two other sets of similar equations and a symmetrical 
system given by 

^(a) + *,^(a') = 0, *(i3) + *,«(/3')='0, «(7) + *.*(7') = 

• •••• ••( O^y 

that is, there are four systems of conies having quartic contact 
with the curve. Again, for conies passing through a node and 
having triple contact with the curve, we put ^, = a, 0^ — (i\ 
say, in (3), and we get, for the three points of contact, two 
equations 

0(/9)±7w,0(^') = O, 0(7)±^,0(7') = O (6), 

where wi,, w, are constants, which give four systems. Hence 
for the three nodes we have twelve such systems. 

Again, for conies passing through two nodes and having 
double contact with the curve, we nave for the two points of 
contact 

*(7)±^*(7') = (7), 

that is, two systems, so that for the three pairs of nodes there 
are six systems of such conies. 

Finally, there is the system of conies passing through the 
three nodes and touching the curve. 

Let us consider one of the systems (4). Writing the curve 
in the form 

/lyV + i«V + cxY + 2x2^« {/jo-\-gy + hz) = ... (8), 

where the triangle of reference is formed by the three no 'es, 
this equation can be written TP^z^V^ where Z7 is a c juic 
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passing through the nodes on £, so that one of the conies is of 
the form 

«'+ 2517+^7=0 (9). 

Hence, since this conic is a perfect square for 0^0^ the 
tangential coefficients are diTisible hj 6 and are thus of the 
third degree in 0. Also the discriminant, after having beeo 
divided by ^, is of the form /,Vt' We thus obtain for the 
drcttlar coordinates of a focus of (9) 

* a 

^^ a 

If a is proportional to b the curve satisfies two particular 
conditions, that is, two circles having double contact with the 
curve can be described through the nodes, and then the locus 
of the foci consists of two bi nodal auartics and two quintics, 
as we see by seeking the intersection of (10) with the line 
^' + A*y+ »"= 0, when we get 

{\G + iiF-- yCy = (\ + M*) Aa 

= X' {<? - AC) + M* (Z?' - ^(7) + 2X/iAa, 

whence Cy, + 2Xm (^G - Aa) = (llX 

which, since FO^CH-^h^y is divisible by A — a. Now 
C=a*'~h*j and since it is of the third degree in one of the 
factors a± A is of the second degree and the other factor a + A 
is of the iirst degree. The two binodal quartics, which are 
circular, thus have their six foci in common with the given 
curve. 

Now let us consider the circular trinodal quartic. Putting 

„=2±Mdh, y^l^ffd±r (,2). 

and these gtre two circular nnicursal quartics and two unicursal 
quintics with /, J as double points. AH these curves thus have 
their four foci in common with the given curve. Thus, con- 
sidering the three systems of such generating conies, we have 
three pairs of confocal circular unicursal quartics, and this 
agrees with what we have proved already. 
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Now let U8 consider the symmetrical system of conies 
haying quartic contact with the trinodal quartic (8). This 
system can be written 

F= AVx^ + BmY + CwV + 2Fmnyz + 2 Onhx + ^Hlmxy = (>, 

where A^hc-P^ F^gh — af &c., that is, A, &c., are the 
tangential coefficients of the conic (a, 6, c,/, g^ h) (a^ y, «)*, 
and 

Z + m + w = (13). 

In this case, then, the tangential coefficients of V are of the 
fourth degree in a parameter, as 

2 = awV\* + bnny + cVmV 

+ 2Z?ww (/7/Liv+ym/A\ + AwX/A) = 0...(14). 

For the discriminant A of F" we have, then, 

VA = {abc + ^fgh — a/* - bg* - cA") ?mn = 0,, say. 

Before proceeding to consider this system I shall show tliat 
the condition that the line joining two points on the curve 
should touch an inscribed conic breaks up into factors which 
can readily be found algebraically. We have seen already 
that this must take place for the conies that we have been 
considering, as C in (12) breaks up into factors for the circular 
curves, and C is the condition that the conic should touch the 
line at infinity, namely, the line joining the points /, J on the 
curve. Consider the curve 

sr:y:« = a/J:78:(aS + i37) (15), 

then «* — 42va(a8 — /37)*, and so has quartic contact with the 
curve, if ao — /37 is of the fourth degree in a parameter. 
Hence, if the line joining two points on the curve touches the 
conic, we have 

{{olB + fiy) (a'S' + /J'7') - 2 {afiyr + afi'yS)]' 

- (aS- ^7)' (aT -/3'7T = 0...(16), 
which consists of the factors 

(a7' - a 7) (/3S' - fi'S) (aS' - /3'7) (a 8 - py"). 
For the three systems (9) a, /3, 7, 8 are of the second degree 

in the parameter, and for the symmetrical system a, 7, say, 
aie of the third degree, and /3, 8 are linear in the parameter. 
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This investigation is apropos of the circular cirre. For the 
coordinates of the foci of F, then, in circular coordinatea, we 
have 

..e±^, ,.i±^ (,„. 

Hence, since 6?"- T/'/e,'= A G, jP- ;^,'G,"= jBC; and aince 
C breaks up into factors, as we have seen, and therefore -4, B 
also break up into factors, we have four curves g^Iven hj 
equations of the form 

These evidently give a circle, a circular unicursal quartic, 
and two Imaginary cubics with /, J respectively as double 
points. The circle has evidently no relation to the foci of the 
given curve, but the circular unicursal quartic is confocal with 
the given curve. 

As a special case consider the circular lemniscate 

/3V8in2^ + 7V8in2B + a'/3'8in2C = (19) 

in trilinear coordinates, then the generating conic is 

V8in2^ u* sin 25 v' sin 2(7 ^ ,^^. 

i m n 

where Z + ni + w=rO. 

Now the locus of the foci of this conic is 

, . //cos^N . „ //cosB\ . ^ //Cos(7\ ^ 

(21), 

where 5„ 5„ 8^ are the circles described on the sides aa 
diameters respectively. This, it can readily be verified, is 
satisfied by points on the circumscribing circle. The remaining 
factors are then a confocal circular unicursal quartie and two 
imaginary cubics of the kind we have mentioned. Corre- 
sponding to the values Z = 0, m = 0, w=:0 respectively of the 
parameter, the conic (13) breaks up into the lines 

0/ + Bz' - 2F^z = 0, &c , 
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namely, the pairs of tangents drawn to the curve from the 
three nodes respectively. We see thus that the locus of each 
focus must pass through the three nodes. Hence the circle 
which we have found must in ail cases be the circumscribing 
circle of the triangle formed by the nodes. Also a confocal 
circular unicursal quartic can be described to pass through 
the three nodes. 

It may be observed that if we project this result, we see 
that one point of intersection of the tangents drawn from 
any two points of the curve /, J to the conic (13) lies 
on the conic passing through /, J and the three nodes. For 
the general trinodal quartic we have for the foci of the 
conic (13) 

„£±|-^, y = £±|^« (..,. 

If the curve be such that a is proportional to i, the locus 
consists of two unicursal sextics with /, J as double points. 
Further, if a and b are not restricted, we can find confocal 
curves by rationalising a and b by substitution, that is, by 

putting: 6 = =s -^ , , where a, 3 are the roots of 

1 — u 1— t; 

a and 7, 8 those of b. Assuming, then, a homographic relation 

connecting u and v, we get confocal unicursal curves, as, for 

instance, circular unicursal quintics, &c., I now proceed to 

consider one of the systems of conies passing through a node 

and having triple contact with the curve. Such a conic in 

relation to the quartic (H) will evidently have an equation of 

the form 

F= \" («• + 2pzx) + /u.' (/ 4- 2g!/z) 

+ 2\/u. (It/z + mzx + nxy) = 0...(23). 

Hence the tangential coefficients are of the fourth degree 
in the parameter and the discriminant d is of the form 

XV (aX» + /3^«4 7V) (24), 

in which it may be observed that 7* = 4a/3, if the node becomes 
a cusp. 

We find, then, that the locus of the foci of V for the 
circular trinodal quartic consists of two unicursal sextics with 
/, J as doable points, four single foci in common with the 
given curve, and a bitangent focus at the node xy. For the 
quartic with a cusp at xy these sextics seem to break up into 
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cooics and nodal bicircular qaartics, baviog tbeir foci at tlie 
cusp and the three foci of the given curve. If the curve ia 
not circular, but is such that a is proportional to &, the locus 
of the foci of V consists of two sextics, each having 9 nodes, 
among which /, JsLve included. These sextics have a bitangent 
focus at the node and single foci at the six foci of the given 
curve. For, the systems of conies having double contact with 
the curve and passing through two nodes, the tangential coeffi- 
cients are of the fourth degree and the discriminant is of the 
form ^^8^. Hence, for the locus of the foci of one of the 
systems in the case of the circular trinodal quartic, we get 
two sextics having 9 nodes, among which /, J are included. 
These sextics have bitangent foci at the two nodes and single 
foci at the four foci of the given curve. 

The equation of a conic passing throu^^h the three nodes 
and touching the curve is evidently of the form 

{aff* + W + c) y« f {a'0' + V0 + c) ex 

+ {a'd' + b"0 + c") *y = 0...r25), 

or, if the*quartic is circular, may be written, in trilinear 
coordinates, 

X/37 + /iA7a + M = (26), 

where 

(Z\ + m/A+wv) =sX'4 m'+ »'*— 2m^ cos^ - 21^X0085— 2X/a cos C* 

We find, then, for the locus of the foci, in the case of the 
circular trinodal quartic, two sextics with 8 nodes, among 
which /, J are included. These sextics have bitangent foci 
at the three nodes, and single foci at the four foci of the given 
curve. 

We might also consider the system of conies having double 
contact with the quartic and having double contact with a 
conic V which has quartic contact with the curve. If the 
quartic were such that it had quartic contact with a circle 
F=:;ry — A-*, then a conic having double contact with V and 
the curve could be written in the form in circular coordinates 

ax + by + c + dV(x}/ - k') =0 (27), 

where a, i, c, d are quadratic expressions in a parameter 0. 
Since for the foci of this conic we have 

aj:y: « = J:a:(c + 5 \/0,) (28), 

it follows that the locus of those collinear with a^ is a nnicnrsal 
quartic, which must thus be confocal with the given curve. 
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I now proceed to consider curves confocal with a binodal 
qnartic. Now for the binodal quartic Z7* = «*F', where C/, V 
are conies and is is a line, there is the unique system of conies 

S^e'V+'zeU+z^^Q (29), 

having quartic contact with the curve. Since this is a perfect 
square for = 0, the tangential coefficients are divisible by 9 
and so are of the third degree in 6 ; and the discriminant A is 
of the form 0'9^. In fact the tangential equation of (29) can 
be written 

rr^ + F36 + 0iro + Fb=^ (^«)' 

where — a, &c., are the factors of 9^ and X, /a, v, p are the 
points of intersection of four pairs of double tangents. Now 
if the curve be such that it has one circle V belonging to tlie 
system (29) we have seen elsewhere that by considering the 
conies having double contact with V we can find a binodal 
quartic confocal with the curve. But if there are two circles 
belonging to the system, then for the locus of the foci of 
8 {= (a, i, c,/, g, h) [x, y, 1)*}, we get 

.-S±^>, ,^E±^ (,„. 

where the coordinates are circular and a = 5. 

This gives two circular uninodal quartics, which thus have 
their eight foci in common with the given curve. These two 
curves evidently cut orthogonally at the four points X, /*, v, p. 

Again, for the locus of the foci of 8 in the case of the 
circular binodal quartic, we have 

..iLtZjVe,, y.l±S^ (3.), 

which, by the process made use of at (11), are shown to give 
two circular binodal quartics having their six foci in common 
with the given curve, and cutting each other orthogonally at 
the four points X, ^, v, p. We thus have three general circular 
binodal quartics Laving their six foci in common. 

I now consider other systems of conies having qnartic 
contact with the curve. Let A^ B^ (7, D be the four tangents 
drawn to the curve from a node, and A\ B\ G\ D' be the 
corresponding tangents drawn from the other node, then if U 
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is a cooic passing through the two nodes the carve may be 
writteu t/* = ABA'B\ which is the envelope of 

F= XMB+ 2X/i £r+ ^^AB' = (33). 

Hence, considering the paire AB^ AB\ AB^ C'D\ &c., as 
we have done for the case of the cubic, we get twelve sjstema 
of conies such as (33). Writing Fin the tbrm 

X* (a?* — «*) +M*(y*- «*) + 2X/A (c«*+ 2Aa:y + 2/y« + 2^«j:) =0 

(34), 

we see that ^ is of the form 

XV*(aX' + /3/*" + 7X/A) (35). 

Also the tangential coeiBcients are of the fourth degree in 
the parameter. We then find for the locus of the foci of V 
in the case of the circular curve 

.=o±^, y^l±M^ (38), 

which give two unicursal sextics with 7, J as double points, 
and having their six foci in common with the curve. 
Rationalising then 0, by substitution and making the suitable 
transformation, we can, as I have shown elsewhere, derive the 
equations of the systems of confocal and orthogonal unicursal 
sextics with /, J as double points. Hence, if the given 
curve satisfy a single particular condition, we can find two 
confocal and orthogonal unicursal quartics, these being 
particular members of the systems of confocal sextics. 

We may also notice the case in which the binodal 
quartic has quartic contact with two circles belonging to the 
system (34). The locus of the foci of the system then con- 
sists of two sextics having 9 double points, among which /, J 
are included, and having their eight foci in common with the 
given curve. 

I now consider conies passing through a node and having 
triple contact with the curve. If the curve referred to a 
node be written m^ + aw, + «'m, « and we eliminate z by 
putting zv^ + V, = 0, for a conic through the node, we get an 
equation from which we can derive by Abel's theorem two 
relations of the form 

2/2i = a constant, S^'Jf = a constant (37), 

connecting the six points of intersection, where Lj ilf are the 
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iirst class of hjperelliptic integrals. HeDce if the conic has 
triple contact with the curve we have for the points of 
coutact 

S;i = JI2, 2,M/=ja' (38), 

BO that by the theory of hyperelliptic integrals we have 16 
such systems of conies. But in the case that we are discussing 
the curve has another node, and the hyperelliptic integrals 
are replaced by elliptic integrals of the first and third kind, 
^which are equivalent to an elliptic integral of the first kind 
and an angle, so that we then have 8 distinct systems of 
Buch conies. For these conies the tangential coofHcients are 
of the fourth degree in the parameter and the discriminant is 
of the form //9.. For the locus of the foci then, in the case 
of the circular bmodal quartic, we find two sextics, having 9 
double points, among which /, «/are included, and having a 
bitangent focus at the node and single foci at the six foci of 
the given curve. 

1 now consider the system of conies passing through the 
two nodes and having double contact with the curve. These 
conies can be projected into circles having double contact 
with a bicircular quartic, there are thus four such systems of 
conies. The tangential coefficients are of the fourth degree in 
the parameter, and the discriminant is of the form 9^. Hence 
for the locus of the foci of the system, in the case of the 
circular binodal quartic, we find two sextics having 8 nodes, 
among which /, e/are included, and having bitangent foci at 
the two nodes and single foci at the six foci of the given 
curve. These two sextics evidently cut orthogonally at four 
points of intersection of the tangents drawn to the curve 
from the nodes, respectively. 

In the preceding cases we might give some consideration 
to the con focal curves when the binodal becomes a bicuspidal 
quartic. The conic (29) then becomes 

0'F'+2en+FQ^O (39) 

80 that it passes through the two cusps and has double 
contact with the curve. For the circular bicuspidal quartic 
the locus of the foci of (39) consists of two circular binodal 
quartics with their foci at the cusps and the four single foci 
of the curve. 

For one of the other system of conies (33) A is of the 
form XV' f^ ^^^ bicuspidal quartic, and the locus of the foci 
consists of confocal unicursal sextics with /, J as cusps. It 
may be observed that in the case of the Cartesian oval such 
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cooics as (33) are rigid and have their principal axes paasiiig 
through fixed points. 

VII. On the determination of the nodo-hicuspidal quartic 
when the foci are given. 

A nodo-bicnspidal quartic is determined by 9 constants 
and being of the fourth class has four foci. Thus there is a 
singly infinite system of confocal curves, which I propose to 
determine. This curve possesses the property that its reci- 
procal is, in general, a curve of precisely the same kind ; thus 
it has one bitangent and two inflexional tangents. Let x be 
a bitangent and y the line joining two cusps, then a quartic 
can be written JP = a^", where 17 is a conic. Thus, if « is 
the polar of jcy with regard to Z7, the quartic is 

(«» + aa;* + iy"+2Aa:y)*-ay' = (l). 

Now if this quartic has a double point it must lie on « ^ 0, 
and the discriminant of (oa;* + Jy' -I- 2Aa?y)* — a;y" s= vanbhesv 
or, if we put x^yf^ the discriminant of 

a<* + 2A«*-.^ + J = (2) 

vanishes. This being divisible by a gives a relation of the 
fifth degree connecting a, d, A. Now let ns use a, /9, 7, the 
perpendiculars from the vertices of a triangle on a line, as 
tangential coordinates. We may write the tangential equation 
of the curve then 

(7«+^a' + ^i8'-f2i?a)8)'-ifV;9 = 0orS«-3fVi8 = 

...•; (3), 

where /3 is the double point, a is the intersection of the in* 
flexional tangents, 7 is the intersection of the double tangent 
and the line joining the cusps, and the discriminant of 

^<* + 2fl«'-lft + 5 = (4) 

vanishes, giving a relation of the fifth degree connecting 
A, B, H, M. 

Now to find the foci of (3) we put j7 — aj cos « — Jj sin ai 

for a, &c., and then take — ^ =a?, V successively correspond- 
' ' COSOJ ^ '^ ^ 

ing to tan(k>=±V(— 1)) where a?, y are circular coordinates. 

We thus obtain 

-if''(a;-a)"(a;-a')«0, 

-l/'(y-/3)»(y-/3')=:0, 
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bich T7e may write 

(y'-i''y+j'r-'"*(y-/^'(y-/3')=oJ ^ '' 

J^ovr let us make use of a particular case of AbePs theorem, 
aiuely, that if x^, *,, x„ x^ are the roots of 

Z-(A«' + M« + v)"==0 (6), 

/here X=: (x — a)(« - 5) (* — c) (a:- d), 

^e have 

il, + ti, + tt,+ u, = (7), 



vvbere u 






We now consider the point a, /3, the intersection of the 
inflexional tangents, as giving the parameter of the confocal 
Bystem, for this is equivalent to a single parameter in con- 
sequence of a, /3 lying on a locus. Applying then (6) and (/) 

to (5) we get u' = -3m, and t;'=s — 3!?, where «= (-7^ and 

rdv . . •'^^ 

v= I yy^ and JT, Fgive the circular coordinates respectively, 

of the four foci. This, according to the theory of elliptic 
functions, shows that the coordinates a', /3' of the node are 
given rationally in terms of the coordinates of a, /3 by ex- 
pressions of the form 

P P' 

»'=|. (''-q («). 

where P, Q\ P\ Q' are polynomials in a, fl respectively, of 
the ninth degree. Again from (5) we see that the result of 
differentiating 

*'-p.B + {-V(l-»w*) V-^^O... /. (9) 

twice must be satisfied for x = a, that is, a satisfies 

2(2^-l>)=V(l-m')^ (10), 

8» V(l-m') {^^^^^-/"l (11). 

VOL. XXX Y. BB 
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Similarly fi satisfies 

! a i^M-p)= V(» -"*) ^ ~ 02), 

8=^[l~m} -J . 



We tbos get, for the locn of a, |3v 

(2XX" - X")* (2 YY" - Y'^f 



X* 



y 



= 



.(IS), 



a eurve of tb« 22ik1 degree, as i^t is diTistble by the square of 
llie line at infinity. Also tVoiii (9), (10), (II), and (12) we 
determine /?, q^ p\ q\ mf in terms of o^ /3. Now f^ q give 
ibe coordinates of the foci of the conic 



Z = 7' + j4a* + 5/r-f 2i?a/3=0. 



.(1^), 



Tia 



that is, if £ be wriiten in circular tangeotial coimliuateB thus s 
2 = A\^ + Bf^.*+y'-^^Ff^v■^ 2.Gv\-i^2H\ft...(l5), 

the carve itself being 

2' - w" {a\ + ^/it + r)» (a'X + /?> + k) = 0» 

we have 

iG^p, iF=p, A=q, B = q% 

_ xi2XX"-X")-iXX' V 

'2XX"-X'' 



er 



= ' 



A=- 



SX* - 4xXX' + a*{iXX" - X") 



:iXX"-X" 
„_ y(2YY"-Y'*,-iYY ' 



..(16X 



P_ 8 r* - 4y rr + y' (2 YY"~ Y 

■O— y VV"— V'» 



-r") 



....(17), 



jj rr'-r" 



Now 7 (a", /3"), the intersection of the bitangent and the 
liue joining the cusps, is the pole of the line joining the node 
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tind the intersection of the inflexional tangents with regard to 
Is* Let the latter line be Ix + mi/ + n = 0. 

Then from (8) Z, m, n can be expressed in terms of the 
coordinates of a, /3, and a\ fi" are expressed thus 

y,_ Al-\-Bm+ On „ Sl-k-Bm + Fn . . 
" "" GUFm-^n ' ^ " GUFm-\-n '''^^^^' 

But the condition that the curve should have a bitangent 
ts expressed by taking the discriminant of the tangents drawn 
to the curve from a", ^8'*, namely, 

i=KA--0^ + (i8-r)At}M(«'-a'')^ + (i8'--r)/*}...(19). 

This gives an equation of the tenth degree for H^ so that 
there are ten different confocal curves with their intersection 
of inflexional tangents at a given point of a cm*ve of the 22nd 
degree (13). 

The case in which the curve has an inflexional focus 
deserves special consideration. Taking the origin at that 
point we have Z=a5*(a5 — a) (re- ft) for the foci. HencCi. 
fiince 

{a? ^px + qy - wV (j? - a) =t (1 - w') X ...(20), 

ivhere a, ^8 are the coordinates of the node, we obtain 9 => 0, 
and 

(.,. -.p)»-.„,«x (^- a) =a (1 - nC){x-'a )(x- b )...(21). 

Similarly, we get 

Cy-//-"«V(y-^) = (i-^')(y-«')(y-i')..-(22). 

Eliminating />, p\ we have 

(a + ft + /a)' = 4aft(l +0> (« + *'+ tffy^Aa'b' (1 + i) ...(23), 

f 

where t = -; -, . Hence, putting 1 +i=«5*, we get 

t — w 

a:;3:l = l±2^V(a*)^a-ils{2«V(«'O-«'-*l-'(^'-0 

(24), 

so that the node lies on one or other of two conies. 

Now since ; = 0, one focus of the conic 2 coincides with 
the inflexional focus, and the other focus is at the point p, p\ 
for which we have, from (21), (22), 

/ = m"aft, 2>"=mVft'.... (25); 

BB2 
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that 19, the other focus moves on one or other of two fixed 
routually rectangular lines passing through the giTen focus.. 
Let N be the node and F the fixed focus, and O (olj ff) the 
pole of FN with regard to 2, then we find a'/S + ffa = 0, and 
if 2 = tj (ty — I? cos o> - jp' sin «) — 1c^)^ we determine k^ by 
expressing that a', ff \ a^ ff are conjugate with regard to 2, 
or that GN and FN are conjugate. We then express that 
the disciiminant of 

{(a' + )8'0 {(a'-p) + (/T -pO *} - *• (1 + or 

-m'(a' + /9V)'{a'-a+(/S'-/9)<} = a (2G) 

with regard to t vanishes. 

It may be observed that the proceeding process is appli- 
eable to the cuspidal cubic. Suppose the cubic is written ia 
tangential coordinates 7* — ma'/S =:: 0, then for the foci w» 
have 

(a?-aT-»»(*-a)'('-«') = (l-wi)Z...(27), 

where JT^ (a? — a)(.r — i) (x — c) gives the three foci, and 
a, ^ are the coordinates of the point of inflexion, and at', 0" 
are those of the cusp. Now, by a particular ease of Abel's 

Theorem, if t#= J-;^, wo have, from (27), 2m+ii' = i», a 

constant^ where u corresponds to a, and u to a . We have 
also 2t> + v = «', where v = I -^ . 

T 
Hence it follows that a', ff can be expressed in terms of 

a, iS by relations of the form 

P F 
« = gi P'^Q^ (28), 

where P, Q are of the fourth degree in a, and P', Qf are of 
the fourth degree in /9, and this can be done in three ways ; 
in fact P, Q involve a cube root of unity, so that we obtain 
three distinct values of a of the form (28), and similarly for 
/9. Again a must satisfy the result of differentiating 

a? - a'' - (1 - m)^X^ = (29> 

with regard to x. This gives 

a(l -n2}-* = XX~* (30), 
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and similarly we have 

3(l-«tr**rr^, (31\ 

wlieDce eliminatiag m we obtain 

2:*"" r*» 

tvbich by taking 

-r=ar' + 3ajr + i, r=y + 3a> + y 
gives 

(or* + 3a^ + 6}' "" (y' + 3ay + 67 ' 

ipirbich 18 divisible by the sgnare of the line at infinity^ that is, 
the locus of the point of inflexion is a curve of the tenth degree« 
Again from (30) and (31) we have 

„ 2a'y-hb ' 

Also 

Sax^ + 6aV + 2& (a:' + 3a,r) + C" - a' , _ ... 

— «l = 7—5— rj ...(34). 

These equations completely determine three cuspidal 
cubics with their foci at given points and having a common 
point of inflexion at a given point Pon a certain locus of the 
tenth degree (32). 

I now return to the nodo-bicuspidal curve and I observe 
th^ if the node and the intersection of the inflexional tangents 
are at infinity the foci form a parallelogram, and that ther« 
is still a singly infinite system of confocal curves. The 
tangential equation of the curve in p, » coordinates may then 
evidently be written 

{p* — a* cos'w - V sin'o))* — w* cos* (c» — «) cos (« - /8) = (> 

(3«), 

where the origin is at the point of intersection of the 
bitangent and the line joining the cusps, and the dlscrim-^ 
inant of 

(«' cos*» 4- 4* 8in*o>)* - m* cos* (« - a) cos (jw — P) = 0..(36) 
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▼anishes. The foci of (35) are evidentlj found from 

where x^ y are circnlar coordinatesi and 

3a + i8 = 2» (38). 

Thus thej form a parallelogram with its intersection of 
diagonals at the origin and are oompletel;p^ determined when 
a' - &'| m'^ and 3a 4* /3 are given. Hence if we put 

J^h\ 6- -A' for a*, 6', 

respectivelj, where a, b are given, and make the discrim-* 
inant of 

j(a*-A«)cos"« + (6'^A")sinX'-«»*coB»(«-a)cos(«-i8) = 

(39) 

vanish, we get a relation connecting A', % /3, whioh with 
da + /3 given determines the singly infinite system of confocal 
curves. 

I shall now show that for every curve of the confocal 
system there is another curve of the system cutting the given 
curve orthogonally. I have shown elsewhere and it is 
susceptible of an easy proof that the curves 



cut orthogonally. Hence the carves 

[p* - (a* - A') cos'a - {V - A') sin'*}* \ 

= m* cos* (a> — a) cos (a — j3) 
[p* + (a* - A") sin'o. + {&« - A") co8»«}' 

=s m* sin* (o) - «) sin (« - /3) 
cat ortbogonally. These conres are confocal since 
3a'+/8' = 3qH-/3. 
Again, the discriminants of 

((a* - A') cos'« + [V - A') sin'o)}' 

— m*co8'(o» — a) co8(«— /3)aO 
j (a* - A") sin'c + (i* - A") sin'o.}' 

— m* sin' (a» — a) sin (o» - j3) « 



(40) 



.(41) 



.(42) 
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▼aniBh, But the second of these equations will coincide with 
the result of substitating tt> + ^ for w in the first, if 

a' + J« = A*+A'" r::---r(43), 

80 that subject to this condition the discrifninants, being made 
to vanish, express the same relation. Thus the two curves 
of the eonfocal system connected by the relation (43) cut 
«ach other orthogODally, 

It may foe observed that in the preceding investigation we 
have arrived at the solution of the more general problem : to 
find the system of curves of the fourth class with two 
inflexional tangents, when the four foci are givea. 

Such a curve involves ten constants, so that the eonfocal 
system involves two parameters. The investigation is then 
precisely that which we have followed up to (17), the 
discriminant of (19) not being made to vanish. The para* 
raeters are thus the constant H in (15) and the point a, j3 on 
the curve (13). 

We can thus find more special singly infinite eonfocal 
systems corresponding to some singularity of the «urve which 
connects S with a, fl. In the case that the foci form • 
parallelogram and the node and intersection of inllexional 
tangents are at infinity, the doubly infinite eonfocal systeoa 
is given by 

jy _ (a'-i*) cos'oi - {i^ - h") sin"«J 

= w'cos'(»-a)cos(w4-3a— 2ff) (44), 

where V and a are the parameters. 

We see then from (40) that two eonfocal curves cut 
4Mthogonally if a — a' = ^* 

VIII. On o eonfocal system of nodaX ciib%Qe% 

If a plane nodal cubic touch the line at infinity the curve 
is determined by seven constants and has tbree foci. Conse«- 
^uently, when the three foci are given, the curve belongs to 
« singly infinite system. I have shown elsewhere that tht» 
system can be expressed in circular coordinates thus;. 

Bftc = afl* + 36fl' + 3c* + <i I .^v 

3^y = ay + 3i'^* + 3c'^ + SS 

where ^s^XO, \ being the parameter of the system, and 0^ 
being the parameter of a point on a given curve of the system.^ 
It is, in fact, evident that the foci of (1) are determined by 
equations independent of \ namely, the discriminants of tb^r 
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binary cabic equations (1) in 6 and ^, respectivelj. In thes^ 
equations (1) it is evident that = 00 corresponds to the 
parabolic point at infinity and OssO to the point of contact of 
the asymptote. 

Altering the origin in (1) we can evidently make the' 
coefficients of 9 and ^ vanish ; and then multiplying and ^ 
by certain factors we can express the curve thus : 

30x«0'+3m0*+n 

Z^y = ^» + 3ii^* + ij 

where ^ «= X0. 

If in this equation m s n, it is evident the values of x and 
y for the foci are determined by the same equation, so that 
the foci are then coUinear, lying on the line x^y. 

If two of the foci so determined are conjugate imaginary 

{loints, we must take their antipoints, which are then real* 
n this case the real foci form an isosceles triangle. Further, 
if 

m'=10±6V3, whence *» = 1±V3 (4), 

one focus is the middle point of the other two. Again, if the 
foci form an equilateral triangle, taking the origin at the 
centre, we have 

-30x = 0'-60*+a0 + l| ,^v 

where ^s=X0, the foci being given by 4x* = 4^ = 27. 

In the same case and with the same foci there is the 
system of confoeal cuspidal cubics 

0jf=l + 0*, ^y=l+^' (6), 

where 0=:X0, with the cusp and inflexion at infinity. 
From (2) we have 

3 (a? - \y) = 0' (1 - \') + 30 (m - wX') (7), 

from which it follows that 

x-\y-i^ (8) 

is the asjmptote of the curve. We see thus that the 
asymptotes of the confoeal system all pass through a fixed 
point, namely, the origin determined in the equations (2), 
Again the tangent of the curve drawn pfriUel to the 
Asymptote is, from (7), 



^ « yfn WX ) y,-v 

x-\r/ = V ^,_^ (9)# 
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and this line touches a unicursal curve of the fourth class ivith 
the line at infinity as a triple tangent and the origin as a 
double point. When m^^n this envelope reduces to a 
tricudpidal quartic with the line at infinity as a bitangent. 
Again from (2) we get 

36l\(ViB-3/) = 30V(m\-n) + X*-l (10), 

from which we find that the equations of the two tangents 
parallel to the axis of the parabola touching the curve at 
infinity are 

X'aj-y=±^Vl(X'-l)(»nX-r,)} (11), 

And these lines touch the curve of the fourth class 

(37* - 4ma* - Anfiy - 16a/3 (wa - mfiY = ...(12) 

with two double tangents. If ms=n, this envelope is; 
unicursal. 

From (2) we find that the condition that three points on 
the curve given hy 

V'Pfi'^rpfi-p.^O (13) 

iBhould be coUinear is 

j7,(^'-l) + «w^'O+P,)-3m(l + X'>,) = 0...(14). 
Hence for the three points of inflexion we have 

fiX« (IH- ff*) - m (1 + X'O*) + (X*- 1) e = ...(15), 
which lie on the line 

3X(nXjr-wiy) + X'-l=0 (16). 

We see thus that the line of inflexions of the confocal 
system touches a tricuspidal hypocycloid having the inter- 
«ection of the cuspidal tangents at the origin ; for, putting 
X = e"* (16) becomes in rectangular coordinates 

X cos (ft) — a) + y sin (« - a) = A sm 3w. 

With regard to the directions of the asymptote (8), of the. 
•parabolic point at infinity (H), and of the line of the inflexions 
^16), I observe that we have 

e -X, e -^,, e --, 
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respectively. Thas the directions are connected hy the 
reUiions 



2m,s-»,, fl»^ + €»,:» a 



•(17), 



where a is a constant. 

With regard to the parameters of the node, we have 
from (2) 



«, + e, + 3m = g?g- ^ 



1 



.(18), 



80 that 9„ 9, are given bj 

39{m-nX*) X'-l 
*^ X^^n— +3\'(mX-«)=® ^^*J» 

and the curves of the system with cusps are determined by 

27X'(mX-n)(fli-«X7-4(X,»-l/ = (20); 

that is, there are nine curves of the sjstem with cusps, namely,, 
nine curves, each of which passes through one of the nine foci, 
real and imaginary, so that there are three real curves. 
To find the locus of the nodes of the system, we have 

X»fi' + 3n\'e*-3\ye + l = 0) ^ ^' 

whence (X'-l) ©' + 3 (nV-tn) 8 + 3 (a?-Xy)=0| 

3X'(mX-n)«'-3X(X'x-y)* + X*-l=ol" 

and these equations in d must coincide for the node. We 
thus get 

'""^^■^9X'(/n-nXj» 
, 3X(nX" — w) (n- wiX) 



X"-l » 

whence 

,,_ 3X'(nX'-m)(n-inX) (X'^l)' ^ 

,., ,,_ 3X(wV~m)(n-twX) , (X' ~ 1)' 
that is, the locus is a unicursal curve of the ninth degree. 



...(23); 
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If m = w thiB locus reduces to the sixth degree. To find 
the envelope of the inflexional tangents we have from (2) 

B0\ (oLx + py^-i)^ \a (fl" + 3w0'+ 1) 

+ 13 (V^* + 3nV5» + 1) + 37\^), 

so that making the expression on the right a perfect cube 
•we get 

7 (a + X'^) = (ma + nX/S)* (24), 

\y' = (ma + n\l3) (0 -^-Xa) (25), 

Eliminating X from these equations, we get the envelope 

a/87 [mny - mff — wa}* = (wj'ot + n*l3 — 7) 

x.{(wia'+ n)8*~ 77-4wi«a*/8«} (26), 

which represents a curve of the fifth class passing through the 
five points given by the expression on the right. 
We have also in addition to (24) and (25), 

X7 (ma + n\0) = (a + X*^) (13 + Xa) (27). 

Hence from the parabolse (24) and (27) which have fixed 
foci at the points 

and Z + mx =3 0, Z + «y = 

respectively, we get for the locus of the foci of parabolas 
touching their common tangents, the circle 

(2 Gx - A) (2F'y - -B') = (2 O'x - A') (2Fy - J5), 

namely, 

X (1 + mx) (y + n') - (4? + fn*) (Z + fiy) = . . . (28) ; 

that is, the circle circumscribing the triangle formed by the 
inflexional tangents passes through two fixed points, namely, 
the foci of the parabolae (24) and (27). 

Again, the directrices of the parabolas (24) and (27) are 

y + XV + 2»iijX = 0, 

wiX^ + wX'or + 1 + X"= (29) 

respectively, which touch a circle and a tricuspidal liypo« 



Digitized by CjOOQIC 



380 Mr. RobertSy On foci and confocal plane curves. 

cjcloid. Now the intersection of the directrices of these 
parabolae is the intersection of the perpendiculars of the 
triangle formed by their common tangents ; that is, the locus 
of the intersection of the perpendiculars of the triangle formed 
hj the inflexional tangents is the unicursal curve of the fifth 
order 



*= — ■ 



y« 



1 +X'-tw«'X 



n — mk 



.(30). 



From these equations and the coordinates of the centre of 
the circle (27), we can obtain the locus of the centre qf 
gravity, and that of the centre of the nine-points circle of the 
triangle formed by the inflexional tangents. 

From (25), which may be written 

7' = ma* + ni8' + ^^5^^^a^ (31), 

we see that the triangle formed by the inflexional tangents is 
circumscribed about a conic with given foci, namely, the 
points a:*= »i, y' — n. 

Mow the polar circle of the triangle cuts orthogonally the 
director circle of (31), namely, 

BO that from (30) the polar circle is 

xyV (n - wX) - X* (1 + X" - mn'X) j: 4 (Z + X* - 7n«iiX')y 

+ 2X(n-»wX)(wif nX') = (32). 

* If we seek the locus of the intersection of the tangents 
drawn to the system of paraboIsB touching the common 
tangents of (24) and (27), parallel to the lines ar'-y" = 0, 
we get 

{x + X'y + ♦w + wX') (m\y + tiX'ir + 1 +. X*) 

-(X'ar + y + 2mwX)(wXar + wXV + X + X')=0 (33). 

Now this conic passes through the vertices of the triangle 
formed by the inflexional tangents. Hence we find the locus 
of the vertices of that triangle by substituting the value of X 
-obtained from (27) in (33). 
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If m»n=:l in (2) two foci coincide and form an inflexional 
focus, this focus being x^y^—l^ and the single focus 
being ar = y + |^. 

The equation (15) giving the points of inflexion in this 
case is 

x'(i + e») - (1 + vfl*) + (V- 1) ^=0, 

or (^+l)(Xff+l)(X + l-X^) = 0. 

Now the first two factors give the imaginary inflexions^ 
and the factor A + 1 — A^ = the real point of inflexion. 
Hence substituting this value of 6 in 

*+*--3r~' 2'+i=— 3x5- (3*)» 

we get, for the locus of the real point of inflexion 

'^^ 3AnX + l)' ^^^ 3(X + 1) ^^^>' 

a unicursal curve of the fifth order having tlie line at infinity 
as a bitangeut, and an inflexional focus in common with the 
given system. 

Again, for the envelope of the real inflexional tangent, we 
have, in this case, from (26), putting m =: n = 1 and dividing 
out by (a + /8 - 7)', 

ai87 + (7 + a + /e)(7 + i8-a)(7 + a-/S) = 0...(36); 

or, as we obtain from (24) and (26) by putting in = n = 1, 

a = X''(X + 2), /8 = -(2X + l), 7 = (1-X)(1+X)V..(37); 

that is, the envelope of the inflexional tangent is a tricus- 
pidal quartic passing through the circular points. 

It may be observed that if we take the origin at the 
inflexional focus, the curve (34) can be transformed by the 
substitution a? = Jf*, y=»= I^' into a cuspidal cubic of the 
confocal system defined by the equations (6). 

If a nodal cubic have the line at infinity as an inflexional 
tangent, it has two finite foci and is determined by six 
constants. Consequently, if the foci are given, the curve 
contains two indeterminate parameters. 

tSuch a system can be represented by 

jr=0'-30, y = ^*-3^ (38) 
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in circular coordinates, wbere ^a=X0 + M) \ M) being the 
parameters, and a;ssy = ±2 the given foci. 

^ow if X be given the direction of the point at infinity in 

given, and since «"•= -7 , where v is the angle of intersection 

of the curves, ^ = Xfi + /a, ^ = X'O + m ; if we consider X as a 
constant and /a as a variable, we have a confocal system 
cutting at constant angles entire systems of confocal curvea^ 
and in particular, it may be remarked, cutting orthogonally 
the confocal system ^ = — XO + fi' 

To find the locus of the nodes of this system we have, if 

also 

whence 

j;"-42' = X'(/-42). 
We thus get 

BO that, putting p* — 4 = 2^, p" - 4 = v, we have 

x' = -(t< + l) (m + 4), y*=-^(t; + l) (*? + 4) ...(39), 

where t; = X'u, that is, the locus of the nodes is a curve of the 
fourth order, with two nodes at infinity, which, if X varies, 
belongs to a confocal system. 

Again, to find the finite inflexions we have for the points 
where the line aaj + /3y + 7 = meets the curve 

(a -hi3X^e* + 3XV/50*+ 3 \p\ {/I'-l) -a] 6 

+ /3(/-8/i) + 7« (40), 

SO that if this equation is 

0'-p,0'+p,9-p,^O, 
we get 

P^(X' + m'-1)+pAm + 3Xa* = (41), 

whence for the two inflexions we get 

Xfj^eU (X' + M'-l)^+X/ti=sO (42). 

But substituting /i = ^ — X^ in this we get 

e(^»«l)-.X«(r-l} = (43), 
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which with 

gives a curve of the twelfth degree, of deficiency unity, 
eonfocal with the given curve. 

Farther for the inflexional tangents making (40) a perfect 
cube we get 

(/3X^- « a « X^)' = X'/3^ (Ai* - 3/i«) + XVi37 -..(44), 
from which by the elimination of /a we obtain 

(a4X/3){a» + 2\(X"-l)a/3-\*/3''!»==\*a/3(a + >-*/5)7'...(45) 

a curve of the fifth class with the line ^ infinity as a triple 
tangent. 

If we consider the special curves corresponding to \ = ± 1 
we find that they have their direction at infinity parallel or 
perpendicular to the line Joining the foci, and from (39) that 
the nodes of the system lie on the line joining the foci and 
on the line bisecting at right angles these points, respectively* 
Again, for the inflexions, we have from (43) 

1±0^ = O (46), 

so that the locus of these points is the curve obtained from 
(38) combined with (46), namely, special curves of the system 
of sextic curves cutting the system ^ == X0 orthogonally. 

Further the envelope of the inflexional tangents is, 
from (45), 

(a*-/37±ai3y = (47), 

the real curve belonging to which is a quadricuspidal 
hypocycloid, namely, the envelope of a line of given length 
moving with its ends on two rectangular lines. 

With respect to the curves cutting orthogonally the 
general eonfocal system (2) 1 observe that they are obtained 
from 

3^y = 0*+ 3w^'+ 1, 
where ^e = /i (48). 

These equations represent unicursal quartics with the circular 
points as the points of contact of a bitangent, and have their 
foci in common with the given system, if we put 
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II, V both Batisfj the equation 

5?+^=<> <*'> 

Id rectangular coordinates, and are conjugate functions. 

The same will be the cane for all the conjugate orthogonal 
systems of confocal curves that I have investigated elsewhere. 
Hence all these systems form solutions of physical problems 
depending on the diflferential equation (49), namely, they 
constitute solutions of problems arising in the theory of the 
irrotational motion of an incompressible fluid, the strain of 
an elastic body, etc 



END OF VOL. XXXV. 



UBTCALFIS AHH 00. LIMITHD, OAVBUIDOM. 



Digitized by CjOOQIC 



CO 






otential 



f<. 



•n focal t>1aoC' 






nt to Dr, Glmttlic! 



Digitized by CjOOQIC 



Digitized by CjOOQIC 



Digitized by CjOOQIC 



Digitized by CjOOQIC 



